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CHRISTOFFEL MATRICES AND STURMIAN DETERMINANTS

Christophe Reutenauer1 and Jeffrey Shallit2,*

Abstract. We discuss certain matrices associated with Christoffel words, and show that they have a
group structure. We compute their determinants and show a relationship with the Zolotareff symbol
from number theory. We show that the n× n determinants constructed from the factors of length n of
a Sturmian sequence form a perfectly clustering word on three letters.
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1. Introduction

Christoffel words and their cyclic conjugates, the standard words, are a finitary version of Sturmian sequences.
The Burrows–Wheeler matrix of such a word, that is, the square tableau whose rows are all the conjugates of
such a word, lexicographically sorted, is called a Christoffel matrix when the letters of the word are elements of
a field. By construction, Christoffel matrices have two distinct entries, typically but not necessarily 0 and 1.

A remarkable property of the Christoffel matrices of order n over a field K is that they form a commutative
subgroup of GLn(K) (Thm. 3.1).

In order to prove this result, and to give the structure of this group, we note that the Christoffel matrices
have the vector (1, . . . , 1) as a left eigenvector, since the row- and column- sums of each matrix in the group are
constant. They have as supplementary subspace the space spanned by the differences ei−1 − ei (ei the canonical
basis), and the restriction to this subspace belongs to a finite commutative group. The group is isomorphic to the
Cartesian product of the square of the group of invertible elements of the ground field by the group of invertible
elements of the ring Z/nZ. This allows us to compute the inverse of a Christoffel matrix; see Corollary 4.1.
Another consequence is that the determinant of such a matrix is equal to ± its row-sum, multiplied by the
difference of its two distinct entries raised to the power n (Cor. 4.2). The sign is the Zolotareff (Zolotarev)
symbol, a generalization of the Jacobi symbol.

The next task of this article is to compute the determinants obtained from Sturmian sequences. One takes
such a sequence, say g, over the alphabet {0, 1} and forms the determinant whose rows are n factors (contiguous
subwords) of this sequence. Recall that such a sequence has n + 1 distinct factors of length n, so one obtains
n+ 1 determinants, which are the components of some vector Vn of length n+ 1. It turns out that this vector,
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viewed as a word, is a perfectly clustering word over a three-letter alphabet, which may be computed precisely
(Thm. 8.1).

Recall that perfectly clustering words on ℓ letters are equivalently defined as word-encodings of symmetric
discrete exchanges of ℓ intervals, as follows from the work of Ferenczi and Zamboni [1]. Perfectly clustering
words were studied by Simpson and Puglisi [2] and by Restivo and Rosone [3]. When ℓ = 2, by a result of
Mantaci, Restivo and Sciortino [4], these words are the Christoffel words and their conjugates, including the
standard words of Aldo de Luca. One property of perfectly clustering words that we use is that such a word has
a unique palindromic factorization (product of two palindromes), a result due to [2], and proved previously for
Christoffel words by Chuan [5]; this property is preserved by conjugation.

We show that for arbitrarily large values of n (more precisely, if n = |w|−1, where w is a Christoffel word that
is a factor of s), the word Vn is a Christoffel word that may be computed using our result on Burrows–Wheeler
matrices: it is the last row of the inverse of the Burrows–Wheeler matrix of w. Then we describe how to pass
from Vn to Vn−1, up to a sign. This is done in two ways. One of them is to use the palindromic factorization
of Vn: write a product of words Vn = XxyY with Xx, yY palindromes, over the alphabet {x, y}. Then Vn−1 is
obtained by merging and adding x and y (Cor. 8.2).

In Section 13, Theorem 8.1 is given an interpretation in terms of continued fractions; the Sturmian
determinants are expressed using the semi-convergents and convergents of the slope of the Sturmian sequence.

In Section 14, we apply our results to compute the determinants associated with the Fibonacci sequence (aka
the Fibonacci word), which are shown to be Fibonacci numbers (up to a sign). The sign is precisely computed

in Section 14.1; it amounts to determining the Zolotareff symbol
(Fm−2

Fm

)
Z
; that is, the sign of the permutation

of Z/FmZ given by multiplication by Fm−2 modulo Fm. See Proposition 14.1.

Convention: We consider words whose letters are elements of a field, and therefore identify words with vectors
over this field. We index rows and columns of matrices starting from 0; likewise for vectors and words.

Part 1. Group of Christoffel matrices

2. Burrows–Wheeler matrix of a Christoffel word

We consider words over an alphabet A. Let w = a0 · · · an−1 be such a word, of length n, so that ai ∈ A.
We assume that w is primitive, that is, not the power of another word. Then w has n distinct rotations called
conjugates, of the form ai · · · ana0 · · · ai−1 for i = 0, . . . , n− 1. For example, the conjugates of the French word
rai are {rai, air, ira}.

The length of a word w is written |w|. The number of occurrences of a letter a in w is written |w|a, and
called the a-length.

We consider n× n matrices. We index their rows and columns by {0, 1, . . . , n− 1}, and we identify this set
naturally with Z/nZ.

The Burrows–Wheeler matrix (or BW-matrix for short), due to [6], of a primitive word w = a0 · · · an−1 over
a totally ordered alphabet, is the n× n matrix (aij), where the words ai,0 · · · ai,n−1 for i = 0, . . . , n− 1 are the
distinct conjugates of w, in decreasing lexicographical order1. See Figure 1.

Among the many equivalent definitions of Christoffel words (see, for example, the books [7, 8]), we take the
following, which actually is a characterization due to Mantaci, Restivo and Sciortino [4]: w is a lower (resp.,
upper) Christoffel word if it is a word over a totally ordered two-letter alphabet {a < b} such that

(a) |w|a and |w|b are relatively prime;
(b) w is the lowermost row (resp., uppermost row) of its BW-matrix; and
(c) the last column of this matrix is (not necessarily strictly) increasing, from the first row to the last.

1In contrast with what is commonly used in the literature, where one takes the increasing order.
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

1 0 0 1 0 0 0
1 0 0 0 1 0 0
0 1 0 0 1 0 0
0 1 0 0 0 1 0
0 0 1 0 0 1 0
0 0 1 0 0 0 1
0 0 0 1 0 0 1


Figure 1. Burrows–Wheeler matrix of the Christoffel word 0001001.

