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ON DESCRIBING TREES AND QUASI-TREES FROM THEIR LEAVES

BrunO COURCELLE"

Abstract. Generalized trees, we call them O-trees, are defined as hierarchical partial orders, i.e., such
that the elements larger than any one are linearly ordered. This partial order generalizes the ancestor
relation of a rooted tree. As for rooted trees, the root of an O-tree is its unique maximal element if there
is such; however, an O-tree may have no root. Quasi-trees are, roughly speaking, undirected O-trees.
For O-trees and quasi-trees, we define relational structures on their leaves that characterize them up
to isomorphism. These structures have axiomatizations by universal first-order sentences. Our main
purpose is to reconstruct O-trees and quasi-trees from their leaves and relevant relations on leaves,
by logically defined transformations, called transductions. Monadic second-order (MSO) transductions
are defined by monadic second-order (MSO) formulas. We use actually CMSO transductions where
the letter “C”, meaning counting, refers to the use of set predicates that count cardinalities of finite
sets modulo fixed integers. O-trees and quasi-trees make it possible to define respectively, the modu-
lar decomposition and the rank-width of a countable graph. Their constructions from their leaves by
transductions of different types apply to rank-decompositions, to modular decomposition and to other
canonical graph decompositions.
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1. INTRODUCTION

In graph theory, a tree is a connected graph without cycles (hence without loops and parallel edges). A rooted
tree has a distinguished node called its root, from which one gets a partial order, the ancestor relation. The root
is thus the unique maximal element. A more general notion of tree has been defined, in particular by Fraissé [1]
(Section 2.11). The notion of a rooted tree is generalized into that of a hierarchical partial order, i.e., such that
the set of elements larger than any one is linearly ordered. Such a partial order generalizes the ancestor relation
of a rooted tree. We call O-trees these generalized trees defined as partial orders!, by keeping the standard
terminology for usual trees. If an O-tree has a (necessarily unique) maximal element, this element is its root?.
A dense linear order, as that of rational numbers is an O-tree without root and leaves.

An O-tree is a join-tree if any two nodes y, z have a least common “ancestor” y Ll z, i.e., a least upper-bound
with respect to the associated partial order, called shortly their join.
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IThey are called simply trees by Fraissé and order-trees in [12] as opposed to successor-trees, defined by a father relation. They
are not ordered trees, where the sons of a node are linearly ordered.

2Fraissé reverses the order, so that the root is the minimal element if it exists. In fundamental computer, the root of a tree is
placed at the top, we follow this convention.
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2 B. COURCELLE

Apart from its intrinsic interest in the theory of relations, the notion of join-tree permits to define the modular
decomposition of a countable graph [2] by extending the existing notion for finite graphs. Its formalization in
Monadic Second-Order (MSO) logic involves the description of a join-tree from its leaves forming a set L,
related by the ternary relation R such that R(z,y,z) holds if and only if z < y U z. We call such (L, R) a leaf
structure. This logical description has been studied in [3-5] for finite trees, and in [2] for infinite join-trees. The
article [4] shows applications to several canonical graph decompositions, in particular, the split and the bi-join
decompositions.

In [6] we also defined quasi-trees as, roughly speaking, undirected join-trees. The motivation was to define
the rank-width of a countable graph in such a way that it be the least upper bound of those of its finite induced
subgraphs, as for tree-width [7]. The definition of a quasi-tree is based on a ternary relation B on nodes called
betweenness: B(x,y,z) means that y is on the unique path between x and z in the case of a tree. It has been
defined and studied in other cases [8-10]. We call leaves the nodes y that never occur in the middle of any triple
(z,y,2) in B. Betweenness is empty on leaves and is thus useless for describing quasi-trees from their leaves.
Hence, we introduce a 4-ary relation on leaves that we call the separation relation: S(z,y, z,u) means that z and
y on the one hand, and z and u on the other, are separated by at least two internal nodes. We extend this notion
to the induced substructures of quasi-trees that we call partial quasi-trees. We represent them topologically as
embeddings in the trees of half-lines that we have already defined in [11].

In the present article, we obtain first-order (FO) axiomatizations of the leaf structures of join-trees and of the
separation structures of quasi-trees. We also examine the constructions of O-trees and quasi-trees by logically
specified transformations of relational structures called monadic second-order (MSO) transductions. We extend
to large classes of join-trees a construction by Bojanczyk [3] for finite trees® based on counting monadic second-
order (CMSO) logic, the extension of MSO logic that uses set predicates C,, (X ) expressing that a set X is finite
and that its cardinality is a multiple of n.

The constructions of [5] for finite trees and of [2] for join-trees use auxiliary linear orders and are order-
tnvariant which means that the resulting structures do not depend, up to isomorphism, on the chosen order.
That a set has even cardinality is an order-invariant MSO property. Order-invariant MSO formulas are more
expressive than CMSO ones [13].

All countable leafy join-trees (such that every internal node is the join of two leaves) can be constructed from
their leaf structures (L, R) by a fixed order-invariant MSO transduction. The constructions of [3, 4] use instead
the less powerful CMSO transductions. We extend their constructions to certain leafy join-trees. Furthermore,
by using substitutions to leaves in O-trees, we build CMSO-constructible classes of infinite join-trees, that is,
classes of join-trees that can be recontructed from their leaf structures by CMSO-transductions.

Section 1 reviews O-trees and axiomatizes the leaf structures of join-trees. Section 2 investigates the con-
structions of leafy join-trees from their leaves by CMSO-transductions. Section 3 examines the related questions
for quasi-trees.

2. ORDER-TREES

All trees and related logical structures will be finite or countable. We will denote by ~ the isomorphism of
relational structures, and w.t.i. will mean up to isomorphism when comparing two relational structures.

2.1. O-trees and join-trees
Definitions and notation are from [1, 2, 11, 14, 15].
Definition 2.1. O-trees.

(a) A partial order < on a set N is hierarchical if it satisfies the linearity condition, i.e., if for all z,y, z in
N,z <yAz<zimpliesy < zVz<y.Ifso, T=(N,<)is an O-forest and N is its set of nodes. If any two

SA different construction using a CMSO-transduction is given in [4].
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nodes have an upper bound, we call it an O-tree. The comparability graph of an O-tree is connected and so is
its Gaifman graph®.

A minimal element is called a leaf and L denotes the set of leaves. A node that is not a leaf is internal. A
maximal element of N is called a root. An O-tree has at most one root.

A finite O-tree (N, <) is a rooted tree, N is its set of nodes and < is its ancestor relation. We will use for
finite and infinite rooted trees the standard notions of father and son. The covering relation of a partial order
< is <, such that x <. y if and only if < y and there is no z such that z < z < y. If in an O-tree (N, <) we
have z <.y, we say that x is a son of y and y is the (unique) father of x.

(b) If T'= (N, <) is an O-forest, we denote by T, the O-tree whose set of nodes is N, :={y € N |y < z}
ordered by the restriction of < to N,. Its root is x. We call it a sub-O-tree of T. More generally, if M C N is
downwards closed, that is if y < z and € M imply y € M, then (M, <ps) is an O-forest (or an O-tree) and is
also called a sub-O-forest (or a sub-O-tree) of T

(¢) An O-tree T' = (N, <) is a join-tree [2] if every two nodes z and y have a least upper-bound, called their
join and denoted by z Uy. If x,y and z are nodes of a join-tree, the joins x Uy, x U z and y Ll z are all equal,
or two of them are equal and larger than the third one. Then, (x Uy) U (z U u) is z Uy or z U u or we have
zUz=yUz=zUu=yUu.

(d) An O-forest is leafy if every internal node is the join of two leaves. No node can have a unique son. Two
incomparable nodes may have no join.

We studied already O-trees in [11, 15] by focusing on their monadic second-order definability and its
equivalence with regularity, a notion derived from the classical theory of infinite rooted trees [16].

Example 2.2. (1) The ordered set of rational numbers (Q,<) is an O-tree without root and leaves.

(2) Let U := (N x {0,1} U{a, b}, >p). It is an O-tree whose order <y is defined by (n,i) <y (m,0) if m <n
and i is 0 or 1, a,b <y (n,0), for all m, n. Its leaves are the nodes (n, 1) together with a,b. The root is (0,0). It
is leafy. The nodes a and b have no join because {y | y >y a,y >y b} is isomorphic to N with the reverse order.

We now construct somewhat weird examples of O-trees.

(3) We let A and B be the disjoint countable dense sets of real numbers such that B is the set of nonnegative
rational numbers and A C R — Q is (7 4+ Q)N]0, +oo[. Hence 0 is the least element of AU B.

We define on the set of words® (AU B)* the following partial order : w < w’ if and only if:

w’ is a prefix of w (that is, w = w'u for some word u),
or w = uxv, w = uy where u,v € (AU B)*, z,y € AUB and = < y.

The elements larger than w = ux are its prefixes and those of the form uy for y > x (where z,y € AU B).
Hence (AU B)* ordered in this way is an O-tree with root ¢ (the empty word), and without leaves as we have wv
below w for any word v. It is a join-tree: two incomparable words w,w’ are of the form w = uzv and w’ = uyv’
for some x # y in AU B and nonempty words v,v’. Then w U w’ = umax(x, y).

We now define its restriction T := (N, <) where N := A* U A* B. By the above observations, it is a join-tree
with root e. Its leaves are the words u0 for all u in A*. The join of two incomparable nodes is in A*. We go
below an internal node u in A* by appending a word to it, or by replacing its last symbol by a smaller one.

Figure 1 illustrates this definition with a,b,¢,d € A and p,q,7,s € Bsuchthat 0 <r<g<d<s<ec<b<
p < a. This figure shows some nodes of T. To clarify the figure, the nodes u in A* are marked (u) and those
in A*B are marked [u]. The dotted lines indicate countably many nodes between two shown nodes (A U B is
dense). The rightmost branch on Figure 1 has only nodes in A*. The shown leaves are [0], [a0] and [ac0]. In T,
we have:

(b) U (ad) = (b) U [as] = [¢] U [a0] = (a) and [ag] U [acs] = (ac).

IThe Gaifman graph of a relational structure (D, R) has vertex set D and edges between any two elements occuring in some
tuple of R.

5Words are finite sequences of elements from a possibly infinite set.
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FI1GURE 1. The join-tree T of Example 2.2 (3).
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FIGURE 2. The O-tree S of Example 2.2 (4).

Any node ua, where a € A, is the join u0 Ll ua0 but T is not leafy: the leaves below ub, where b € B are u0
and the ub'v0’s for ' < b. Any two have upper-bounds of the form uc for ¢ € A, ¢ < b, but no least one as A is
dense without a smallest element. The root is not the join of any two nodes.

(4) From T as above, we delete all nodes in A*, i.e., those marked (u) on Figure 1. The resulting O-tree S
has the following properties:

no two incomparable nodes have a join (it would have to be in A*), for every internal node
x, the sub-O-tree T, has infinitely many leaves and x has a single direction, in T as well as
in T,.

We get the O-tree S of Figure 2. It has no root. The three arrows in Figure 2 point to the Dedekind cuts
replacing the nodes (b), (ad) and (acd) deleted from T.

The notion of direction in an O-tree is defined in [2, 14], Definition 3.2, in both articles. An internal node w
has a single direction if for all nodes w’, w” < w, we have w’, w” < s for some s < w. In the O-tree (Q, <), each
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node has a single direction. In S, the nodes strictly below ub, where b € B, are uc for ¢ € B, ¢ < b and uav for
a€ A, a<band vin A*B. Any two of these forms are below ud for some d € B,d < b since B is dense.

We let T be the class of leafy join-trees. This class excludes an ascending chain like (Q, <) and join-trees
with nodes having a unique son or a unique direction (¢f. S in Example 2.2). Our objective is to describe a leafy
join-tree T'= (N, <) from its leaves. As the order < is trivial on leaves, we use instead a ternary relation.

Definition 2.3. [2, 5, 17]. Relations between leaves.

For T in T, we let R be the ternary relation on its set of leaves L, defined by Rxyz <= x < y U z. We write
Rzxyz for R(z,y, 2).

We have x Uy < zUu <= Rxzu/ Ryzu. Clearly, Rryz implies Rxzy, and Rrzz holds for all x and z. If T
has only one node z, that is thus the root and also a leaf, then Rxzx holds. If T" has one root and two leaves x
and y, then Rzxy and Ryxy hold. Other properties will be given below.

We call (L, R) the leaf structure of T', denoted more precisely by (Lr, Rr).

Proposition 2.4. If T and S are two trees in T such that (Lt, Ry) = (Lg, Rg), then T ~ S.

We will say that T is characterized by its leaf structure (Lp, Rr).

Proof. This is proved for finite trees in Proposition 5.1 of [5] but the proof works for leafy join-trees. We recall
it.

Let T € T and (L,R) := (L1, Rr). Let j be the surjective mapping: L x L — Np such that j(z,y) :=
x Ur y. We have j(z,y) <t j(z,u) if and only if Rzzu A Ryzu. Hence, Nr is in bijection with L x L/ = where
(v,y) = (2,u) :== Rxzu A Ryzu A Rzzy A Ruzy. The quotient order® [(x,y)]= < [(z,u)]= is equivalent to
Jj(x,y) <r j(z,u) and is definable from R.

If T'=(Np,<) € T, one can reconstruct 7' from Ny and Ry up to isomorphism. If 7" and S are in T and
(Lr,Rr) = (Ls,Rg), then T'~ S. O

The following proposition and Theorem 2.10 yield an axiomatization of the leaf structures of the join-trees in
T by a single universal FO (VFO in short) sentence, that is, written with a sequence of universal quantifications
applied to a quantifier-free formula. Furthermore, these formulas will be written without function symbols.