Of course, we naturally identify rows and columns with the corresponding word. Note that the two previous
Christoffel words, the first row and the last row, are conjugate. See Figure 1. It is known that |wa| and |w|b,
together with the order a < b, completely determine each of these two words. Note that in each row, and each
column, there are |w|a (resp., |w|b) occurrences of letter a (resp., b).

3. Group of Christoffel matrices

Let K be a field. We identify words over K, in a natural way, with row vectors. For instance, the word 1n is
identified with the vector of length n each component of which is equal to 1.

We say that a matrix is a Christoffel matrix if it is the BW matrix of some Christoffel word whose alphabet
is a two-element subset of K, where this subset is equipped with some total order. We let Mn(a, b, r) denote the
Christoffel matrix of length n associated with the lower and upper Christoffel word over the two-letter alphabet
{a, b} ⊂ K, with the order a < b, with b-length r. For example, M7(0, 1, 2) is the matrix represented in Figure 1.

We now fix n and let Gn denote the group of permutations of Z/nZ (where the latter is identified with
[n] = {0, 1, . . . , n− 1}) of the form ωr : x 7→ rx, for some r relatively prime with n. This group is isomorphic to
the group of invertible elements of the ring Z/nZ, under the isomorphism r 7→ ωr.

Theorem 3.1. Suppose that the characteristic of K is > n. The set of all matrices Mn(a, b, r), where a, b ∈ K,
a ̸= b, r ∈ [n], r, n relatively prime, and (n − r)a + rb ̸= 0, forms a commutative subgroup G of GLn(K). The
mapping G → K∗ ×K∗ ×Gn,Mn(a, b, r) 7→ ((n− r)a+ rb, b− a, ωr), is an isomorphism.

Note that n − r is the number of a’s and r the number of b’s in the Christoffel word corresponding to the
BW matrix Mn(a, b, r). Thus (n− r)a+ rb is the common value of the row-sums, and also of the column-sums,
of this matrix.

We need the following lemma.

Lemma 3.2. Let M be the BW matrix of the Christoffel word w of length n over the alphabet {a < b}, with
|w|b = r. Then the word obtained by reading down the first column of M is bran−r, and for i = 2, . . . , n, the
i-th column is obtained from the (i− 1)-th column by cyclically shifting the latter downwards by r steps.

See, for example, Figure 1, where r = 2.

Proof. We adapt the definition of lower Christoffel words to upper Christoffel words (see [7, 8]). Let q = n− r.
Then the upper Christoffel word w = a0 · · · an−1 with |w|b = r is defined by

aj =

{
b, if qj mod n ∈ {0, . . . , r − 1};
a, if qj mod n ∈ {r, . . . , n− 1}.
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The conjugates of w are, in decreasing lexicographical order, the words

wi = ai,0 · · · ai,n−1, i = 0, . . . , n− 1,

with

ai,j =

{
b, if (i+ qj) mod n ∈ {0, . . . , r − 1};
a, if (i+ qj) mod n ∈ {r, . . . , n− 1}.

Thus the BW matrix M of w is the matrix (aij)0≤i,j≤n−1. In particular, w0 is an upper Christoffel word, and
the corresponding lower Christoffel word is wn−1.

The formulas show that the first column of M , viewed as a word, is bran−r. Moreover, each column is a
conjugate of this word.

Let j ∈ {1, . . . , n − 1}. Since i + qj ≡ 0 (mod n) is equivalent to i ≡ rj (mod n), the r occurrences of b
in column j are located in rows rj, rj + 1, . . . , rj + r − 1, viewed modulo n. These occurrences are cyclically
consecutive, which implies the lemma.

We deduce a well-known and remarkable property of the BW matrix of a Christoffel word; namely, how one
passes from each row to the next one.

In what follows, we let r∗ denote the unique inverse in {1, . . . , n− 1} of r modulo n, for 0 < r < n and r, n
relatively prime.

Corollary 3.3. Suppose that n ≥ 2 and 1 ≤ i < n. Then the (i − 1)-th and i-th rows of M are equal, except
for the elements in the submatrix [

ai−1,j−1 ai−1,j

ai,j−1 ai,j

]
=

[
b a
a b

]
,

where j = ir∗ mod n.

See Figure 1, where r = 2, r∗ = 4, and n = 7.

Proof. By inspection of the matrix, using Lemma 3.2, we see that two consecutive rows differ only by a submatrix
as indicated (see Fig. 1). It remains to determine its exact location. Let i − 1 and i be the indices of the two
rows. Then the right lower entry of this 2× 2 submatrix is in position i, j say, and in this position there is a b
that is the first b of the cyclic run of b’s in column j.

In the proof of Lemma 3.2, we have seen that in column j, the first b in the cyclic run of b’s is in row jr mod n.
Hence, modulo n, we have i ≡ jr, and thus j ≡ ir∗.

Proof of Theorem 3.1. Let square matrices act on the right on row vectors of length n. Recall that the row-sums
of M = Mn(a, b, r) are equal to its column-sums, and to (n− r)a+ rb. Since the column-sums of M are constant,
the row vector 1n is an eigenvector of this matrix, with eigenvalue (n− r)a+ rb. Since the characteristic is > n,
the line spanned by this vector has as supplementary subspace the subspace spanned by the n − 1 vectors
vi = ei−1 − ei, i = 1, . . . , n− 1, where e0, . . . , en−1 is the canonical basis of the space of row vectors.

Now viM = (ei−1 − ei)M = Li−1 − Li, where Lk is the k-th row of M . It follows from Corollary 3.3 that
Li−1 − Li = (b− a)(ej−1 − ej) where j ≡ ir∗ (mod n). Hence viM = (b− a)vir∗ mod n.

Recall that the direct sum of two square matrices F and G of dimension f × f and g × g, respectively, is the
square matrix of dimension (f + g)× (f + g) with F in the upper left, G in the lower right, and zeros elsewhere.

In the basis v1, . . . , vn−1, 1
n, the matrix of the endomorphism defined by right multiplication by M is a direct

sum of two matrices: the product of b − a by a permutation matrix N of order n − 1, and the 1 × 1 matrix
(n − r)a + rb. The matrix N has a 1 in row i and column ir∗ mod n for i = 1, . . . , n − 1, and 0’s elsewhere;
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equivalently, the 1’s are in row jr mod n and column j. In other words, N is the matrix of the permutation
x 7→ rx of (Z/nZ)∗. It follows that the mapping of the theorem is a group homomorphism.

Let (c, d, ω) be in the group K∗ ×K∗ ×Gn. Looking for a preimage Mn(a, b, r), we must have c = (n− r)a+
rb, d = b − a, ω = ωr. The last equation determines r ∈ [n] uniquely, since r = ωr(1) = ω(1). Then we must
have b = a+ d, c = (n− r)a+ r(a+ d) = na+ rd. Hence, by the hypothesis on the characteristic of K, we see
that a = (1/n)(c − rd) and b = (1/n)(c − rd + nd) = (1/n)(c + (n − r)d). We deduce that the mapping is an
isomorphism. In particular, G is commutative.

For later use, we state the following result.

Corollary 3.4. Let q = n− r. Let h ≡ jq (mod n) for 1 ≤ j < n. Then the row vectors (ah−1,1, . . . , ah−1,n−j−1)
and (ah,1, . . . , ah,n−j−1) are equal, except for their last two entries, which satisfy ah−1,n−j−1 = b and
ah,n−j−1 = a.

Proof. Use Corollary 3.3, with i = h, thus i = jq, with equalities modulo n. Let J = ir∗. Then J = jqr∗ = −j =
n− j. It follows from Corollary 3.3 that rows i− 1 and i of the matrix coincide in positions 0, 1, . . . , J − 2 and
that their (J − 1)-th entry is b for the first and a for the second. Since J − 1 = n− j − 1, we get the result.

4. Consequences

Corollary 4.1. The inverse of Mn(0, 1, r) is Mn(−Q/r, 1−Q/r, r∗), where r∗ ∈ [n] is defined by rr∗ = 1+Qn.

Proof. Taking the image of both matrices under the isomorphism of Theorem 3.1, we obtain the two elements
(r, 1, ωr) and ((n − r∗)−Q

r + r∗(1 − Q
r ), 1, ωr∗). Since the first component of the second triple is (1/r)(−nQ +

r∗Q+ rr∗ − r∗Q) = 1/r, these two elements are inverses of each another, which implies the corollary.

Corollary 4.2. The determinant of Mn(a, b, r) is equal to

((n− r)a+ rb)(b− a)n−1 sgn(ωr).

Moreover, (n− r)a+ rb is an eigenvalue of Mn(a, b, r), and the other eigenvalues are products of b−a by φ(n)-th
roots of unity.

Proof. By the proof of Theorem 3.1, the matrix Mn(a, b, r) is conjugate to the direct sum of two matrices: the
(n− 1)× (n− 1) matrix (b− a)P , and the 1× 1 matrix ((n− r)a+ rb), where P is the matrix of the permutation
π : x 7→ rx of (Z/nZ)∗. This permutation has the same sign as the permutation ωr of (Z/nZ), since ωr fixes 0.
Hence det(P ) = sgn(ωr). The assertion for the determinant follows.

Now, since the order of the group of invertible elements in the ring Z/nZ is φ(n), we have ω
φ(n)
r = 1. Hence

πφ(n) = 1, which implies that Pφ(n) = In−1. This implies the assertion about the eigenvalues.

The sign of the permutation ωr : x 7→ rx of Z/nZ is known as the Zolotareff symbol, denoted by
(
r
n

)
Z
. It is

known that for n odd, the Zolotareff symbol is equal to the Jacobi symbol
(
r
n

)
, which by definition is the product∏

i

(
r
pi

)
, where n =

∏
i pi is written as a product of primes, and where

(
r
p

)
is the Legendre symbol; see [9–12].

For n even, see Lerch [13] or Barnes [14].
The Christoffel words over the alphabet {0, 1} are particularly meaningful; their BW matrices multiply as

follows.

Corollary 4.3. One has the product formula

Mn(0, 1, r)Mn(0, 1, s) = Mn(Q,Q+ 1, R),

where rs = R+Qn (Euclidean division by n).
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Proof. One has simply to apply the isomorphism of Theorem 3.1. The identity to prove is equivalent to

(r, 1, ωr)(s, 1, ωs) = (nQ+R, 1, ωR),

which is true.

As an example, the matrix in Figure 1 is M7(0, 1, 2). Since 22 = 4 + 7 · 0 and 23 = 1 + 7 · 1, its square and
its cube are the matrices M7(0, 1, 4) and M7(1, 2, 1), which are

1 1 0 1 0 1 0
1 0 1 1 0 1 0
1 0 1 0 1 1 0
1 0 1 0 1 0 1
0 1 1 0 1 0 1
0 1 0 1 1 0 1
0 1 0 1 0 1 1


and



2 1 1 1 1 1 1
1 2 1 1 1 1 1
1 1 2 1 1 1 1
1 1 1 2 1 1 1
1 1 1 1 2 1 1
1 1 1 1 1 2 1
1 1 1 1 1 1 2


,

the Burrows–Wheeler matrices of the lower Christoffel words 0101011 and 1111112.

Part 2. Sturmian determinants

5. Determinants of Sturmian factors

We consider Sturmian sequences (also called Sturmian words, but in this article we prefer to reserve the term
“word” for finite words) over the alphabet {0, 1}. It is well known that each such infinite sequence has, for each
natural number n, exactly n + 1 factors (also called subwords, but for some authors, “subword” has another
meaning) of length n. Taking n of these n+1 words, one obtains an n by n matrix with entries in {0, 1}, whose
determinants we want to compute.

To be precise, we need some notation and terminology. Let A be a (k + 1) × k matrix over a commutative
ring. Write A = (L0, . . . , Lk), where the Li are the rows of A. Define ai = (−1)k−i det(L0, . . . , L̂i, . . . , Lk). Then
we write

D(A) = (a0, . . . , ak),

and call D(A) the determinantal vector of A.
Now, let g be a Sturmian sequence, order the n + 1 factors of length n in reverse lexicographic order, and

form the (n+ 1)× n matrix Gn whose rows are these words, the largest being the uppermost row.
We call D(Gn) the n-th determinantal vector of the given Sturmian sequence, and denote it by Vn. Our aim

is to compute it. It will turn out that Vn, viewed as a word, is a perfectly clustering word over an alphabet with
two or three letters.