Proposition 2.5. Let T = (N, <) be a join-tree. The following properties hold for all leaves xz,y,z,u and v
where R := Rp:

Al: Rxxy,

A2: Rxyz = Rzxzy,

A8: Rxyy = = =y,

A4: Rxyz A Ryuv A Rzuv = Rzuw,

A5: Rryz A Rxuv = (Ryuv A Rzuv) V (Ruyz A Ruyz).

Furthermore, we have:
rUrz=ylUrz=alUry <= Rrxyz A Rryrz N\ Rrzxy.

Proof. Easy verifications. See Figure 3 illustrating A4. O

Proposition 2.6. For every ternary structure (L,R), the following properties are consequences of the
universally quantified formulas A1-A5:

GWe denote by [(z,y)]= the equivalence class of (z,y), and by [(x,y)] if = is understood from the context.
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FIGURE 3. See Propositions 2.5 and 2.6.

A6: Rryz N Rury = Ruyz,
A7: Rxyz V Rzxy

A8: ~Rxyz = Ryxz A Rzay,
A9: Rxyz = RyxzV Rzxy.

Proof. (1) Property A6 (illustrated in Figure 3) is a consequence of Al and A4 because:

Ruxy N Rxyz = Ruzy A\ Rryz A Ryyz and
Ruxy A Rxyz A Ryyz —> Ruyz by A4.

(2) Property A7 is a consequence of Al, A2 and A5: by Al and A2, we have Ryxzy A Ryyz. Then A5 yields
(Rzyz A Ryyz) V (Ryxy A Rzzy). By Al and A2, this reduces to Rxyz V Rzxy.

(3) We also have Rzzy V Ryzz, hence Rryz V Ryzzby A2. We obtain”: Rryz V (Ryzz A Rzxy) that can be
rewritten into AS8.

(4) From A1-A5, we prove A9: Rxyz = RyxzV Rzxy by contradiction; assume this is false for some z, y and
z. We have Rxyz A =Ryxz A - Rzay. By A8, we get Rryz A (Rxyz A Rzyx) A ~Rzaxy which gives a contradiction
by A2.

O

Remark 2.7. (a) Property Ab is not a consequence of A1-A4. If one interprets Rxyz as = € [y, 2] U [z,y] on
rational numbers, then A1-A4 (whence A6) hold but not A5, as [y, z] and [u,v] may be disjoint. Properties
A7-A9 proved with A5 do not hold either.

(b) The following facts have been proved by the prover Z3 [18].

A1-A3, A6 do not imply A4 (¢f. (1) above).
A1-A3, A7 imply neither A4 nor A5 (c¢f. (2) above).
A1-A4, A9 do not imply A5 (cf. (4) above).
However, A1-A4, A7 imply A5.

(c) Let us define

Roxyz :<—= Rxyz A Ryxz N\ Rzzxy, and
Rizyz <= Rzxyz A\ Ryxz N\ ~Rzzy.

Compare it to the last assertion of Proposition 2.5.
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Then, by A1,A2 and A8 we have
A10: Rozyz ® Rizyz @ Riyxz @ Rizxy

where denotes the exclusive “or”.
Property Roxyz means that Lz =y U2z =z Uy. Property Ryzyz holds in the right part of Figure 3.

Construction 2.8. From A1-A5 to a join-tree.

Let (L, R) satisfy properties A1 to A5, expressed by YFO (first-order) sentences. We construct T in T such
that (L, R) ~ (Lt, Ry). We use the construction of Proposition 2.4 by assuming only A1-A5, whereas in that
construction, we assumed that (L, R) is (L, Rr) for some tree T in T.

We define as follows a structure (L x L,C) by writing xy for (x,y) € L x L and defining zy C zu <=
Rzzu A Ryzu. Lemma 2.9 will show that T is a quasi-order. Then, we let T := (N, <) be the corresponding
quotient structure. That is, we let

Yy = 2u <= xy C 2u A zu C 2y <= Rxzu N\ Ryzu N\ Rzxy A\ Ruzy,

we define N := L x L/ = and < as the quotient partial order C | =.

Lemma 2.9. The relation C is a quasi-order such that, if xy C zu and xy C ws, then zu C ws or ws C zu.

Proof. That xy C zy (and xy C yx) follows from Al and A2.

Property A4 shows that Rrzu and zu C ws imply Rzws. Similarly, Ryzu and zu C ws imply Ryws. It
follows that zy C zu C ws implies xy C ws, hence that C is transitive and is a quasi-order.

We now prove what will yield the linearity condition for its associated partial order: if zy C zu and zy C ws

then, Rrzu and Rxws hold, and we get zu C ws or ws C zu by A5.
O

Theorem 2.10. The leaf structures of join-trees are the ternary structures that satisfy A1-Ab.

Proof. We use Construction 2.8 to prove the converse of Proposition 2.5. From (L, R) satisfying A1-A5, we get
T :=(N,<). By Lemma 2.9, < is a partial order and it is hierarchical. Hence, T" is an O-forest.
It follows from® A3 that its leaves are the elements [rz] for € L. Note that zz = zu if and only if z = 2 = u.
The join of two leaves [zx] and [yy] is [zy], hence T is an O-tree. Furthermore, ([xz], [yy], [22]) € Ry if and
only if Rzyz holds because Rxyz holds if and only if xx C yz.

Claim 2.11. Any two elements [xy] and [zu] have a join.

Proof. Tf xy T zu then [zy] U [zu] = [zu]. If zu C zy then [zy] U [zu] = [zy].

If Rzxy holds, we have zz C zu and zz C xy, hence xy C zu or zu C xy by A5. Similarly if Ruxy, Rxzu, or
Ryzu holds, then [zy] U [zu] is defined and is either [zy] or [zu].

If none of these facts holds, from —Rzxy, ~Ruzry, ~Rxzu and —Ryzu, we get by A8 (¢f. Proposition 2.6)
and A2:

(Rxzy A Ryzx) A (Rxuy A Ryuz) A (Ruxz A Rzazu) A (Rzyu A Ruyz),

which gives zu C yz,yu C 2z, zz C yu and yz C zu. Hence, xz = yu and yz = zu.
We also have zz = xu since Rzxu A Rzau holds and similarly, yz = yu. Finally, xz = zu = yz = yu.
If 2y C ws and zu C ws, we get xz C ws, hence [xy] U [zu] = [xz]. O

It follows that T is a leafy join-tree. As said above, its leaves are the singleton equivalence classes [zx] for
z € L. O

This construction applies if L is {z} or {z,y}. In both cases, R is not empty by Al. We obtain respectively
a single node [zz] or a star with root [zy] and leaves [xx] and [yy].
We denote by 7(L, R) the isomorphism class of T' constructed as above from (L, R).

SWe use A3 only here.
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Remark 2.12. (1) Remark 2.7(b) shows that leaf structures are also axiomatized by A1-A4 and A7.

(2) Some properties of 7(L, R) are FO-expressible in (L, R). For examples, the properties that for x,y, z,u € L,
the node x Uy is the root or that Uy is a son of z U w, i.e., that x Uy <. zUwu, ¢f. Definition 2.1(b).

(3) The validity of a VFO sentence is preserved under taking induced substructures. Hence, if T' = (N, <) € T
and X C Lr, then the (induced) substructure’ (X, R7[X]) of (L, Rr) satisfies properties A1-A5. It defines
the join-tree (Y, <’) such that Y = {z Uy | x,y € X} C N (this set contains X) and <’ is the restriction of <
to Y. d

The following corollary is a Backwards Translation Theorem relative to the transduction 7. It means that
the validity of a sentence ¢ in 7(S) is equivalent the validity of a sentence v in S, constructed from ¢ and the
formulas defining 7. The case of MSO transductions and sentences is detailed in [19], Theorem 7.10.

Corollary 2.13. Let ¢ be a first-order sentence over structures (N, <). One can construct a first-order sentence
¥ such that for every ternary structure (L, R), the join-tree 7(L, R) is defined and 7(L, R) = ¢ if and only if

(L’ R) |: .

Proof sketch: Tt follows from Construction 2.8 that the mapping (L, R) — 7(L, R) is the composition of two
transformations as follows:

(L,R)— (Lx L,C) — (Lx L/ =,C / =) ~ (L, R).

Since = is first-order definable in (L x L,C), one can build a sentence 6 such that, if 7(L, R) is defined
(i.e., satisfies A1-A5), then 7(L, R) = ¢ if and only if (L x L,C) = 6. From 6, one can construct 1; such that
(L x L,C) =0 if and only if (L, R) = 7. Then, one defines v as ¢ A 12 where 15 is the conjunction of the
universally quantified axioms A1-A5. O

Backwards translation as in Theorem 7.10 of [19] works well for MSO (Monadic Second-Order) sentences ¢ and
¢ and MSO-transductions. However, the intermediate step (L, R) — (L x L, C) is not an MSO transduction,
but a vectorial FO-transduction of dimension 2 because of L X L, the domain of the output structure. We refer
to [20] for a review of different types of FO-transductions, either vectorial or not.

In Section 3, we will consider cases where 7 can be defined alternatively by a transduction such that a
CMSO'Y sentence 9 can be constructed from a CMSO sentence ¢ to satisfy the corollary. In such an alternative
construction, the set of nodes N is built as a subset of L x {0, ..., k} for some fixed k, and not of L x L.

2.2. Leafy O-forests

We want to extend the results we already have for join-trees to leafy O-forests.

For an O-forest T = (N, <) and leaves z,y, we let N>(z,y) :={u € N | u > z and v > y}. Each set N> (z,y)
is linearly ordered; it is empty if  and y have no upper bound. If T" is an O-tree, none of these sets is empty.

We let R be the ternary relation on the set L of leaves defined as follows:

Rzyz <= x < Nx>(y, 2),

that is, < u for every node u in N> (y, z). If y U z is defined, then N>(y,z) = N>(yU z). If T' a join-tree,
then Rzyz <= x < y U z, and this new definition is equivalent to that of Definition 2.3.

We recall a construction from [11], Section 1.3: from an O-forest T, one can construct a join-tree J(T) by
adding to it the “missing joins”. Hence, T' embeds into J(T') and J(T) =T if T is a join-tree. In Example 2.2
(4), by adding to S the “missing joins” we get back T

Proposition 2.14. (Proposition 1.4 of [11]): let T = (N, <) be an O-forest. It can be embedded into a join-tree
J(T) whose nodes are the sets N>(y, z) for y,z € N. Its order is 2, the reverse set inclusion, and v € N is

9%f S = (D, R, ...) is a relational structure and X C D, then S[X] := (X, R[X],...) is the substructure of S induced on X, where
R[X] is the restriction of R to X, i.e., the set of tuples in R whose components are in X. This corresponds to the notion of an
induced subgraph. We will only consider substructures of this form.

10See Introduction and Section 2.1 for definitions.
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mapped to Nx>(x) € Nyry. Its leaves are the sets N>(x) for x € Ly. If T € T, then Nty is the set of sets
N>(y,z) fory,z € Ly. If T is not an O-tree, there are y,z such that N> (y, z) is empty, and then, 0 is the root

of J(T).
Proposition 2.15. If T is an O-forest, then Rt = R ;1) and this relation satisfies A1-Ab.

Proof. Let x,y,z € Ly. We have N> (y) Uy N>(2) = N> (y, ). Hence x < N> (y, 2), i.e. Rpxyz holds if and
only if N> (z) O N>(y,2) = N>(y) Uycry N> (2), equivalently, if and only if (N> (z), N>(y), N>(2)) € Ryery. O

The O-forest T is isomorphic to a substructure of J(T'). The formulas A1-A5 are universal. Remark 2.12(3)
recalls that their validity is preserved under taking substructures. As they hold in J(T), they hold in T. It
follows that, from (Lg, Rr) where T is a leafy O-forest, one can define J(T') but not T clearly, two different
O-forests can have the same associated ternary relation R.

Note that Property Al implies that the Gaifman graph of (L, R) is connected. Hence this property cannot
hold for an O-forest consisting of several disjoint O-trees.

A leafy O-forest T' is not characterized by (L, Rr). We define Ur as the binary relation such that, if
z,y € Lp, then Upay holds if and only if Uy y is defined.

Proposition 2.16. A leafy O-forest T is characterized by (can be reconstructed from) its associated extended
leaf structure (Ly, Ry, Ur).

Proof. Given (Ly, Ry), one defines J(T') from which one eliminates the nodes Nx(z,y) such that Urzy does
not hold.
O

3. CONSTRUCTING JOIN-TREES BY MONADIC SECOND-ORDER
TRANSDUCTIONS

Monadic second-order transductions are transformations of relational structures formalized by MSO formulas.

3.1. Review of definitions and results

A monadic second-order (MSO) transduction transforms a relational structure S = (Dg, Rg,...) into T =
(Dp, R, ...) by means of MSO formulas collected in a definition scheme A. (More details can be found in
2, 5, 14, 19]).

To simplify notation, we let S have a unique relation R, and T have a unique binary relation R’. The extension
to more relations and of different arities is straightforward.

A definition scheme A uses set variables X7, ..., X, intended to denote subsets of Dg called the parameters, and
a copying constant k > 1. Then A = (x, 01, ..., Ok, (0i 5)i jex))- It is a tuple of MSO formulas'! to be evaluated
in a structure S = (Dg, Rg), such that x has free variables among X7, ..., X, each §; has free variables among
X1,...,Xp,z and each 0; ; has free variables among X1, ..., X, z,y.