For more on Sturmian sequences, see [7, 15].

6. Perfectly clustering words and symmetric discrete
interval exchanges

A word is perfectly clustering if the last column of its Burrows–Wheeler matrix is (not necessarily strictly)
increasing from top to bottom. This matrix was defined in Section 2; recall that the rows of the matrix are
decreasing from top to bottom.

A word w is a Lyndon word if for each proper factorization w = uv, the word w is smaller than vu in
lexicographic order; equivalently, w of length n is a Lyndon word w if and only if it is the last row of its
Burrow–Wheeler matrix, and if the latter has n rows. For more on Lyndon words, see, e.g., [7] or [10].



CHRISTOFFEL MATRICES AND STURMIAN DETERMINANTS 7

Let n ≥ 1. Let (c1, . . . , cℓ) be a composition of n, that is, an ℓ-tuple of natural numbers whose sum is n (for
convenience, we allow 0’s in the composition). We decompose the interval

[n] = {0, 1, 2, . . . , n− 1}

into intervals in two ways: the intervals I1, . . . , Iℓ (resp., J1, . . . , Jℓ) are defined by the condition that they are
consecutive and |Ij | = cj (resp., |Jh| = cℓ+1−h). Let Sn denote the group of permutations of [n]. We define
the permutation σ ∈ Sn by the condition that its restriction to each Ih is the unique increasing bijection onto
Jℓ+1−h. We call such a permutation a symmetric discrete interval exchange2, and we say it is associated with
the composition (c1, . . . , cℓ).

A symmetric discrete interval exchange may be equivalently defined by using local translations. Indeed, the
permutation σ acts on [n] as a discrete version of an interval exchange as we now describe in the case of three
intervals. Let ℓ = 3 and (c1, c2, c3) the composition, with c1 + c2 + c3 = n. Then the permutation σ is defined
by

σ(i) =


i+ c2 + c3, if i ∈ I1 = {0, . . . , c1 − 1};
i+ c3 − c1, if i ∈ I2 = {c1, . . . , c1 + c2 − 1};
i− c1 − c2, if i ∈ I3 = {c1 + c2, . . . , n− 1}.

(6.1)

In particular, if c2 = 0, the permutation σ is translation by c3 in Z/nZ = {0, 1, . . . , n− 1}.
As an example, consider the composition (2, 2, 5) of 9; then J1 = {0, 1, 2, 3, 4}, J2 = {5, 6}, J3 = {7, 8} and

σ =

(
0 1 2 3 4 5 6 7 8
7 8 5 6 0 1 2 3 4

)
. (6.2)

The second row of σ is obtained by concatenating the intervals J3, J2, J1.
We call σ a circular symmetric discrete interval exchange if σ is a circular permutation; that is, it has only

one cycle. The example in equation (6.2) is circular, since in cycle form we have

σ = (0, 7, 3, 6, 2, 5, 1, 8, 4).

Note that there is no simple criterion known for a symmetric discrete interval exchange to be circular, except for
the cases ℓ = 2 (c1 and c2 must be relatively prime), and the case ℓ = 3 (c1 + c2 and c2 + c3 must be relatively
prime, by a result of Pak and Redlich [16]3). However, there is a general construction of all circular discrete
interval exchanges, for all ℓ, due to Mélodie Lapointe [25].

Let A be a totally ordered alphabet of cardinality ℓ. A word encoding of a circular symmetric discrete interval
exchange σ is one of the words obtained by replacing each number i in one of the cycle forms of σ by the j-th
letter in A, if i ∈ Ij . In the example, we have

I1 = {0, 1}, I2 = {2, 3}, I3 = {4, 5, 6, 7, 8},

and we obtain the word acbcbcacc, with A = {a < b < c}.
Note that we have n choices for the cycle form, so we obtain n words from σ, which clearly form a conjugacy

class. The word encoding is called standard if one chooses the cycle form beginning with 0, as in the example.

2The word “symmetric” refers to the fact that the intervals are exchanged according to the central symmetry of the set
{1, 2, . . . , ℓ}, that is, the mapping h 7→ ℓ+ 1− h.

3They also prove that the probability that a symmetric discrete exchange of three intervals in Sn is circular tends to 1/ζ(2) =
6/π2, when n → ∞.
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Theorem 6.1. (Ferenczi and Zamboni [1]) Let w be a primitive word w over a totally ordered alphabet. Then
the following conditions are equivalent:

(i) w is a perfectly clustering Lyndon word;
(ii) w is the standard encoding of some circular symmetric interval exchange.

Note that if one of the parts is 0 in the composition (c1, c2, c3), then the corresponding perfectly clustering
Lyndon word is a lower Christoffel word. In particular, we use this when the composition is (p, 0, q): then the
word is the lower Christoffel word of slope q/p (slope is defined below).

7. Factors of Sturmian sequences

The slope of a Christoffel word w ∈ {0 < 1}∗ is by definition |w|1/|w|0; lower Christoffel words are in bijection
with the positive rationals, via their slope. To also obtain the words 0 and 1 of length 1, one has to include the
slopes 0/1 and 1/0, so that the bijection is now onto Q ∪∞.

Let g = (an)n∈N be a Sturmian sequence over the alphabet {0, 1}. The limit of the sequence |w|1/|w|0 for
w a factor of g, when the length w tends to infinity, is called the slope of this sequence. Note that we are not
considering the quantity |w|1/|w|, as many authors do; see Section 13 on continued fractions, for comparing
both notions.

It is well known that the set of factors of a given Sturmian sequence g depends only on its slope. We
describe this set as follows. Consider the infinite path, in the Stern–Brocot tree (see [17]), starting from the
root, determined by the slope of g. This path is coded by a sequence (λn)n≥1 over the set {ℓ, r}, where ℓ means
“left” and r means “right”. Each node in this path is a positive rational number, and corresponds to some prefix
of the sequence; this number is the slope of some lower Christoffel word. Let w0, w1, w2, . . . with w0 = 01 be
the corresponding sequence of Christoffel words. Equivalently, these words are the nodes on the infinite path
determined by the sequence (λn)n≥1 in the Christoffel tree (see [8], Fig. 14.1). Recall that a circular factor of
a word u is a factor of some conjugate of u; equivalently, a prefix of some conjugate of u.

Then one has the following result: a word is a factor of the Sturmian sequence g if and only if it is a circular
factor of some word wn.

Note that the sequence of lengths |wn| is strictly increasing, with first element |w0| = 2.
Each Christoffel word w, of length ≥ 2, is uniquely the product of two Christoffel words (Theorem of Borel

and Laubie, see [8], Thm. 2.4.1), and all three are simultaneously lower or upper. This product is called the
standard factorization of w, and we denote it by w = w′w′′.

One has the following fact: for each n, wn is equal to the longer of the two words w′
n+1, w

′′
n+1 (this follows

from the direct construction of the Christoffel tree, see [8] Thm. 14.1.1). In particular, wn is a factor, hence a
circular factor, of wn+1.

It is known also that if a word u is a factor of g, then it is a circular factor of wp as soon as |u| ≤ wp. This
can be proved as follows: the set of circular factors of length p of wp has cardinality p+ 1 (see [8], Thm. 15.3.1)
and is contained in the set of factors of length p of g (the displayed result above). The latter set has cardinality
p+ 1 (because g a is Sturmian sequence). Hence the two sets coincide, and u is in the latter set, hence in the
former.

8. Determinants

In the next result, vectors are identified with words.

Theorem 8.1. Let g be a Sturmian sequence over the alphabet {0, 1}, with associated sequence of lower Christof-
fel words 01 = w0, w1, w2, . . .. Let n ≥ 2. The n-th determinantal vector Vn of g is a perfectly clustering word
over a two- or three-letter alphabet.

More precisely, let ν the unique integer such that |wν−1| ≤ n ≤ |wν | − 1, let N = |wν |, and let ϵ be the sign
of the permutation x 7→ |wν |1x of (Z/NZ)∗.
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1. If n = |wν | − 1, then Vn is the lower Christoffel word associated with the composition

(|w′′
ν |, |w′

ν |),

over the alphabet

{−|w′
ν |1, |w′′

ν |1},

multiplied by ϵ.
2. If |wν−1| ≤ n < |wν | − 1, let i = |wν | − 1−n. Then Vn is the perfectly clustering word over the three-letter

alphabet

{−|w′
ν |1, |w′′

ν |1 − |w′
ν |1, |w′′

ν |1},

associated with the composition

(|w′′
ν | − i, i, |w′

ν | − i),

multiplied by ϵ(−1)t, where

t =
∑

1≤j≤i

(|wν | − j + dj − (jq mod N)),

with di equal to the number of j, 1 ≤ j ≤ i, such that jq mod N is smaller than iq mod N .

Define q = |wν |0 and r = |wν |1; in particular q + r = N . Then |w′′
ν | = q∗, |w′

ν | = r∗, the inverses in [N ] of q
and r modulo N (see e.g., [8], Cor. 14.1.5).

As an example, consider wν = 012013013. The standard factorization is wν = w′
νw

′′
ν , w

′
ν = 012013, w′′

ν = 013,
of respective lengths 7, 4, and respective 1-lengths 5, 3. For n = |wν | − 1, the vector V10 is, up to a factor
of ±1, the lower Christoffel word associated with the composition (4, 7); the alphabet is {−5, 3}, and V10 =
±(−5, 3,−5, 3, 3,−5, 3, 3,−5, 3, 3).

Now consider n = |wν | − 3, so that i = 2. Then V8 is, up to a factor of ±1, the perfectly cluster-
ing word associated with the composition (4 − 2, 2, 7 − 2) = (2, 2, 5), over the alphabet {−5,−2, 3}, and
V8 = ±(−5, 3,−2, 3,−2, 3,−5, 3, 3) (compare to the example in Sect. 6).

It is known that each perfectly clustering word has a unique factorization as the product of two palindromes
(Simpson and Puglisi [2], Cor. 4.4). We call this the palindromic factorization.

Corollary 8.2. For all n ≥ 1, up to multiplication by ±1, the word Vn is obtained from Vn+1 by considering
its unique palindromic factorization, and adding together the last component of its first factor and the first
component of its second factor.

9. Proof of Theorem 8.1, first part

For simplicity, write w = wν . Recall that |w| = N . The BW matrix of w is MN (0, 1, r). Since n = N − 1, the
matrix Gn, which is the matrix of circular factors of length N − 1 of w, is obtained from the latter matrix by
removing its last column. Let D(Fn) = (a0, . . . , an); it follows that ai is the cofactor of the element in the last
column, row i, of Mn(0, 1, r). Hence Vn = D(Gn) is the last row of Mn(0, 1, r)

−1, multiplied by the determinant
of Mn(0, 1, r). The latter is equal to rϵ, by Corollary 4.2. Moreover, MN (0, 1, r)−1 = MN (−Q/r, 1 −Q/r, r∗),
where r∗ ∈ [N ] is defined by rr∗ = 1+QN , by Corollary 4.1. The last row of this matrix is the lower Christoffel
word associated with the composition (N − r∗, r∗) over the alphabet {−Q/r, 1 − Q/r}. Multiplying by r, we
obtain the lower Christoffel word associated with the composition (N − r∗, r∗) over the alphabet {−Q, r −Q}.
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Thus, to finish the first part of the proof, it is enough to show the four equalities |w′′| = N − r∗, |w′| = r∗,
and −Q = −|w′|1, r −Q = |w′′|1.

To prove the four equalities, we use the fact that the matrix(
|w′|0 |w′′|0
|w′|1 |w′′|1

)
has determinant 1 (see, e.g., [8], Prop. 14.1.2). Thus

|w′|0|w′′|1 − |w′|1|w′′|0 = 1.

This implies that

(|w′|1 + |w′′|1)(|w′|1 + |w′|0) = 1 + |w′|1(|w′|0 + |w′|1 + |w′′|0 + |w′′|1).

That is, we have |w|1|w′| = |w′|1|w|+ 1; in other words, r|w′| = |w′|1N + 1. Thus r∗ = |w′| and Q = |w′|1. The
two other equalities follow from w = w′w′′.

10. Some preliminary results

In this section we assume the hypothesis of Theorem 8.1, in the second case. Recall that Gn is the matrix
whose rows are the n+ 1 factors of length n of g, in decreasing lexicographic order.