For subsets X1, ..., X, of Dg, a structure T := A(S, X1, ..., Xp) is defined if and only if S = x(X1, ..., X,).
We have!?:

Dy :=D; x {1} U...U Dy, x {k} where for each i,
D, = {l‘ € Dg | S }: (Si(Xl, ...,Xp,x)} and
Ry = {((.1). (4.9)) | i+j € K], (z.5) € Dy x Dy and § |= 0, (X1, s Xp, 2,9)}.
The structure T' depends on S and p (set) parameters. Hence, S has some image under the multivalued trans-
duction defined by A if and only if S |= %, where X is the sentence 3X7, ..., X,,.x. However, in our constructions,

TFor each positive integer k, we denote {1, ..., k} by [k] and {0, 1, ..., k} by [0, k].
21t may be convenient to have Dt := Dy x {0} U... U Dy, x {k}. The copying constant is then k + 1.



10 B. COURCELLE

the structures obtained from different tuples of parameters will be isomorphic. We will write T' = E(S ) where
T is defined u.t.i. as usual.

The expressive power of MSO formulas and MSO transductions can be augmented by using modulo counting
set predicates: if n > 2, C,(X) expresses that the cardinality of a set X is finite and is a multiple of n. We refer
to this extension by CMSO. The finiteness of a set X is thus expressible in terms of a single set predicate C,.

Another extension consists in assuming that the input structure S is equipped with a linear order < isomorphic
to that of N if the structure is infinite. (We only consider finite and countably infinite structures). We also assume
that the associated transductions are order-invariant, which means that the output structures do not depend,
u.t.i., on the chosen order. (This property is not decidable from an arbitrary definition scheme. It is provable
in particular constructions.) We denote this extension by <-MSO (read order-invariant MSO). The property
Cr(X) is <-MSO expressible [5]. Order-invariant MSO sentences are strictly more powerful than the CMSO
ones on finite structures [13].

We obtain the notions of CMSO- and order-invariant MSO transductions. The latter are more powerful than
CMSO transductions, themselves stronger than the basic ones.

The composition of two MSO (resp. CMSO, <-MSO) transductions is an MSO (resp. a CMSO, a <-MSO)
transduction. R

The Backwards Translation Theorem says that, if T = A(S, X1, ..., X,), then an MSO (resp. a CMSO, a
<-MSO) sentence ¢ is valid in T if and only if some “backwards translated” MSO (resp. CMSO or <-MSO)
formula ¥(Xy, ..., X,,) is valid in S, where A is, respectively, an MSO, a CMSO or a <-MSO-transduction. See
Chapter 7 of [19]. The corresponding transformation of sentences depends only on A.

The linearly expanding FO-transductions are the MSO ones whose defining formulas use neither set quantifi-
cations, nor the set predicates C,,, nor any auxiliary order. They can use set variables as parameters. The just
cited Backwards Translation Theorem holds for FO-sentences and such transductions.

The transformation (L, R) — (L x L,C) used in Corollary 2.13 is not an FO-transduction in this sense.
It is a wectorial FO-transduction of dimension 2, because the domain of the output structure is a Cartesian
product!3.

Going back to join-trees, the following theorem collects several results. More will be given in Section 3.4
below.

Theorem 3.1. The following table indicates that, for certain subclasses of T, the mapping (L, R) — 7(L, R) €
T is an MSO-transduction, or a CMSO-transduction or an <-MSO-transduction.

] Subclass of T \ Type of transduction T \
finite, degree < k MSO
finite CMSO
height < k FO
each subtree is finite CMSO
T <-MSO

Proof. For finite trees of bounded degree, the reference is Theorem 5.6 of [5]. Theorem 5.3 of [5] shows that for
general finite trees, an <-MSO transduction can be used. This result is improved in [3, 4] with CMSO formulas
in place of order-invariant ones. We reproduce below in Theorem 3.4 the proof of [3] and we extend it to certain
infinite join-trees (Theorem 3.12). The (easy) case of bounded height is Proposition 3.3. Proposition 6.1 of [2]
establishes the case of infinite join-trees. O

The following refers to Proposition 2.16.

Corollary 3.2. The mapping (L, Rr,Ur) — T producing an O-forest T is an <-MSO transduction. It is an
MSO- or a CMSO-transduction in the special cases of Theorem 3.1.

T3See [20] for a comparative study of different types of transductions defined by FO formulas.
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3.2. Bounded height

The height of a rooted tree is the least upper-bound of the distances of the leaves to the root. For each integer
k > 0, we denote by Hy, the class of rooted trees in T of height at most k, and by Sy, the class of their associated
leaf structures. Nodes may have infinite degrees.

Proposition 3.3. The mapping (L, R) — 7(L, R) is a FO-transduction from Sy to Hy.

Proof. Let (L, R) be the leaf structure of some T in 7. We recall from Theorem 2.10 that this property is
FO-definable. The following properties of leaves x,y, z, u are FO-expressible in (L, R):

(1) zUyisasonof zUwu in T, c¢f. Remark 2.12(2),
(2) depth(z Uy) = ¢ where depth(z U y) is the distance of z Ly to the root; the root is at depth 0.

O

The formulas expressing (2) use the one expressing (1).

The transduction encodes a node m at distance i from the root by a pair (z,7) where z is a leaf below m.
Hence m is uniquely defined from (z, 7). Several leaves z can be used to encode m, but set parameters X; can
select unique leaves for each internal node. We continue the proof.

We fix k. The leaves are at positive depth at most k. That (L, R) € Sy, is FO-expressible by (2) above.

For 0 <i < k, we let D; be the set of internal nodes at depth i, and X; be a set of leaves such that, for each
m € D;, there is one and only one leaf z in X; such that z < m. We let such z be Rep(m): the leaf representing m.

An FO-formula x;(X;) can check that X; is as requested. For each i = 0,....,k — 1, another one,
pi(Xo, ..., Xg—1,2,y,2) can check that Rrzzy holds, z € X; and depth(z Uy) = 4, so that z = Rep(z U y).
The transduction we are constructing uses parameters Xy, ..., X;—1 to define D as X x {0} UX; x {1} U...U
X1 x {k—1} UL x {k}. Here, L x {k} is the set of leaves of T, and (u,0) is its root, where Xy = {u} for
some (arbitrarily chosen) leaf w.

Its order relation is defined from the following clauses:

(2,k) < (#',i) where ¢ < k if and only if Rzxy holds for some z,y € L such that depth(z Uy) = 1,
z' € X; (so that 2/ = Rep(z Uy) and z < z Uy),

(2,7) < (#',4) where i < j if and only if Rzaxy A Rz'vw holds for some x,y,v,w € L such that
depth(z Uy) =i, depth(v Uw) = j, 2 € X; and 2’ € X; (so that z = Rep(z Uy),z’ = Rep(v U w)
and v Uw < 2 Uy).

An FO formula x(Xy, ..., Xx—1) can express that the sets Xy, ..., X1 satisfy the above conditions. We omit
further details.

All formulas used here are first-order but they use the set variables Xy, ..., X;_1 as parameters.

3.3. Using CMSO transductions

We extend a construction by Bojanczyck'# [3] that builds a CMSO-transduction producing a finite leafy
rooted tree from its leaf structure (L, R). It yields an alternative to Construction 2.8 giving Theorem 2.10. We
will prove that this very construction applies to certain infinite join-trees. In Section 3.4, we will identify classes
of join-trees constructible from their leaves by CMSO transductions.

We recall that in a rooted tree T in T, each internal node has at least two sons. The set of leaves below an
internal node w is denoted by L fr(u).

Theorem 3.4. [3]. There exists a CMSO transduction that associates with a finite leaf structure (L, R) a finite
leafy rooted tree T, such that Ry = R. Furthermore, this transduction defines Ly := L x {1} and Ny — Ly C
L x {2}.

ﬁ . . .
A similar more complicated one is in [4].
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Proof idea: As for the proof of Proposition 3.3, we will use the notion of a representing leaf. An internal
node u of a finite leafy rooted tree is x L y for two distinct leaves z and y and can be identified with the set
Lfr(u) = Lfr(zxUry) = {z € Ly | Rrzzy}. The construction will select for each such v = U y a representing
leaf w, denoted by Rep(u) that belongs to L fr(u) and that is CMSO-definable from x and y. Then v in Ny — Lp
will be defined as (w,2) € Ly x {2}. Each leaf z will be defined as (z,1). O

¢

The proof is based on the selection, for each internal node u of a “first” and a “second” son. Then u is
represented by the unique leaf = such that the sequence x = ay,ap—1,...,a1,u is an ascending path in 7', where
x is the second son of a,—_1, a;+1 is the second son of a; for ¢ :=1,...,p — 2 and a; is the first son of w. This
method is used in [2, 5] where an auxiliary linear order on leaves helps to define the first and second sons of
each internal node. Here, we will uses numbers in {0, 1,2} to label leaves and counting modulo 3 cardinality set
predicates.

We present the necessary technical definitions and lemmas.

Definition 3.5. Weights.

Let (L, R) be the leaf structure of an O-tree T. We call o : L — {0, 1,2} a weight mapping. We define the
weight of a finite set Y C L as follows: o(Y) is the sum modulo 3 of the weights o(z) of all  in Y. We extend
o to internal nodes u by letting o(u) := o(Lfr(u)).

Assume now that T is finite. We say that o is good if every internal node w has a unique son having a
maximal weight relative to the order 0 < 1 < 2. This son will be called the o-son of u (the first one in our
informal presentation).

Lemma 3.6. (Claim B5 of [3]). For every finite leafy rooted tree T, for every i in {0,1,2} and every choice
of a “preferred” son for each internal node, there is a weight o : Ly — {0,1,2} such that o(rtt) =i and the
o-sons of the internal nodes are the prefered ones.

Proof. By induction on the size of T". There is nothing to do if r¢ is a leaf. Otherwise, let b1, ...,b,,p > 2 be the
sons of rr and b; be its preferred son. Then:

if o(rty) =0, we let o(by) := 2, o(b2) := 1 and o(b;) := 0 for i > 3,
if o(rtr) =1, we let o(by) :== 1 and o(b;) := 0 for i > 2,
it o(rty) =2, we let o(by) := 2 and o(b;) := 0 for i > 2.

By the induction hypothesis, o can be defined appropriately on the subtrees T}, for ¢ > 1. O

Proof of Theorem 19. Let (L, R) be the leaf structure a finite leafy rooted tree T = (IV, <) (not reduced
to a single node). Hence, |L| > 2 and |N| > 3.

For i = 1,2, let C; 3(U) mean that the set U is finite and |U| =4 mod 3. It is easy to express C1 3 and Ca 3
in terms'® of Cjs.

Let X; and X5 be set variables intended to define the leaves z such that, respectively, o(z) = 1 and o(z) = 2.
The leaves outside of these two sets will have by ¢ the value 0.

If U C L, and o is given by disjoint subsets X; and X5 of L, we have:

o(U) =4 if and only if |[U N X;| 4+ 2.|U N X3| =i mod 3,

hence, this property is CMSO-expressible by means of the set predicates C; 3 and Cs 3.

It follows that for every internal node u of T" defined as = Ur y, CMSO formulas «; (X7, X2, z,y) can check
whether o(u) = ¢ where o is defined by the disjoint sets X7, X2 because the set Lfr(x Uy) is FO-definable in
(L, R) from z and y. Hence, there is a CMSO formula (X7, X, x,y, z,u) expressing in (L, R) that o defined

T5In a possibly infinite structure, the finiteness of a set U is expressed by C3(U) V C1,3(U) V C23(U). A similar expression is
possible for each Ch,.
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FIGURE 4. See the proof of Theorem 3.4.

in T by X3, X5 is good and that = U y is the o-son of z Uy u. We allow z =y = x Ur y. A CMSO-formula
B(X1, X3) can express that this mapping o is good.

We need a second good weight mapping u, defined similarly by means of sets of leaves X3 and X,. Further-
more, we want that each p-son of an internal node differs from the o-son. A CMSO formula v(X7, Xo, X3, X4)
can express these conditions. Clearly, 5(Xs, X4, x,y, 2, u) expresses in (L, R) that p defined by X3, X4 is good
and that x Up y is the p-son of z Up u.

Let T = 7(L, R) = (N, <). We are ready to define a leaf Rep(x Ur y) below any internal node z Lz y, intended
to represent it, and, as a consequence, the subtree T, whose set of leaves is Lfr(x Up y).

Given z and y # z, we let Ut y, a1, ..., a, be the unique sequence of nodes of T" such that a; is the o-son of
x Ury, a; is the p-son of a;—1 for ¢ > 2, until we reach a leaf a, that we define as Rep(z Ur y). The leaf a, is
uniquely defined from x Up y. We have Rep(x Ur y) = a; if a1 is a leaf.

Figure 4 illustrates this definition with p = 4. Dotted lines represent finite paths.

Claim 3.7. If Rep(x Ur y) = Rep(x' Ur y'), then x Upy =2’ Up y/'.

Proof. Given ay, the sequence ap_1, ..., a1,z L y is uniquely defined as each element is the father of the previous
one. Its stops as soon as one finds aq that is a o-son, and its father is x U y. O

Claim 3.8. (¢f. Theorem 5.8 in [5]): a CMSO formula p(X1, X2, X3, X4, 2,y,2) can express that z =
Rep(x Ut y).