For two matrices A,B, we write

A
h−→ B (10.1)

if for some k, A is a (k + 1)× k matrix, B is a k × (k − 1) matrix, rows h− 1 and h of A are equal except for
their last entry, which is 1 for row h− 1 and 0 for row h, and B is obtained from A by removing row h from this
matrix, and then removing column k − 1, the last column. Note that, equivalently, B is obtained by removing
row h− 1 and the last column. Recall that we index matrix rows and columns starting from 0.

Proposition 10.1.

1. Gn is obtained from GN−1 by removing the rows jq mod n, j = 1, . . . , i and by keeping only the first n
columns, with i = N − 1− n.

2. Let hi = (iq mod N) − di, where di is the number of j, 1 ≤ j ≤ i, such that jq mod N is smaller than
iq mod N . Then

Gn+1
hi−→ Gn.

Proof.

1. Call square a 2 × 2 submatrix of M = MN (0, 1, r) as the one appearing in Corollary 3.3, so that it
appears in two contiguous rows and two contiguous columns, and it is the identity matrix of order 2. As
indicated in the lemma, these rows are numbered x − 1, x and the columns are numbered y − 1, y with
x ≡ ry (mod N), for some x, 1 ≤ x ≤ N − 1. We claim that if a square does not intersect the first n
columns, then x ≡ qj (mod N) for some j = 1, . . . , i. The claim will be proved below.

Consider the matrix G obtained from GN−1 by removing the rows jq mod n, j = 1, . . . , i and by
keeping only the first n columns. Since GN−1 is obtained from M by removing its last column, G is
equivalently obtained from M by removing the rows jq mod n, j = 1, . . . , i and by keeping only the first
n columns. In what follows, for simplicity, we index the rows of G by their index in M (equivalently in
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GN−1) before removal (e.g., if we remove row 1 and keep 0 and 2, the first two rows of G are indexed
by 0 and 2). Since the rows of M are strictly decreasing from the upper one to the lowest, the rows of
G are weakly decreasing from the upper to the lower. Suppose, in order to get a contradiction, that they
are not strictly decreasing. Then for some x′ < x, rows x′ and x appear in G, are successive, and are
equal; hence the squares located in rows x′, x′ +1, . . . , x do not intersect the first n columns of M . By the
claim, x ≡ qj (mod N) for some j = 1, . . . , i, and this contradicts the fact that G contains row x. Thus
the N − i = n+ 1 rows of G are strictly decreasing, hence distinct; each row of G being a prefix of a row
of M , it is a circular factor of w, hence the rows of G are the n+ 1 circular factors of w, and G = Gn.

We prove the claim: if a square (with x, y as above) does not intersect the first n columns, then y−1 ≥ n,
hence y ≥ n + 1. Hence x ≡ ry for some y = n + 1, . . . , N − 1. Since q + r = N , and n + 1 = N − i, by
letting j = N − y, we have

x ≡ ry ≡ −q(N − j) ≡ qj (mod N),

with j = i, . . . , 1.
2. By Part 1, the matrix Gn is obtained from Gn+1 by removing its row iq mod N , if the rows are indexed as

they are in GN−1, and then removing the last column. But to get their actual index, one has to subtract
the number of rows which were removed before from GN−1, which is di. Note that Gn+1 without its
last column has two successive equal rows, which (in M) are indexed (iq mod N)− 1 and iq mod N . By

Corollary 3.3, the last elements of these rows in Gn+1 are necessarily 1 and 0. Hence we have Gn+1
hi−→ Gn.

For two vectors V,W , we write

V
h−→ W

if for some k we have V = (a0, . . . , ak) and W = (a0, . . . , ah−2, ah−1 + ah, ah+1, . . . , ak). That is, W is obtained
from V by merging and adding the components ranked h− 1 and h in V .

Proposition 10.2. If A
h−→ B, with the notation of (10.1), then D(A)

h−→ (−1)k−hD(B), with the notation
D(A) of Section 5.

Proof. Write A = (L0, . . . , Lk), where the Lj ’s are the rows of A; similarly, B = (H0, . . . ,Hk−1). Also let
D(A) = (a0, . . . , ak) and D(B) = (b0, . . . , bk−1). We compute within the matrix A, omitting mention of the
rows before Lh−1 and those after Lh for notational simplicity:

(−1)k−h(ah−1 + ah) = −det(. . . , L̂h−1, Lh, . . .) + det(. . . , Lh−1, L̂h, . . .)

= det(. . . , Lh−1 − Lh, . . .) = det(. . . , (0, . . . , 0, 1), . . .)

:= e.

This is the cofactor of the entry in row h−1, column k−1, of A; its corresponding submatrix is B without its row
of rank h−1, so that e = (−1)h−1+k−1 det(H0, . . . , Ĥh−1, . . . ,Hk−1) = bh−1. Hence bh−1 = (−1)k−h(ah−1+ah).

We now show that bj = (−1)k−haj if j < h− 1. We have

(−1)k−jaj = det(. . . , L̂j , . . . , Lh−1, Lh, . . .)

= det(. . . , L̂j , . . . , Lh−1 − Lh, Lh, . . .).

Since Lh−1 −Lh is equal to (0, . . . , 0, 1), we see that (−1)k−jaj is equal to the cofactor of Aj (that is, A without
its row j) in row h − 2, column k − 1 (A has k columns, the last is indexed k − 1). The corresponding minor
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is obtained from Aj by removing row h − 2 (which is row h − 1 of A) and the last column; this matrix is B
without its row j. Hence

(−1)k−jaj = (−1)h−2+k−1 det(. . . , Ĥj , . . .)

= (−1)h+k−1(−1)k−1−jbj ,

implying that bj = (−1)k−haj .
The verification that bj = (−1)k−haj+1 for j > h− 1 is similar and left to the reader.

For two words v, w, we write

v
h−→ w

if v, w are perfectly clustering words over the alphabet {a < b < c}, if v = a0 · · · ah−2ah−1ahah+1 · · · ak, ah−1 =
a, ah = c, and w = a0 · · · ah−2bah+1 · · · ak. In other words, w is obtained from v by replacing a factor ac by b,
and the indicated a, c are the letters ranked h− 1, h in v.