Proof. We have z = Rep(z Ur y) if and only if there exists a set {v1,...,u,—1} C L such that z Up vy is the
o-son of x Uy y, and, for each ¢ = 2,...,p — 1 the node z Ur v; is the u-son of z Uy v;—1 , and z is the u-son
of z Up up—1. Given a set U intended to be such {vi,...,vp_1}, this condition can be expressed by a CMSO
formula, because CMSO logic can express transitive closure. On Figure 4, we have z = a4.

Hence, we obtain the tree 7(L, R) with set of leaves L x {1} and set of internal nodes Z x {2} where Z is
the set of leaves that represent some internal node. O

Another CMSO-transduction proving Theorem 3.4 is defined in [4]: it uses the set predicate Cs instead of
Cj3, and the copying constant is 5. That article develops applications to several canonical graph decompositions
shaped as trees: the modular decomposition, the split decomposition and the bi-join decomposition among
others.
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The proof of Theorem 5.3 of [5] uses a auxiliary linear order on leaves in order to distinguish two sons of each
internal node, used as shown in Figure 4. The present proof uses instead sets Xi, ..., X4 from which, however,
one cannot define a linear order of L.

3.4. CMSO-constructible classes

We will construct subclasses of 7 for which some analog of Theorem 3.4 holds with CMSO-transductions
having possibly more parameters and larger copying constants. Notation is as in Section 3.1.

Definition 3.9. CMSO-constructible classes of leafy join-trees.
(1) A subclass C of T is CMSO-constructible if

(a) the corresponding class of leaf structures is CMSO-definable by some sentence Y and
(b) there is a CMSO-transduction A that transforms each ternary structure (L, R) satisfying X into
the corresponding join-tree 7(L, R), u.t.i.

(2) A join-tree T' = (N, <) is downwards-finite if its sub-join-trees T, (cf. Definition 2.1(b)) are finite, for all
zin N.

(3) We let D be the subclass of T consisting of the finite rooted trees and of the downwards-finite, leafy
join-trees without root (they are necessarily infinite)!©.

Remark 3.10. (1) The wording “CMSO-constructible” hides several aspects of the definition, but it is chosen
for shortness sake.

(2) Each internal node of a join-tree in D has at least two sons.

(3) An example of a join-tree in D is'” (N x {0,1} — {(0,0)}, <) whose partial order < is defined by: (i,7) <
(k,1) if and only if (¢,7) = (k,1) or i <k and [ = 1. Its leaves are the nodes (0,1) and (¢,0) for all ¢ > 1.

(4) The class Hy, is CMSO-constructible (it is even FO-constructible) by Proposition 3.3.

Lemma 3.11. An infinite leafy join-tree T is in D if and only if:

(1) for each leaf x and internal node y < x, the interval [y, x]1 is finite, and T consists of an infinite ascending
branch x = ag,a1,az, ..., an, ... such that for each i > 0, the node a; has finitely many sons a;_1,b1,...,b,, where
p > 1, and the subtrees T,, are finite, if and only if

(2) the same holds for some leaf x.

Proof. Clear from the definitions. We have p > 0 because T' is leafy. Each subtree T}, is finite. O
Theorem 3.12. The class D is CMSO-constructible by means of the transduction used for Theorem 3.4.

Proof. The leaf structures (L, R) of the join-trees in D are those that satisfy A1-A5 of Proposition 2.5 and the
following CMSO expressible property (that holds trivially if L is finite):

for all 7,y € L, the set {2z € L | Rzwy} is finite's.

For the case where L is infinite, we need only prove the existence of two weight functions ¢ and p as in
Theorem 3.4. Let T' be as in Lemma 3.11. We define o(a;) := 2 for each a; and o(b;) := 0 for all its sons b;.
The values of o on the nodes of the subtrees T}, exist by Lemma 3.6 as these trees are finite. Hence, the o-son
of a; is a;_1.

We define p(a;) := 0 for each a; such that 4 is even and 1 if ¢ is odd. For each 4, we choose one of the sons
of a;, say b1, to be the p-son and we define p(by) := 1 if 7 is odd and u(by) := 2 if ¢ is even. All other sons of
a; will have by u the weight 0. On each subtree Ty, we choose u-sons to be different from the already chosen

T6 Actually, a downwards-finite, infinite join-tree cannot have a root.
17 An infinite ascending comb without root. It is an infinite caterpilar.
18The finiteness of a set U is expressed by C3(U) V C1,3(U) V C2,3(U). A similar expression can be based on Cy, for any n > 2.
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FIGURE 5. The two good weight functions in the proof of Theorem 3.12.

o-sons. This is possible because each internal node has at least two sons. Weights for p can be computed on
these subtrees by Lemma 3.6 again. Then the proof of Theorem 3.4 works. o

Figure 5 illustrates this construction. The pair ¢j at a node x indicates that o(x) = ¢ and pu(x) = j.

The CMSO-transduction defined in [4] extends to the same class D as that of [3]. Our next aim is to construct
larger CMSO-constructible classes of join-trees by combining several known ones. We use the transductions of
[3] and, equivalently, of [4], as building blocks of more complex transductions.

Theorem 3.13. If Cand C' are CMSO-constructible classes, then, so is their union.

Proof. Let A be a definition scheme for C whose parameters are X7, ..., X, and copying constant is k, and A’
be similar for C’ with parameters Y7, ..., Y, and copying constant k’. One can construct a definition scheme O
whose parameters are Z, X1, ..., X;,, Y1, ..., Y, and copying constant is max(k, k). The extra parameter Z decides
whether the leaf structure under consideration should define a join-tree in C (if Z is empty) or in C’ (if Z is not
empty). Depending on the case, © uses A with its parameters X1, ..., X, or A’ with its parameters Y7, ..., Yj.
We omit the routine details. O

Every rooted O-tree T is of the form *(71,...,T),,...) consisting of a (possibly infinite) disjoint union of
O-trees 11, ....; Ty, ... , together with a new root above all of them (denoted by *). Then T is a leafy join-tree
if and only T4, ....,Tp,, ... are so and their (unordered) list has at least two O-trees. We exclude the trivial case
where T is reduced to a root. However, some of the subtrees T; may be reduced to a root that is thus a leaf of
T. If all T; are single nodes, then 7" is called a star.

If C C T, welet Ct C T be the class of join-trees T' = (T, ...., Ty, ...) such that each Tj is in C or is reduced
to a root. Hence, such T is leafy and belongs to 7.

Theorem 3.14. If a class C is CMSO-constructible, then, so is C*.

The proof will use relativizations of CMSO sentences to CMSO-definable sets (actually the sets of leaves of
the T;’s). This is a standard notion in logic'¥ that we review.

9See e.g., [19], Section 5.2.1.
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Let ¢(Xq1,...,Xn,21,...,2p) be a CMSO formula relative to relational structures S = (D, R,...) and let
Y be a set variable. One can construct a CMSO formula ¢[Y](X,..., X, 21,...,xp) with free variables
Y, Xq,..., X5, 21, ...,xp such that, for every structure S as above, for all subsets Y, Xy,..., X,, of D and all
Z1,...,2p € D we have:

S E olY(X1, ..., Xpn, 21, ..., xp) if and only if
Z1, .. 2p €Y and SY] E (X1 NY, ... X, NY, 21,...,2,)
where S[Y] is the substructure of S induced on Y (¢f. Section 2.2).

The construction consists replacing an atomic formula Cp,(X;) by Cp,(X; NY), a quantification Jzx.... by
Jz.x € Y A ... and a set quantification 3X.... by IX. X CY A ... . We omit the details.

Proof. By using Theorem 2.10 and Remark 2.12(2), we can write an FO-sentence « expressing that a ternary
structure (L, R) is the leaf structure of a rooted join-tree T in 7. Assuming this, T = (T4, ...., Ty, ...) where
Ti,.cco; Ty, ... belong to T, have pairwise disjoint sets of nodes Ny, ...., Ny, ... and sets of leaves L1, ...., Ly, ...,
so that Ly = Ly U....U Ly, U ... They may have no root. Each relation Ry, is the restriction of Ry to L;. As T
is leafy, its root is the join of two leaves that belong to distinct subtrees T;.

Next, we express in (L, R) that the T;’s are in C. A key point is to identify by CMSO formulas their sets of
leaves L;. For x and y € L, we define z ~ y <= dz.-~Rzxy.

Claim 3.15. The relation ~ is an equivalence relation and its classes are the sets L;. Furthermore, y ~
2N Rxyz = x ~y.

Proof. We need only prove transitivity of ~. Assume x ~ y Ay ~ z. We have =Ruzy A —~Rvzy for some u,v. We
claim that —Ruzxz V ~Rvxz holds, proving x ~ z. We prove this from A1-A5 and their consequences A6 and
A7. A7 yields Rxyz V Rzxy. Assume the first. If Rvxz holds, then together with?® Rxzy, we get Rvzy by A6,
contradicting the hypothesis. Assume now Rzxy. If Ruzz holds, then Ruzy holds by A6, again a contradiction.
Hence we have "Ruxz V ~Rvzxz and so z ~ z.

The condition dz.-Rzxy guarantees that x Ly y is not the root of T, hence that x and y must belong to a
same set, L;.

Assume now y ~ z A Rrxyz. Hence, ~Ruyz holds for some u. If we have Ruxy, then with Rxyz and by A6,
we have Ruyz, contradicting the choice of u. Hence, we have  ~ y and R is stable under ~ . O

For every equivalence class M of ~, the ternary structure (M, R[M]) is the leaf structure of some leafy
join-tree that we will denote by Tj;. These join-trees Ty, are pairwise disjoint, otherwise, we would have two
classes M # M’ and z,y € M, z,u € M’ such that x Uy = z U wu in T, hence Rzxy so that z € M by Claim
3.15, hence a contradiction. They are the join-trees 17, ..., T}y, ...

We let A = (X, 01, .., 0k, (0s,5)ijer)) be a definition scheme for C, with associated CMSO sentence ¥,

expressing that A(L, R) is defined.
Claim 3.16. A CMSO sentence p can express in (L, R) that each Ty is in C.

Proof. An FO formula n(Y') can express in (L, R) that a set Y C L is an equivalence class of ~. Then, a CMSO
sentence can express that for each equivalence class M, we have (M, R[M]) = X. O

Hence, together with «, we have a CMSO sentence expressing that (L, R) is the leaf structure of some leafy
joint-tree T in C™T.

In order to construct 7', we construct © = (X', 0, .-, 0y, (0] ;)i jejo,r))) defining T such that Ny = {u} x {0} U
U x {1} U...U Uy, x {k} where u is an arbitrary leaf and (u,0) will be the root of T. We will use the parameters
X1,...,Xp from A and an additional one Xy, intended to hold wu.

To be convenient, a p-tuple (X1, ..., X,,) must verify:

20In such proofs, we leave implicit the use of A2.
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for each equivalence class M, we have (M, R[M]) = x(Xpm.1; ..., Xm,p) where Xy = X; N M for
each i.

From such (X1, ..., X,), we define, for each M and ¢ € [k]:
UM,i = {.’17 eM | (M,R[MD ): 6i<XM,1a ...,XM}p,.T)}.

It follows that Nr,, = Upra X {1} U...U Uk x {k}. To obtain Ny as desired, we define U; as the union of
the sets Ups,; for all M.
Finally, we define <r as follows, for (z,7) < (y,j) in Np: (z,7) < (y,j) if and only if:

either (y, ) = (u,0),
or x and y are in some M such that (M, R[M]) = 60, ;( X1, X ps T, Y)-

From this description, one can (one could) write the formulas x’, 6, ..., d;,, ¢; ; to form ©. O

This proof is actually a useful preparation for a similar more complicated construction.

Definition 3.17. Substitutions to leaves.

(1) Let T = (Np, <7) be an O-tree. For each x € Lt , let U, = (N,, <) be an O-tree (it may be reduced to
a single node). Since our constructions yield objects u.t.i., we can take them pairwise disjoint and disjoint from
T. We let S =T[Uy/x;x € Lr] be the partial order (Ng, <g) such that:

Ng is the union of Ny — L and the sets N,

and u <g v if and only if

either u,v € Ny — Ly and u <p v,
or u,v € Ny, x € Ly, and u <, v,
oru € Ny, x € Ly, v€eE Npr — Ly and z <p v.

(2) A small extension of this definition will be useful: we can assume that each x € Ly is also a leaf of
U.. There is nothing to change in the definitions (in the second case above, we may have u = z). In this case
Ly C Ng as each x € Ly belongs to N,.. In particular, if U, = {z}, where x € Ly, there is nothing to substitute
to x.

If T is *(z,y, 2), then T[U,/x,U,/y,U,/z] = *(Uy, Uy, U,). Figure 6 illustrates Definition 3.17(2). It shows
two leaves z and y (among others) of an O-tree T', an O-tree U, having x as a leaf and, to the right, the O-tree
TUz/z,Uy/y] where U, = y. (We omit the other leaves of T).

With these hypotheses and notation:

Lemma 3.18. (1) S = (Ng,<g) is an O-tree.
(2) If T and the U, ’s are leafy join-trees, then S is a leafy join-tree.

Proof. (1) is straightforward.
(2) From the definitions, we observe that the joins in S are as follows:

if u,v € N — Ly then ulUgs v = ulr v,

if u,v € Ng, x € Ly, then ullg v = u U, v,

ifuée N, x € Ly, v € Np — Ly then ullgv =z L v,
ifue Ny, ve Ny,z,y € Ly and y # = then ulUgv =2 Ur y.

Hence, S is a join-tree. It is leafy by the above observations. O

Definition 3.19. Contracting subtrees.
(1) Let S = (Ng,<g) be a leafy join-tree. A node z is finite if the sub-join-tree S, is finite. Since S is leafy,
a subtree S, is finite if it has finitely many leaves.
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FIGURE 6. Illustration for Definition 3.17(2).

If z is a leaf, then Fin(z) C N>(z) denotes the set of finite nodes above z or equal to it. Either Fin(z) has
a maximal element y, or there is an infinite ascending branch z = ag, a1, as, ..., @y, ... of finite nodes where each
a;, for ¢ > 0, has a finite set of sons {a;_1,b1,...,b,} with p > 0, as in Lemma 3.11.

In the first case, we let U, := S,,. It is a finite leafy tree, possibly reduced to z; its root is y. In the second,
we define U, is the union of the subtrees S,,. In both cases, U, € D.

(2) We may have U, = U, for distinct leaves z, z’. We let Z contain one and only one leaf z for each U,.

(3) In S = (Ng,<g), we “contract” as follows the trees U.:

for all z € Z, we delete from S the nodes of U, except z.
We obtain a subset Ny of Ng and T := (Np, <p) where <7 is the restriction of <g to Nrp.
With these definitions and notation:

Lemma 3.20. If S = (Ng,<g) is a leafy join-tree then T is also a leafy join-tree. We have Ly = Z. The join
mapping U is the restriction of Ug to Nr. Furthermore S =T|U,/z;z € Z].

Proof. These facts are clear. We use here the extension (2) of the basic definition of substitution. We have an
equality S = T[U./z; z € Z], not only an isomorphism. O

We denote T by Contr(S). If S € D, then Contr(S) is a single node. If Contr(S) is a star (¢f. Theorem 27),
then S € Dt. We denote by C[D] the class of join-trees S in T such that Contr(S) € C.

Theorem 3.21. If a subclass C of T is CMSO-constructible, then so is the class C[D].

Proof. We will use the definition scheme A = (x,d1,02,(0i;); je2)) with parameters X; X5, X3, Xy for the
class D defined in Theorem 3.12. We will combine it with a definition scheme for C of the form A€ =

(Xc,éf,....,5,?,(0£j)i’je[k]) with parameters Yi,...,Y, and copying constant k, and get a definition scheme
O = (X', 00, -+ Ok (87 ;)i jefo,k)) for C[D] whose parameters are X1 Xa, X3, X4, Y1,..., Y}, Z and copying constant
is k+ 1. O

We consider a join-tree S given by its leaf structure (L, R). We use notions from Definition 3.19(2). Our first
objective is to identify the sub-join-trees U, of S to be contracted.

Claim 3.22. CMSO formulas can express in (L, R), for all x,y and z inL, that x Ug y is a finite node and that
zis a leaf of U.,.

Proof. Clear because x Ug y is finite if and only if the set {z € L | Rzay} is finite. Furthermore x is a leaf of U,
if and only if x g z is finite. O
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Hence, we obtain the leaf structure (L., R[Ly,]) of U,. The leaf structure of T is then (Z, R[Z]), where Z
is specified in Definition 3.19(2).

We first express that S € C[D] and we also specify the appropriate parameters.

A formula x' (X1 X9, X3, X4,Y1,...,Yy, Z) can express in (L, R) the following conditions:

(i) Properties A1-A5 hold, so that (L, R) is the leaf structure of a join-tree S in T,
(ii) the parameter Z is as required in Definition 3.19(2),

(iii) for each z € Z, (L, R) = x[Lu,|(X1 X2, X3, X4),

(iv) Y1,...,Y, € Z and

(v) (L, R) = X°[Z](Y1, .., Yp), which implies that Contr(S) € C.

Next, we describe Ng in terms of these parameters. Without loss of generality, we assume that A€ is built
so that it produces from any appropriate leaf structure (L', R’) a join-tree whose set of nodes is

L' x {1} U Dy x {2} U...U Dy, x {k},
its set of leaves being L' x {1}.

The set of nodes of the join-tree ©(L, R) (isomorphic to S) is defined as

Lx{1}UI x {0} UDs x {2} U...U Dy, x {k} where:

L x {1} is the set of leaves of S, hence the union of the pairwise disjoint sets of leaves of the U.,’s,
I x {0} is the union of the sets of internal nodes of the pairwise disjoint U.,’s,

NContr(S) =7 X {1} U Dy X {2} U...UDy x {]ﬂ},

Z x {1} is the set of leaves of Contr(S).

The sets Dy x {2} U... U Dy, x {k} are defined by A applied to (Z, R[Z]), that is the leaf structure of
Contr(S).

The set of nodes of each U, is Ly, x {1} U Iy, x {2} where Iy_ is defined from parameters X; N Ly_, ..., X4 N
Ly, C Ly, by A applied to (Ly,, R[Ly,]). From this description, we can (we could) write the formulas 4y, ..., 6.

It remains to construct the formulas 92’3- intended to formalize the order relation < of S. We describe it as
follows in terms of the associated strict partial order:

x < y if and only if,
either z,y € Ny, for some z € Z and x <y, vy,
or x € Ny, for some z € Z, y is internal in Contr(S) and z <contr(s) ¥,

or T,y c NContT(S) and x <Cont7‘(S) Y.
We omit an explicit writing of the formulas.

Remark 3.23. If C and £ are subclasses of T, one can defined C[€] as the class of trees T'[U,/z; z € Lr] such that
T is in C and each U, is in €. Assuming that C and £ are CMSO-constructible, we would like to prove that C[€]
is so by a proof similar to that of Theorem 3.21. Given the leaf structure (L, R) of some S potentialy in C[€], we
would need a CMSO identification of the subtrees U, of S. We had it for the proofs of Theorems 3.14 and 3.21.

Our next construction is based on identifying subtrees of O-trees.

Definition 3.24. Subtrees of O-trees

(1) We recall from Definition 2.1 that in an O-tree T = (N, <), the covering relation x <. y means that z is
a son of y. We let =~ be the equivalence relation generated by <.. We have = = y if and only if there is z such
that <! z and y <! z where * denotes the reflexive and transitive closure of <.. If A is a subset of N such
that any two elements are ~-equivalent, then T[A] := (A, <) where <, is the restriction of < to A is a subtree
of T (a “real tree”, not a sub-O-tree). It may have no root and/or no leaf.

(2) An equivalence class C' is called a connected component, and so is called the subtree T'[C] of T that it
induces. A connected O-tree, having a single component, is thus a tree. A connected component may be reduced
to a single node.
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C <x D if and only if z <, y for some x € C' and y € D. It is an “O-tree of trees”.

(3) We let T/~ be the quotient structure (N/~, <) where N/ is the set of connected components and

Proposition 3.25. If T is an O-tree, then T/~ and its connected components are O-trees. If it is a join-tree,
so are T/~ and its connected components.

The proof is easy. The following examples show that T/~ and its connected components may have no leaves,
even if T is a leafy join-tree.

Example 3.26. Let A = (N4, <4) be a leafy connected join-tree without root. For example Ny = N x {0,1} —
{(0,1)} and (¢,0) <4 (4,0) and (4,1) <4 (4,0) where i < j. Let a be a fixed internal node.
1) We define a leafy join-tree T" with set of nodes N4 x N ordered as follows, for all i,j in N and z,y € Ny:

(z,17) < (y,4) if and only if x <4 y
(z,7) < (y,j) where i # j holds if and only if j < i and a <4 y.

Each N4 x {i} is a connected component. The quotient treeT/~, ~ (N, >) has root 0 and no leaf. Each node
has a son, and T/~ has a unique connected component.

2) We now define the leafy join-tree S := (Ng, <g) where Ng := NU (N4 x N) and the following partial
order, for all 4,7 in N and =,y € Na:

1 <g j if and only if j <4,
(z,1) <g j if and only if j <14,
(z,1) <s (y,1) if and only if x <4 .

Its connected components are N and the sets N4 x {i}. The subtree S[N] = (Ng, <g) has no leaf.

Theorem 3.27. Let T be a leafy join-tree such that
(1) its connected components are all in a CMSO-constructible class C, and
(2) their leaves are leaves of T'. Then T is CMSO-constructible.

Proof. Similar to the previous proofs. O

By Theorem 3.13, the class C may be the union of finitely many CMSO-constructible classes.

Open problem: Exhibit a join-tree in T that provably cannot be constructed from its leaf structure by any
CMSO-transduction.

Definition 3.28. Alternative definition of leaf structures.
Leafy finite rooted trees can also be described as families of nonoverlapping sets?!. Let W := (L, M) where
L is a finite set and M is a set of subsets of L satisfying the following conditions:

L e M and {z} € M for each = € L,
if XY € M and X NY is not empty, then X CY or Y C X (the sets in M are not overlapping).

Then (M, C) is a finite leafy rooted tree T (W) with root L and set of leaves the singletons {z} for x € L.
Conversely, every finite leafy rooted tree T = (Np, <) yields a pair W = (Ly, M) where M := {N<, N Ly |z €
Nr}and T ~T(W).

We make W into the logical structure (L, M (.)) where M(.) is the set predicate such that M (X) holds if and
only if X € M. In some cases, this set predicate can be defined by an MSO formula over a relational structure,
for example (L, edg) if M is the set of strong modules of a graph G defined by this structure where L = Vi, see
[2, 4]; in this case, T(L, M) is the modular decomposition of G

For MSO logic, the descriptions of T' = T'(W) by (Lp, Rr) and by (L, M(.)) are equivalent: Ry can be
defined as the set of triples (z,y,2) € Ly x Ly x Ly such that © € X where X is the inclusion-minimal set

?TThis description is used in [3, 4].
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such that M(X) holds and that contains y and z. Conversely, a subset X of Ly is in M if and only if it is
{z € Ly | Ry(z,y, z) holds} for some y,z € L.

It follows that every CMSO formula ¢(Xj, ..., X,) over the leaf structure (L, Rr) of a join-tree can be
rewritten into an equivalent one ¥(Xy,..., X,) over the corresponding “set” structure (Lp,M(.)), and vice-
versa. This facts extend to infinite join-trees (we omit the details). The constructions of CMSO transductions
based on structures (L, R) and (L, M (.)) are thus equivalent, as they are convertible into one another.

4. QUASI-TREES AND THEIR SUBSTRUCTURES

Quasi-trees can be considered as undirected join-trees. If they are used as layouts (see below), the rank-width
of a countable graph is the least upper-bound of the rank-widths of its finite induced subgraphs. They have
been further studied in [11, 14, 15].

The ancestor relation of a join-tree is no longer well-defined in the corresponding undirected structure. We
replace it by a ternary relation called betweenness.

Definition 4.1. [6, 11, 15]: Betweenness in trees

The notation # xyz... means that x,y,z... are pairwise distinct.

(a) A tree T is an undirected connected graph without loops, parallel edges and cycles. It has no root, that is,
no distinguished node. It may be (countably) infinite. It is defined as T' = (N, edg) where N is the set of nodes
and edg is the binary edge relation. Any two nodes are linked by a path (by connectedness) that is actually
unique.

The degree of a node is the number of incident edges. A leaf is a node of degree 1. A tree is subcubic if each
node has degree at most 3.

(b) The betweenness of a tree T is the ternary relation B such that Bzyz holds if and only if # zyz and y
is on the path between z and z.

(¢) The betweenness of a rooted tree is that of the associated unrooted undirected tree.

For shortening formulas relative to ternary structures (N, B), we will denote Bxyz V Byxzz V Bazy by Azyz
to mean that z,y and z are aligned on a same “path”. Furthemore BT z,...z,, for n > 4, will stand for the
conjunction

Bxizoxs N Broxzxa N ... AN Bxp_oTn_12,

and [x,y] will denote the set {x,y} U{u € N | Bzuy}, called an interval or a “path”.

Betweenness in partial orders has been studied in [10] and in previous articles cited there.

Proposition 4.2. ‘(Proposition 9 of [6]): For every tree T, the following properties hold for all nodes x,y, z
and u:

B1: Bxyz =# xyz,

B2: Bryz = Bzyx,

B3: Bryz = —~Bxzy,

B4: Bxyz A\ Byzu = Bxyu A Bzzu,

B5: Bxyz A Bxuy = Bzuz N Buyz,

B6: Bxyz A Bouz = y = uV BT ayuz V BT zuyz,

B7: # xyz = Axyz V Jw.(Brwy A Bywz A Brwz).

Remark 4.3. (1) Except B7, these properties are universal. Property B7 asserts the existence of a node w if
# zyz A " Azyz. The unicity of such w is a consequence of the universally quantified B1-B6 (see Lemma 11 of
[6]) in arbitrary ternary structures. We will denote w by M(z,y, z). Using the notation M (z,y,z) will mean
that we have # zyz A ~Azyz.

(2) The relation B is empty if and only if 7" has at most two nodes, and then, B1-B7 hold trivially.
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Definition 4.4. [6]: Quasi-trees and related notions.

A quasi-tree is a pair @ = (N, B) where N is the set of nodes and B is a ternary relation that satisfies
Properties B1-B7 (for all nodes). We say that x is internal if Byxz holds for some nodes y and z; otherwise, x
is a leaf’®. We denote by Lg the set of leaves.

A quasi-trees Q = (N, B) is leafy if every internal node is M (z,y, z) for some leaves x,y, z. We cannot have
|N| = 3. We accept [N| <2 and B = () as there are no internal nodes and thus, each node is a leaf. We let Q
be the class of leafy quasi-trees. Leafy join-trees are defined in a similar way.