Proposition 10.3. Let n = |wν | − 1, . . . , |wν−1| − 1, and i = |wν | − 1−n. Let un denote the perfectly clustering
word associated with the composition (|w′′

ν | − i, i, |w′
ν | − i) over the alphabet {a < b < c}. Then for n = |wν | −

2, . . . , |wν−1| − 1 we have

un+1
hi−→ un.

We need some preparation. Given a permutation σ of [N ], and 0 ≤ k ≤ N − 1, as in [18], we let the cyclic
restriction of σ to the interval [k] be the permutation of [k] obtained by removing each number larger than k− 1
from any cycle form of σ (this does not depend on the chosen cycle form). Note that this definition is a discrete
version of Rauzy induction for continuous interval exchanges [19, 20].

Lemma 10.4.

1. Let σ be the circular symmetric discrete exchange of two intervals, associated with the composition (γ, ρ),
γ, ρ relatively prime, γ + ρ = N . Let n = N − 1, . . . , N − min(γ, ρ) − 1, and i = N − 1 − n, so that
i = 0, . . . ,min(γ, ρ). Let σn denote the cyclic restriction of σ to [n+ 1], so that σ = σN−1. Then σn is the
symmetric discrete exchange of intervals, associated with the composition (γ − i, i, ρ− i).

2. Let v = a0 · · · aN−1 be the lower Christoffel word over the alphabet {a < c} associated with σ. Suppose
that γ < ρ, so that min(γ, ρ) = γ. For n = N − 1, . . . , N − γ − 1, let vn denote the standard word encoding
of σn over the alphabet {a < b < c}, so that v = vN−1. Then if n ≤ N − 2, the quantity vn is obtained
from v by replacing in it the factor ajγ∗−1ajγ∗ by b, for each j = 1, . . . , i, where i = N − 1− n, and where
γ∗ ∈ [N ] is the inverse of γ modulo N ; moreover, all these factors are equal to ac, and are not overlapping.

Proof.

1. This result was proved during the proof of Lemma 2 of [18].
2. By definition, v has γ occurrences of the letter a, which correspond to the numbers 0, 1, . . . , γ − 1 in the

standard cyclic form of σ, and ρ occurrences of the letter c, which correspond to the numbers γ, γ +
1, . . . , N − 1 in it. Likewise, by Part (1), vn has γ − i occurrences of letter a, i occurrences of letter b
and ρ − i occurrences of letter c; they correspond, in the standard cyclic form of σn, to the numbers
0, 1, . . . , γ − i− 1 for a, γ − i, . . . , γ − 1 for b, and γ, . . . , N − i− 1 for c.

We know that σ is translation by ρ in Z/NZ: σ(x) = x + ρ in Z/NZ, and in particular σe(0) = eρ.
Since ρ is the opposite of γ, we have γ∗ρ ≡ −1 (mod N); hence σjγ∗

(0) ≡ N − j (mod N) and σjγ∗−1(0) ≡
γ− j (mod N). Now by Part (1) above, the standard cyclic form of σn is obtained by removing the numbers
N − j, j = 1, . . . , i from the cyclic form of σ. It follows that vn is obtained from v by first removing the
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letters ajγ∗ , which are all equal to c (since for j = 1, . . . i we have N − j = N −1, . . . , N − i = γ+ρ− i ≥ γ,
since i ≤ γ < ρ); and then by replacing the letters ajγ∗−1 (which are all equal to a since for j = 1, . . . , i,
γ − j = γ − 1, . . . , γ − i) by b.

Since these factors are all equal to ac, they cannot overlap.

Corollary 10.5. For i = 1, . . . , γ, let di denote the number of j ≤ i such that jγ∗ mod N is smaller than

iγ∗ mod N . Then one has vn+1
iγ∗ mod N−di−−−−−−−−−→ vn for n = N − 2, . . . , N − γ − 1.

Proof. By Lemma 10.4, for i = 1, . . . , γ, one has vi−1
ei−→ vi for some value of ei, which is the position of the c

being removed. If one takes into account the previous removals, one obtains the indicated value of ei.

Proof of Proposition 10.3. We prove it in the case |w′′
ν | < |w′

ν | (the other case is similar). It is known (Berstel
and de Luca; see [8], Cor. 14.5.6) that q∗ = |w′′

ν | and r∗ = |w′
ν |. Hence q∗ < r∗ (recall that q∗ is the inverse of q

modulo N , and that we identify Z/NZ and [N ] = {0, 1, . . . , N − 1}).
By construction, uN−1 (which corresponds to i = 0) is the perfectly clustering word over the alphabet

{a < b < c} associated with the composition (|w′′
ν |, 0, |w′

ν |). In other words, uN−1 is the lower Christoffel word
over the alphabet {a, c} associated with the composition (γ, σ) = (q∗, r∗). With the notation of Lemma 10.4, we
have un = vn, and since γ∗ = q, Corollary 10.5 implies the proposition, with hi defined in Proposition 10.1.

11. Proof of Theorem 8.1, second part, and Corollary 8.2

Let w = wν . Consider the substitution ϕ that maps

� a onto −|w′|1,
� b onto |w′′|1 − |w′|1,
� c onto |w′′|1.

Since a < b < c and −|w′|1 < |w′′|1 − |w′|1 < |w′′|1, the map ϕ maps perfectly clustering words onto perfectly
clustering words, and preserves the associated composition. Moreover, for all words u, u′ ∈ {a, b, c}∗ and U,U ′ ∈
{−|w′|1, |w′′|1 − |w′|1, |w′′|1}∗, one has

u′ h−→ u, U ′ h−→ U, ϕ(u′) = U ′ ⇒ ϕ(u) = U. (11.1)

The number of rows of Gn is ki = n+1, with i = N − 1−n. Letting Un = D(Gn), for n = N − 2, . . . , |wν−1| − 1

we have Un+1
hi−→ (−1)ki−hiUn by Propositions 10.1 and 10.2. Moreover un+1

hi−→ un by Proposition 10.3. By
the first case of the Theorem, that is n = N − 1, one has Un−1 = ϵϕ(uN−1). It follows then by (11.1) that Un

is equal to ϕ(un) multiplied by ϵ and by (−1)t, where t =
∑

1≤j≤i(kj − hj). This proves the theorem.
We now prove Corollary 8.2. It is known from [2] that if w is a perfectly clustering Lyndon word, then w is

the smallest, and its reversal w̃, the largest, word in the conjugation class of w. If w = uv is the palindromic
factorization, then clearly w̃ = vu. But it is also known that the position in w of the first letter of v corresponds
to the largest digit in the standard cyclic form of the symmetric discrete interval exchange associated with w
([1] Proof of Theorem 4; a direct proof is given in [21], Lem. 6). Hence the factor ac in Lemma 10.4 corresponds
to the palindromic factorization of v. The corollary follows.