Remark 4.5. With B4 that we will always assume in our proofs concerning ternary structures (N, B), BT zy...z,
implies Bz;zjz), for all 1 <¢ < j <k < n.

(2) For leaves x,y, z, we never have Bxyz, hence properties B1-B6 are vacuously true and B7 reduces to:

B7': # xyz = Jw.(Brwy A Bywz A Brwz).

(3) In quasi-trees, we consider an infinite interval [z, y] between distinct nodes z and y as a “path”. It is
lineraly ordered as follows:

u<vi<= (u=xAv=y)V(#zuv A Bruv) V (# uvy A Buvy).

Hence, 2 < u < y for all u € [z,y].

(4) An example of a quasi-tree is ([0, 1], B) where [0, 1] is the closed interval of rational numbers between 0
and 1, and Bzxyz holds if and only if z < y < 2V 2z < y < x. There is an infinite “path” between its two leaves
0 and 1. This quasi-tree is not leafy. If we delete 0 and 1, we obtain a quasi-tree without leaves.

(5) Lemma 2.7 of [11] shows that B1-B7 imply the following:

B8: # zyzu A Baxyz A ~Ayzu = Bzyu.

This is a universal property, hence it is invariant under taking substructures. The induced substructures of
quasi-trees, we call them partial quasi-trees, are the models of B1-B6 and B8 by Theorem 3.1 of [11]. We will
study them below in a logical perspective.

(6) If a ternary structure (N, B) of cardinality at least 3 satisfies Property B7, then its Gaifman graph is
connected. This connectedness property is not implied by B1-B6 that are universal.

The next proposition shows that a quasi-tree can be seen as the undirected version of a join-tree.
Proposition 4.6. (1). If Q = (N,B) € Q andr € N, then T(Q,r) := (N, <,.) is a join-tree with root r, whose
defining ordering is:

<,y <= x=yVy=rV Bzyr.
Its join operation satisfies x U, r :=1r and x U, y := M(z,y,r) if # rzy.
(2) Conversely, every rooted join-tree in T is of this form.

Proof. Lemma 14 of [6] proves the first assertion. Conversely, if T' = (N, <) is a rooted join-tree with root r, we
define B as follows:

Bryz <= (z<y<z)V(z<y<z)V(z#zAzUz<y).
It is easy to see that < is <,., defined from B as above. The hypothesis that T is a join-tree implies that
|N| > 3. O
In the following proofs, we will use B2 without explicit mention.

Proposition 4.7. Let x,y,z be three leaves of a quasi-tree (N, B), a := M(x,y,z) and u be any node.

(i) We have Buaz V (Buay A Buaz).

(i) The internal node a is M (u,x,y), M(u,y,z) or M(u,x, z).

(iii) If Buax holds, then a is M(u,xz,y) or M(u,x, z).
Proof. (i). Assume that Buaz does not hold. If Bauz holds, we have BT zuay and BT zuaz. Hence Buay and
Buaz. Otherwise, b := M (z, a,u) is defined (because z is a leaf, so that Bazu cannot hold). We have Bxba and

22This definition applies to every ternary structure (N, B).
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FIGURE 7. See Proposition 4.8 and Remark 4.9(1).

Bzay, hence we have BT zbay by B5, whence Bbay. As Buba holds, B4 gives BT ubay. Hence Buay holds. The
proof is similar for z.

(ii) We have two cases. If Buaz does not hold, then Buay A Buaz holds and yields a = M (u,y, z). If Buaz
hold and so does Buay, we have a = M (u, z,y). If Buay does not hold, we have a = M (u, z, z) by the very first
case.

(iii) Let Buaz hold. If Buay holds, we have a = M (u, z,y). Otherwise we have Buax A Buaz by (i). Hence,
a=M(u,z,z). O

We recall that [z, y] denotes the interval {z,y} U {u € N | Baxuy}.

Proposition 4.8. Let z,y, z,u be pairwise distinct leaves of a quasi-tree Q = (N, B). Let a := M(x,y,z) and
b:=M(z,u,z).

We have the following cases.

(1) |25 N 2,0l = 1.Then a = b,[z,9] N [z,0] = [2,4] O [g,0] = [5,0] O [5,2] = {a}, M(z,p,0) =
M(y, z,u) = a, and Bvaw holds for any two distinct leaves v,w in {x,y, z,u}.

(2) [z, y]N[z,u] = 0. Thena # b, [z, 2] N[y, u] = [z,u]N[y, 2] = [a,b], B*wabz,BTzabu, BTyabz and Bt yabu
hold, M(z,y,u) = a and M (y,z,u) = b.

(3) |z, y] N [z,u]| > 2. Then either [x,z] N [y,u] =0 or [z,u] N[y, z] = 0; the consequences follow from Case
(2) by appropriate substitutions of variables.

We will express Case (1) by Exyzu where E is a 4-ary relation, and similarly Case (2) by Szyzu.

Proof. (1) Let T(Q,z) = (N,<.,) be the join-tree with root z constructed by Proposition 4.6. Then
T <,a,b<, z

If |[z,y] N [z,u]| = 1 then a = b, the consequences are clear. See Figure 7(a).

(2) We consider again T(Q, z). If[z,y] N [z,u] = 0, then a <, b. The consequences are clear. See Figure 7(b).

(3) If |[z,y] N [z,u]| > 2, we consider T(Q,y). If a <, x L, u, then [z,2] N [y,u] = 0. If a >, 2 L, u, then
[z,u] N[y, z] = 0. See Figures 7(c) and 7(d) respectively. O

Remark 4.9. (1) Figure 7 shows the four possible relative configurations of four leaves z,y, z and u. The dotted
lines represent “paths”.



24 B. COURCELLE
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FIGURE 8. See Remark 4.9(3).

(2) M(z,y,2) = M(z,y,u) = M(x, z,u)implies M (x,y,z) = M(y,z,u) and [zy] N [zu] = {M(z,y, z)}. This
follows from the definitions, we are in Case (1). However, M (z,y, 2z) = M (z,y,u) does not imply M (z,y, z) =
M (z,z,u). See Figure 7(b).

(3) Tt is not true that u # v A Exyzu A Exyzv = Exyuv. Take for an example a := M (z,y, z), Babu and
Babv. We have then b = M(a,u,v) # a. See Figure 8.

(4) The relations Eg and Sg can be determined from the restriction of Bg to Lo x Ig x Lg, because from
this restriction, one can determine the intersections [z, y] N [z, u], [z, 2] N [y, u] and [z, u] N [y, 2].

4.1. Leafy quasi-trees

A quasi-tree may have no leaf. Hence, one cannot hope to reconstruct an arbitrary quasi-tree from its leaves.
This reconstruction is only possible for leafy quasi-trees.

By Definition 4.4, a leafy quasi-tree @ is the union of the intervals [z, y]q for all leaves x,y. If X is a set of
leaves of a quasi-tree Q = (N, B) and Y := X U{M(z,y,2) | z,y,z € X}, then (Y, B[Y]) is a leafy quasi-tree:
for proving this, just consider the rooted join-tree T'(Q, u) for some u in X, ¢f. Proposition 4.6. Then the remark
in Definition 2.1(c) shows that Y, ordered by <, , is a join-tree, which yields the result. We omit details.

Our aim is now to describe a leafy quasi-tree ) from an appropriate relation on its set of leaves L, similarly
to what we did for join-trees by means of the ternary relation R in Theorem 2.10. The 4-ary relations £ and
S are defined after Proposition 4.8. We call S the separation relation of @, and (L, S) its separation structure.
The next proposition is an immediate corollary of Proposition 4.8. The symbol & denotes the exclusive or.

Proposition 4.10. The following properties hold for all leaves x,y, z,u of a quasi-tree.

S1: Sxyzu V Exyzu =% xyzu.

S2: Sxyzu <= Szuzry <= Syxzu.

S3: Exyzu < Eyxzu <= Eyzuz.

S4: # xyzu = Fxyzu & Sxyzu & Sxzyu H Sruyz.

The following properties are consequences of S1 and S4.

S’4: Exyzu <=+# xyzu A ~Sxyzu A ~Sxzyu A ~Sxuyz
S"4: Sxyzu =% xyzu A ~Srzyu A ~Sruyz.

Property S3 shows that relation E is stable under every permution of its four arguments. Property S4 is
illustrated in Figure 7. By S’4 the relation F is definable from S and we will use it to shorten formulas. Hence,
all our results will be formulated in terms of 4-ary structures (L, S). By Properties S2 and S4, the relation S is
stable by less permutations of its arguments than E.

Property S4 is formally similar to property A10 of Remark 2.7.

Example 4.11. Figure 8 shows a finite quasi-tree for which we have:
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a=M(z,y,z) = M(z,y,u) = M(z,z,u).
b= M(z,u,v) = M(y,u,v) # a.
Szyuv A Szzuv A Exyzu N\ ~Eyzuv. O

The following propoposition is similar to Proposition 2.4.

We will denote by E'A where A is a set of cardinality at least 4, the property that Exyzu holds for any four
distinct elements (called nodes in a quasi-tree) x,y, z,u in A. We will denote by SAB where A, B are disjoint
sets of cardinality at least 2 the property that Sxyzu holds for any distinct x,y in A and z,u in B.

Lemma 4.12. Let Q be a leafy quasi-tree with set of internal nodes Ig. Let x,y be distinct leaves and a,b,c be
distinct internal nodes.

(i) Bzay holds if and only if a = M(x,u,y) for some leaf u.

(ii) Bxab holds if and only if a = M (z,u,v) and b = M (x,v,w) for some leaves u,v and w such that Sxuvw
holds.

(#ii) Babc holds if and only if Buab, Bubc and Buac hold for some leaf u.

Proof. (i) Assume Bzay. By Proposition 4.7, we have a = M (z,u,v) for some leaves u,v. If Buay holds, then
a = M(z,u,y). If not, we have Byax and Byav hence a = M(z,v,y). Conversely, if a = M (z,u,y) then Bzay
holds.

(ii) Assume Bzab. We have b = M (z,v,w) for some leaves v, w by Proposition 4.6. Hence we have Bt zabv,
and so Bxav. Then a = M (z,u,v) for some leaf u by (i). Clearly, Szuvw holds.

Conversely, let a = M (z,u,v) and b = M (x,v,w) for some leaves u,v and w such that Szuvw holds. We
have Bxav and Bxbv. We cannot have a = b since Ezxuvw does not hold. Hence, we have B+ xabv or BT zbav.
Because of Szuvw the latter cannot hold. Hence we have BT zabv and so Bxab.

(iii) Assume Babe. Then a = M (u,v,c) for some leaves u,v by Proposition 4.6. Hence, we have Buac and
also BTuabc and so we have Buab, Bubc and Buac. Conversely, if Buab, Bubc and Buac hold, then Bt uabc
holds by a now routine argument, and so does Babc. O

Proposition 4.13. A leafy quasi-tree Q = (N, B) in Q is characterized by the structure (Lg,Sq).

Proof. If ) has exactly three leaves, then Sg is empty, but since @ is leafy, it has a unique internal node and
is characterized by (Lg, Sq). Leaving this case, we will reconstruct @ w.t.i. from (L, S) = (Lg, Sg) by using
Propositions 4.7 and Lemma 4.12.

We define j: L x L x L — N by j(z,y,2) := M(x,y, z) provided z,y and z are pairwise distinct. We denote
by m, p, q such triples.

We denote by zyz a triple of leaves (z,y, 2).

We have j(m) = j(p) where m = zyz and p = wvw if and only if

(x,y, 2) is a permutation of (u,v,w) or E{z,y, z,u,v, w} holds, ¢f. Proposition 4.8. (1)

We write then m = p. This equivalence relation is definable from FE, hence from S via S3. For distinct leaves
z and y, and pairwise nonequivalent triples m, p, ¢ as above, we have, by Lemma 4.12:

B(z,j(m),y) <= m = zzy for some leaf z, (2)
B(z,j(m), j(p)) <= m = zuv, p = xvw and Szuvw holds for some leaves u, v and w, (3)
B(j(m),j(p),i(q)) <= B(u,j(m),j(p)), B(u,j(p),j(q)) and B(u,j(m), j(q)) hold for some leaf u.

(4)

If R=(N,B’) € Qis such that (Lg,Sr) = (Lg, Sq), if j is as above and j' is defined similarly for R, then
we have identity between the sets of leaves of R and @ and furthermore, j(m) = j(p) if and only if j'(m) = j'(p)
because S = Sg and the equalities j(m) = j(p) and j'(m) = j'(p) are defined in the same ways from Sg and
Sr. We obtain a bijection between the internal nodes of R and Q.

By (2)-(4) above, the betweenness relations of R and () are defined in the same ways from Sg and Sg. Hence,
R = (Ng,Bg) and @ = (Ng, Bg) are isomorphic. O
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In a separation structure (L,S), the relation S is empty if |L| < 3 or if Exyzu holds for any four leaves
z,y,z,u. In the latter case, the quasi-tree has a single internal node. Proposition 4.13 is valid. We admit
quasi-trees (N, ) where |N| < 2.

Corollary 4.14. Let Q) be a leafy quasi-tree with set of internal nodes Ig. Its relations Sq, Eg and Bg are FO
definable in the the relational structure (Ng,Bg N (Lg x Ig x Lg)).

Proof. Note that Mg is FO definable in (Ng, Bo N (Lg % Ig % Lg)). The statements follow from the definitions
Remark 4.9(4) and Proposition 4.13. O

Our next aim is to find an FO axiomatization of the separation relations that characterize leafy quasi-trees
from their leaves.

Proposition 4.15. The class of separation structures of leafy quasi-trees is hereditary.

Proof. Let X C Ly where @ = (N, B) is a quasi-tree. Let Y := X U{Mg(x,y,2) | z,y,z € X }. We get a leafy
quasi-tree (cf. the beginning of Section 3.1) P = (Y, B[Y]), possibly reduced to one or two nodes: in this case
B[Y] is empty.

We claim that (X, Sg[X]) = (Lp, Sp).

We use Proposition 4.8. Note that [z,y]p N [z,ulp C [z,y]o N[2,ulg. If Sgzyzu holds where z,y,z,u € X,
then [z, y]o N[z, u]q is empty and so is [z, y|p N [z, u] p . Hence, we have Spxyzu. Conversely, if we have Spzyzu,
then [z,y]p N [z, u]p contains the two distinct nodes Mp(x,y, z) and Mp(z, z,u), so does [x, y]g N [z, u]g hence
Soxyzu holds. O

Construction 4.16. A leafy quasi-tree constructed from its leaves.

Let (L, S) be a 4-ary structure satisfying Properties S1-S4 (where the relation E is FO-defined from S by
Property S’4) and Property EQ to be defined below. We construct as follows a ternary structure (N, B):

N := P/ = where P C L x L x L and = is an equivalence relation on P,

B := B’/ = where B’ is a ternary relation on P that is stable under =, which means that if
m=m',p=p and g = ¢ then B'(m,p,q) implies B'(m/,p’,q’).

Furthermore, P,= and B’ will be FO definable in (L, .S).

For this purpose, we let P be the set of triples in L x L x L (denoted by zyz) whose components are all
equal or pairwise distinct.

We define zyz = wvw if and only if either (x,y, z) is a permutation of (u,v,w) or E{x,y, z,u,v,w} holds
(the relation E extended to finite sets of fixed size is FO-definable from S by S’4). This property is expressible
by a quantifier-free formula n(z,y, z, u, v, w).

We let EQ be the VFO sentence expressing the transitivity of =, hence that this relation is actually an
equivalence relation.

We only consider structures (L, .S) that satisfy S1-S4 and FQ.

We define B'(m, p, q) where m = x1z2x3,p = y1y2y3 and g = z12223as follows:

m,p,q € P, they are pairwise not equivalent, # y1y2y3 and

B'(m, p,q) == Bj(m,p,q) V Bj(g,p,m) V Bj(m,p, q) where

(a) B{(m,p,q) holds if and only if one has:

(i) either 1 = x9 = 23,21 = 22 = 23 and p = xjuz; for some w in {y1,y2,¥ys3},

(ii) or @1 = 29 = x3, # 212223, p = 1uv, ¢ = x1vw and Szjuvw holds for some u in {y1, y2,y3} and
distinet v, w in {21, 22, 23}

(b) Bi(m,p,q) holds if and only if, for some u € L, we have:

Bj(vuu, m,p) A B(uuu, p,q) ABj(uuu, m,q).
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This definition is based on Equivalences (2)—(4) of the proof of Proposition 4.13. From its definition, Prop-
erty B’ is stable under =. An FO formula S(x1, 2, x3,y1,Y2,Ys, 21,22,23) can be written to express that
B'(z1x23, Yy1Y2y3, 212223) holds in a 4-ary structure (L, S). O

Proposition 4.17. For every FO sentence ¢ over a ternary structure (N, B), one can construct an FO sentence
© such that, if (N, B) is defined by Construction 4.16 from (L, S), then (L,S) = @ if and only if (N, B) = .

Proof. The transformation of (L, S) into (N, B) is a vectorial FO-transduction of dimension 3 (¢f. Corollary
2.13) followed by a quotient. We avoid rescourse to general statements to be developped in [20]. The result
follows by an induction on the structure of subformulas ¥ (z,y, ...) of ¢ with free variables x,y, etc. transformed

~

into ¥(z1, x2, 3, Y1,Y2, Y3, ...). Three main steps are as follows:

Jz.ap(x,y,...) becomes Az, X9, x3.7(T1, T2, T3)A 12(351,3;2,963, Y1,Y2, Y3, ...) where 7 defines P,
x =y becomes n(x1, 2, x3,Y1,Y2,y3) (we recall that 7 defines =),
B(l’,y, Z) becomes 5($17$27$3,y17y2,y37 21522, 23) where ﬂ defines B'.

O

Theorem 4.18. The class of separation structures of leafy quasi-trees is first-order definable by a sentence ®.

Proof. A 4-ary structure (L, S) is the separation structure of a leafy quasi-tree if and only if it satisfies Properties
S1-5S4, the FO sentence EQ and an FO sentence that we will define.

We let P consists of the triples (z,y,2) in L x L x L (written zyz) such that either x = y = z or # xyz. We
identify zzz to the leaf z. Construction 4.16 defines a transformation of (L, .S) into (N, B).

By Definition 4.4, there is a FO sentence ¢ expressing that a ternary structure (N, B) is a leafy quasi-tree.
Proposition 4.13, yields a FO sentence ¢ expressing in (L, S) that (N, B) | ¢, i.e., that (N, B) is a leafy
quasi-tree.

It remains to express that (L, S) is the separation structure of (NN, B). This is possible by a FO-sentence 6
because B is defined in (L, S) by 8. Hence ® is the conjunction of S1-S4, EQ and pA 6. O

The sentence @ is cumbersome to write and tells nothing about the relations S and F in quasi-trees for which
we only know presently Properties S1-S4 by Proposition 4.10.

The theorem by Los and Tarski (see [26] or Hodges [21], Theorem 6.5.4) says that if a class of finite and
infinite relational structures is hereditary and axiomatizable by a single FO sentence, then it is also by a single
VFO sentence. This is the case of separation structures by Proposition 4.17.

Open problem: Can one find a readable FO axiomatization of the separation structures of quasi-trees,
similar to those of Theorem 2.10 for the leaf structures of join-trees, of Definition 4.4 for quasi-trees and of
Remark 4.5(5) for partial quasi-trees.

Here is an example of an axiom that one can add to S1-S4 (it is illustrated in Figure 8):

Sh: z #£ v A Exyzu A Sxyuv = Szzuv.

Proof sketch. of its validity: let a := M(z,y,u) and b := M (z,u,v); from the hypotheses, we have Btzabu,
Bzau, hence BT zabu. With Bt zabv, we get Szzuv. O]

Property S5 is not implied by S1-S4. We may have S1-S4 together with
Exyzu A Szyuv A z #£ v A =Szzuv A Exzuv :

observe that S1-S4 only concern 4-tuples xyzu and never pairs of 4-tuples like zyzu and xyuwv.

Next, we look for MSO transductions that transform a structure (L, S) satisfying ® into an associated leafy
quasi-tree.
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FIGURE 9. See Theorem 4.19.

Theorem 4.19. There exists a <-MSO transduction that transforms a 4-ary structure (L, .S) satisfying ® into
a leafy quasi-tree @ such that (Lg,Sg) ~ (L, S). A CMSO-transduction can do that if L, whence @), is finite.

Proof. We first consider a leafy quasi-tree @ = (N, B) and one of its leaves r. Let T(Q,r) be the rooted
join-tree (N, <,.), ¢f. Proposition 4.6. Note that r is not z U, y for any leaves z,y of T(Q,r). Let T'(Q,r) :=
(N —{r}, <!) where </ is the restriction of <, to N — {r}. Then, T'(Q, ) is a leafy join-tree. It may have no
root. Its set of leaves is Lo — {r}.

Claim 4.20. The ternary relation R’ := R/ (g is FO definable from Sq:

for all x,y and z in Lg — {r}, R'zyz holds if and only if
eitherx =y=z orx =y #z orx =z #y or Equyzr or Sqzyzr or Sqzzyz. O

Figure 9 illustrates the cases Egxyzr and Sqzyzr of this claim.

We now start from (L, S) satisfying ®, hence that it is the separation structure of a unique (u.t.i.) quasi-tree.
An MSO-transduction can transform the separation structure (L, S) of a leafy join-tree into a leaf structure (L —
{r}, R") of aleafy join-tree T'(Q, r) = (N — {r}, <) by means of the claim. Then, an <-MSO transduction (with
copying constant 2) can transform (L — {r}, R') into (N — {r}, <!) by the result of [2] recalled in Theorem 3.1.
An MSO-transduction (with copying constant 2) can transform (N — {r}, <]) into the join-tree (N, <,), by
adding r to the domain and because:

z<,yifandonlyifz <. yVy=rvez=y=r.

Finally, an FO transduction (cf. Section 2.1) can transform (N, <,.) into the quasi-tree Q = (N, B) because
B is FO definable from <, . The composition of these four transductions yields an < -MSO transduction as
claimed. If L is finite, so is N. The construction of Theorem 3.4 makes it possible to replace auxiliary linear
orders by counting modulo 3 set predicates. (I

The choice of r is irrelevant because for any other leaf r’, the structure (L — {r}, R’) and the corresponding
one (L — {r'}, R") are exchangeable by MSO transductions.

4.2. Rank-width and separation structures

The rank-width of finite graphs is an important notion in the theory of Fized Parameter Tractability, see
[19, 22]. Quasi-trees are useful for defining the rank-width of a countable graph. We review definitions and
background results from [6, 22, 23].

Graphs are undirected and simple, that is, without loops and parallel edges.

Definition 4.21. Rank-width of finite graphs
(a) A layout of a finite graph G = (Vz, edge) is a finite subcubic tree T = (Np, edgr) such that Vg is the
set of its leaves. A tree is cubic (resp. subcubic) if its nodes are of degree 1 or 3 (resp. 1,2 or 3).
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(b) A cut of T is a bipartition of Ny into sets C, and C, associated with an edge = — y, where C,, is the
set of nodes z such that z = x or Bzzy holds. Hence, C, induces a subtree (Cy, edgr|[Cy]) containing x, and of
course, similarly for C,.

(¢) If X and Y are subsets of V, then M¢[X,Y] is the rectangular adjacency matrix of G over the field GF(2)
such that Mg[x,y] = 1 if and only if there is an edge  — y in G. It is symmetric if X =Y.

(d) The rank-width of G relative to T, denoted by rwd(G,T), is the maximal rank (over GF(2)) of the
rectangular matrices Mq[V N C,,V N C,] for all edges x — y of T'. The rank-width of G, denoted by rwd(G), is
the minimal rank-width rwd(G,T) for all layouts T of G. O

For each k, one can decide in cubic time if a graph G has rank-width at most k by [22], Theorems 9.5
and 12.8. Furthermore, a CMSO sentence can express that a graph G = (Vi, edgg) has rank-width at most &
by (23], Corollary 2.6 and Section 6.4). However, such a sentence does not yield a CMSO transduction that
could construct a layout witnessing that G has rank-width < k because it is based of checking the absence of
“forbidden” configurations called vertez-minors (see the survey [22]) from a finite set.

For defining the rank-width of a countable graph, quasi-trees offer the appropriate notion of layout because
then, the rank-width of a countable graph is the least-upper bound of those of its finite induced subgraphs [6].
We first consider finite layouts T described by their separation structures. In particular, they permit to express
the property rwd(G,T) = k by a CMSO effectively constructible sentence.

Lemma 4.22. Let T be a finite leafy quasi-tree (based on a tree).
(1) For pairwise distinct leaves u,v,w, s, we have:

Stuvws if and only if u,v € Cy and w,s € Cy for some edge x —y of T'.
(2) The tree T is cubic (equivalently subcubic) if and only if Ep = (.

Proof. (1). If u,v € C, and w,s € Cy, then [u,v] C C, and [w,s] C Cy, and C, and C, are disjoint, hence
Sruvws holds. Conversely, if [u, v] N [w, s] = () then Proposition 4.8 (2) shows that M (u,v,w) # M (u,w, s]; any
edge = — y on the path from M (u,v,w) to M(u,w, s) gives u,v € Cy and w, s € Cy, (or vice-versa).

(2) A leafy subcubic quasi-tree is cubic, as it cannot have nodes of degree 223. If Epuvws holds?*, then
M (u,v,w) has degree at least 4. Conversely, if  has adjacent nodes v/, v’ w’, s, then there are leaves u, v, w, s,
respectively in Cyr, Cyr, Cypr, Csr (defined from x —u’, x — v’ ete.), and disjoint paths between 2 and these leaves.
Hence, Eruvws holds. O]

We recall from Lemma 4.12 that for disjoint sets of leaves A and B, the notation ST AB means that Spuvws
holds for any distinct u,v € A and distinct w, s € B.

Lemma 4.23. If T is a layout of a finite graph G, then rwd(G,T) is the mazimal rank of the matriz Mg[A, B]
for all sets A, B C Ly = Vg such that STAB holds.

Proof. The previous lemma shows that, if A C C; and B C C), for some edge = —y, then S7AB holds. Conversely,
assume we have S AB for some subsets of V. If follows from the proof of Lemma 4.25 below that A C C, and
B C Cy for some edge z —y. We omit details. O

We now extend these definitions and results to infinite graphs. For finite graphs, the following definitions
coincide with the previous ones. A leafy quasi-tree @) is cubic if its relation Eg is empty. This definition is
equivalent to Definition 18 of [6].

Definition 4.24. [6]: The rank-width of countable graphs
(a) A layout of a graph G = (Vi, edge) is a cubic and leafy quasi-tree @ = (Ng, Bg) such that Vg is its set
of leaves.

23See [6] for detailed definitions.
24Gee Property 4.8(1) and Figure 7(a).
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(b) A set C C Ng is convex if [u,v] C C whenever u,v € C. A cut of Q is a bipartition of N¢g into convex
sets C' and D having at least two nodes. Hence, SqCD holds because [u, v] N [w, s] = 0 if u,v € C' and w, s € D.

(¢) The rank-width of G relative to @, denoted by rwd(G, Q) is the maximal rank of a rectangular matrix
Mg[VNC,VND]foracut {C,D} of Q. If C or D is singleton, the corresponding rank is 1 or 0. We can neglect
such cuts as the rank of a graph with at least one edge is at least 1.

(d) The rank-width of G, denoted by rwd(G) is the minimal rank-width rwd(G, @) for a layout @ of G. It
may be infinite. We might accept as layout a quasi-tree that is subcubic or not leafy. The resulting notion of
rank-width is the same by Proposition 22 of [6].

Lemma 4.25. Let A, B be disjoint sets of leaves of a leafy quasi-tree Q = (N, B). If SQAB holds, then A C C
and B C D for some cut {C, D}.

Proof. Let u be a leaf of a leafy quasi-tree Q = (N, B) and T := (N, <) be the join-tree T(Q, u) with root u
defined in Proposition 4.6. Let x,y, z be other leaves of @): we have x Uy < z U z if and only if Sgzyzu holds.
This fact follows from Proposition 4.8 since z Ur y = Mg(z,y,u) and x Uz = Mg(z, 2, u).

Let A, B be disjoint sets of leaves of @ as above, such that SgAB holds. Let v € B and T' = (N, <) be the
join-tree T(Q, u). We define C and D.

Let z € A. Foreach y € A, we have z < zUy < u. Let C :={w € N | w <z Uy for some y € A}. It is convex
because for any two w,w’ in C, we have w U w' < z Uy for some y € A, hence all nodes in [w, w']g are below
w U w', hence below x Uy, whence in C.

We prove by contradiction that BN C' is empty. If 2 € BN C, we have z < z Uy for some z,y € A. But we
have Sgxyzu which implies that a := M (x,y,u) =z Uy < b:= M(z,z,u) = Uz We cannot have z < x Uy.

Consider now D := N — C. We have B C D. Let w in D that is not a leaf. There is in B a leaf 2z < w. As C
is downwards closed, the interval [z,u]g is contained in D and contains [w,u]qg. For another w’ in D we have
similarly 2’ < w’ for some leaf 2’ in B. It follows that the interval [w, w']q is contained in [w, t]g U [t, w']g where
t ;== w U w, hence D is convex. O

Theorem 4.26. [6], Theorem 23: the rank-width of a graph is the least upper-bound of those of its finite induced
subgraphs.

The following proposition makes no use of forbidden vertex-minors.

Proposition 4.27. For each k, a CMSO sentence can express, in a relational structure (V,edg, S), that (V,S)
is the separation structure of a layout Q of the graph G := (V, edg) and that rwd(G, Q) < k.

Proof. First we observe that an FO sentence ¢ can express that (V,S) is the separation structure of a layout Q
of G, where V' = Lg. This follows from Theorem 4.18 and the observation that () is subcubic if and only if Eg
is empty.

The rank of a matrix Mg[X,Y] where X is finite is the cardinality of a maximal set*® Z C X such that
the row vectors Mg[z,Y] for z € Z are independent. These vectors are independent if and only if their sum
is not ﬁ, that is, if and only if the sum in GF(2) of the values Mg[z,y]’s is not 0 for some y € Y. A CMSO
formula 8(Z,Y) can express this in (V| edg) by means of the cardinality predicate Co. Hence, a CMSO formula
a(X,Y, Z) can express that Z C X is such a maximal set, and so, that the rank of Mg[X,Y] is |Z|.

It follows that, a relational structure (V,edg, S) as above, defines a layout Q = (V,S) of G := (V, edg) such
that rwd(G, Q) < k if and only if it satisfies ¢ and the following property:

for all finite subsets X,Y, Z of V, if Sg XY and a(X,Y, Z) hold, then |Z| < k.

A CMSO sentence py can express these conditions because the finiteness of a set is CMSO expressible?,
a(X,Y, Z) is CMSO, ¢ and SgXY are FO, and so is the property |Z| < k for each fixed integer k.
This upper-bound may not exist: then rwd(G, Q) = w.

‘Zﬁ . .
Maximal for inclusion.

26 A set X is finite if and only if either X or X minus any element satisfies C2. The set predicate Cz is only valid on finite sets.
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a f

FiGURE 10. For Example 4.29.

The sentences py can be replaced by a unique CMSO sentence p(Z) such that rwd(G, Q) is the maximal
cardinality of a finite set Z such that (V,edg, S) = p(Z). Hence, an alternative formulation is

rwd(G, Q) is the maximal cardinality of a finite subset Z of V' such that (V,edg, S) = p(2)

where p(Z) is the CMSO formula expressing that there exist finite subsets X,Y of V such that ¢ A a(X,Y, 2)
and SpXY hold. We have here a unique CMSO expression that does not depend on k, but uses instead a
“maximum cardinality” set predicate, cf. [24] O

An open problem consists in finding classes of graphs for which a CMSO or a <-MSO transduction can
produce a separation structure yielding rank-width at most a given finite number k. The article [25] shows that
from graphs of bounded linear clique-width (equivalently of bounded linear rank-width), a CMSO transduction
can build a clique-width term of width f(k). This term can be converted into a layout witnessing bounded
rank-width by an MSO-transduction.

4.3. Partial quasi-trees

When considering a class of relational structures, it is natural to investigate their induced substructures (see
Rem. 2.12(3)).

Definition 4.28. Partial quasi-trees as Induced Betweenness Relations in Quasi- Trees.

Let Q = (N, B) be a quasi-tree and X C N. Then Q[X] := (X, B[X]) where B[X] is the restriction of B
to X, is a partial quasi-tree. It is not necessarly a quasi-tree because some nodes M (x,y, z) where z,y,z € X
may not be in X. Its leaves are defined as for quasi-trees in Definition 4.4. An internal node of ) may become
a leaf in Q[X] but not vice-versa. In [11] we denoted by IBQT (for Induced Betweenness in Quasi-Trees) the
class of partial quasi-trees. It is hereditary by definition, ¢.e., it is closed under taking induced substructures.
Theorem 3.1 of [11] states that it is axiomatized by an YFO sentence consisting of B1-B6 and the following

B8: # xyzu A Bxyz A ~Ayzu = Bxyu.

A pair (N, 0) is a “degenerated” partial quasi-tree obtained by deleting all internal nodes of a leafy quasi-tree.
It satisfies B1-B6 and B8, and each node in N is a leaf.

We write Q' — Q if Q' is a quasi-tree and @ is a partial quasi-tree obtained from @ by deleting some
internal nodes. It follows that Ly = Lg/. It is not possible to reconstruct Q' from @ in a unique way, even if
every node of @ belongs to some triple of B. Here is an example.

Example 4.29. Let Q' be the quasi-tree (N’, B’) shown (as a finite tree) in Figure 10. If we delete the nodes ¢
and e, we get a partial quasi-tree Q) = (N, B) whose nodes are a, b, d, f, g, h and its betweenness relation consists
of Babd, Babf, Bfgh, Bdgh and the triples derived from Btabgh. We have Q' — Q.

However, we also have Q" — @ where Q" is associated with the tree obtained from that of Figure 10 by
fusing c and e (i.e., by contracting the edge ¢ — ). However, we have Sgradfh and Eqradfh, whence ~Sgradfh.
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The separation relations Sg: and Sg~ (on Lg) distinguish Q" from @’. They keep the “memory” of the possible
quasi-trees from which @ is derived.

Theorem 4.30. Let (N, B, S) be a relational structure such that B is ternary and S is 4-ary. There is at most
one leafy quasi-tree Q' = (N, B’) such that Q' — Q = (N, B), Lo = Lo and Sq/ = S. The existence of such
a pair is FO expressible. If it does exist, one can construct Q' by an <-MSO transduction, and by a CMSO one
if L is finite.

Hence, Q = (N, B) is a partial quasi-tree derived from a unique leafy quasi-tree Q' specified by a 4-ary relation
S on Lg defined as in Definition 4.4.

Lemma 4.31. Let QQ = (N, B) be a leafy quasi-tree such that Sg is not empty. Each leaf belongs to some 4-tuple
Of SQ.

Proof. Assume we have Sgzyuv. Let z be a leaf not among z,y,u,v. By Property S4, we have Eqzyzu V
Sozyzu V Sgrzyu V Sgruyz. The last three cases give the result, and Exyzu A Sqgzyuv yields Sgszuv by S5
of Theorem 4.18. O

Proof of Theorem 4.30. Let (N, B, S) and (Q, Q') be as in the statement.

Case 1. S # (. By Lemma 4.31, Ly = L¢ is determined from S = Sg. It follows from Proposition 4.13 that
Q' is determined in a unique way. So is @ since N — Lg is the set of nodes y such that Bzyz holds for some
leaves x, z.

Case 2. S =0,B # (. Then, Q' is a star with center r and Q' = Q. Then B contains all triples (z,r,y) for
distinct z,y in L.

Case 3. S =(,B = (. Here, Q' is a star and Q is ' minus the center.
The other properties follow from these observations and from Theorems 4.18 and 4.19 for Case 1. O

It follows that if (L, S) and (L, S’) are the leaf structures of two leafy quasi-trees @ and @’ and if S C 5’,
then S C S’ and Q ~ @Q’. We may have S = (.

4.4. Topological embeddings

In order to illustrate topologically the notion of separation in a partial quasi-tree, we recall from [11] a
characterization of quasi-trees and their induced substructures. We review the relevant definitions from that
article.

Definition 4.32. Topological embeddings of quasi-trees.
(1) A set £ of half-lines (we mean half straight lines) in the plane is a tree of half-lines if it satisfies the
following conditions:

its union £# is connected,
any point x belonging to two half-lines is the end of at least one of them,
and no circle embeds homeomorphically into £#.

See Figure 11(a).

(2) Let N be a countable subset of £# for such a tree £. For distinct z,y,z in N, we let Bzzyz mean that y
is on the unique path in the topological space £#, denoted by [z, 2]z, where a path is a union of finitely many
line segments globally homeomorphic to the real interval [0,1].

(3) The structure (N, B.) is a quasi-tree by Theorem 4.4 of [11]. O

Examples are shown in Figure 11. Part (a) shows the embedding of a quasi-tree @ whose nodes are
a,b,c,d,e, f,g,u,v,w and x. Its leaves are a,c,d,e and g. It is the quasi-tree of a finite tree with root wu.
Part (b) shows an induced substructure of it where nodes u, v, w and x have been deleted (c¢f. Definition 4.32).
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FIGURE 11. See Definition 4.32.

Theorem 4.4 of [11] shows also that every partial quasi-tree is isomorphic to (N, B.) for a tree £ of half-lines.

Lemma 4.33. In a quasi-tree Q = (N, B) every internal node Mg(x,y, z) is a point m of L# that belongs
two or three half-lines and is the origin of at least one of them.

Proof. If ,y,z would be on a same line, then Mg(x,y, 2) would be undefined. Hence, m must belong to two
or three half-lines, and be the origin of at least one of them. It may be the origin of two or three of them. [

An example in Figure 11(a) is v = Mg/(a, b, d), belonging to three half-lines.

Let Q = (N, Bz) be a leafy quasi-tree embedded in a tree £ of half lines. Let ¢ be a point in £# not in
N. The topological space L# — {c} consists of two connected components. Any two nodes x,y are in a same
component, written x ~. y if and only if ¢ ¢ [z,y],. The two equivalence classes are denoted by X, and Y;
they form a cut of Q. With this notation:

Proposition 4.34. If X. and Y, contain at least two leaves, they define as follows a 4-ary relation on pairwise
distinct leaves:

Scxyzu <= = and y are in an equivalence class and z and u are in the other.

The separation relation S of Q is the union of the relations S..

Proof. If S.ryzu holds, then the path in £# between z and z must go through c¢. We have ¢ € [z, 2], N
[y, 2] N [z,u]lz N [y,u]c. Since x and y are in the same connected component of £# — {c}, the path [z,y].
does not go through c¢. Hence M (z,y, z) belongs to this path and x ~, M(z,y,2) ~. y. Similarly M (x, z, u)
is in the other connected component hence M(z,y,z) # M(z,z,u) and we have Sxyzu. Note that ¢ €
[M(z,y,2), M(z,z,u)]c — N.

Conversely, assume Szyzu. There is a point ¢ not in N on the path [M(x,y,z), M(x, z,u)]z because this
path consists of finitely many segments forming a connectred subset of £#. It follows that =, M (z,y, z) and y
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are in one of the connected components of £# — {c¢} and z, M(z,y,2) and u are in the other. Hence we have
Sexyzu. O

Remark 4.35. From an embedding of a quasi-tree ) in a tree of half-lines £, we get an embedding of any
partial quasi-tree included in Q. If Q is leafy and we delete all internal nodes in the embedding, the induced
betweenness relation Bg[L] is empty and gives no information about the resulting embedding, as L is a set
without any structure. However, the separation relation Sg describes, up to homeomorphism, the part of a
topological space £# that represents the relative positions of the nodes M(x,v,2) in the original embedding.

5. CONCLUSION

We have axiomatized relations that make possible to characterize leafy join-trees and quasi-trees in terms of
their leaves. For certain cases, we could construct CMSO-transductions that map a leaf or a separation structure
to the corresponding O-tree or quasi-tree.

The main open question is to obtain a readable VFO axiomatization of the separation structures of leafy
quasi-trees.
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