12. Example

We take wν = 01101110111, so that q = 3, r = 8, w′
ν = 0110111, w′′

ν = 0111. One has wν−1 = w′
ν , of length

7, and N = 11 is the length of wν . The value of n varies from N − 1 = 10 to |wν−1| − 1 = 6. The rows of the
matrices G10, G9, G8, G7, G6 are, in reverse lexicographic order, the factors of respective lengths 10, 9, 8, 7, 6 of
the given Sturmian sequence, and actually the circular factors of wν . The entries 1 and 0 of Gn+1 are indicated
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in boldface corresponding to the definition of Gn+1
hi−→ Gn: the two rows of Gn+1 with the boldface entries

coincide up to these entries. The numbers hi are equal to (iq mod N) − di; the corrective term di takes into
account the rows that are previously removed. One has, for i = 1, 2, 3, 4, iq mod N = 3, 6, 9, 1, and di = 0, 1, 2, 0,
so that hi = 3, 5, 7, 1, and

G10
3−→ G9

5−→ G8
7−→ G7

1−→ G6.

G10 =



1 1 1 0 1 1 1 0 1 1
1 1 1 0 1 1 0 1 1 1
1 1 0 1 1 1 0 1 1 1
1 1 0 1 1 1 0 1 1 0
1 1 0 1 1 0 1 1 1 0
1 0 1 1 1 0 1 1 1 0
1 0 1 1 1 0 1 1 0 1
1 0 1 1 0 1 1 1 0 1
0 1 1 1 0 1 1 1 0 1
0 1 1 1 0 1 1 0 1 1
0 1 1 0 1 1 1 0 1 1


,

G9 =



1 1 1 0 1 1 1 0 1
1 1 1 0 1 1 0 1 1
1 1 0 1 1 1 0 1 1
1 1 0 1 1 0 1 1 1
1 0 1 1 1 0 1 1 1
1 0 1 1 1 0 1 1 0
1 0 1 1 0 1 1 1 0
0 1 1 1 0 1 1 1 0
0 1 1 1 0 1 1 0 1
0 1 1 0 1 1 1 0 1


,

G8 =



1 1 1 0 1 1 1 0
1 1 1 0 1 1 0 1
1 1 0 1 1 1 0 1
1 1 0 1 1 0 1 1
1 0 1 1 1 0 1 1
1 0 1 1 0 1 1 1
0 1 1 1 0 1 1 1
0 1 1 1 0 1 1 0
0 1 1 0 1 1 1 0


,
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G7 =



1 1 1 0 1 1 1
1 1 1 0 1 1 0
1 1 0 1 1 1 0
1 1 0 1 1 0 1
1 0 1 1 1 0 1
1 0 1 1 0 1 1
0 1 1 1 0 1 1
0 1 1 0 1 1 1


, G6 =



1 1 1 0 1 1
1 1 0 1 1 1
1 1 0 1 1 0
1 0 1 1 1 0
1 0 1 1 0 1
0 1 1 1 0 1
0 1 1 0 1 1


.

The word u = u10 is the lower Christoffel word over {a, c} associated with the composition (|w′′
ν |, |w′

ν |) = (4, 7).
Hence u = acaccaccacc. One has

u10 = acaccaccacc
3−→ u9 = acbcaccacc

5−→ u8 = acbcbcacc
7−→ u7 = acbcbcbc

1−→ u6 = bbcbcbc.

The determinantal vectors are correspondingly, up to a factor ±1:

(−5, 3,−5,3, 3,−5, 3, 3,−5, 3, 3)
3−→ (−5, 3,−2, 3,−5,3, 3,−5, 3, 3)

5−→ (−5, 3,−2, 3,−2, 3,−5,3, 3)
7−→ (−5,3,−2, 3,−2, 3,−2, 3)

1−→ (−2,−2, 3,−2, 3,−2, 3),

where the two components which are added are indicated in boldface.
As the reader may verify, the transformations between vectors above correspond to the palindromic

factorization, as described in Corollary 8.2, and the boldface components indicate the palindromic factorization.
For the subsequent determinantal vectors, of smaller length, one has

(−2,−2,3,−2, 3,−2, 3) → (−2, 1,−2,3,−2, 3) → (−2, 1, 1,−2,3)

→ (−2,1, 1, 1) → (−1,1, 1) → (0,1) → (1).

13. Continued fractions

Define the matrix

P (a) =

(
a 1
1 0

)
.

Define the continuant polynomials Kn(x1, . . . , xn) by K0() = 1, K1(x1) = x1 and the recursion

Kn(x1, . . . , xn) = Kn−1(x1, . . . , xn−1)xn +Kn−2(x1, . . . , xn−2)

if n ≥ 2. It is well known (combine, e.g., [22], Eq. (4), Sect. 4.5.3) with [23], that

P (n0) · · ·P (nk) =

(
K(n0, . . . , nk) K(n0, . . . , nk−1)
K(n1, . . . , nk) K(n1, . . . , nk−1)

)
, (13.1)
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where the index of K is omitted, since it is redundant. Continued polynomials are used to compute the
numerators and denominators of finite continued fractions. One has

[n0, . . . , nk] =
K(n0, . . . , nk)

K(n1, . . . , nk)
.

In particular, if a Christoffel word w has slope [n0, . . . , nk], then its length is

|w| = K(n0, . . . , nk) +K(n1, . . . , nk).

The following result is essentially well known. We give a proof for sake of completeness.

Proposition 13.1. Let w be a lower Christoffel word of slope [n0, . . . , nm] over the alphabet {0 < 1}, with
standard factorization w = w′w′′. Then

P (n0) · · ·P (nm−1)P (nm − 1) =



(
|w′|1 |w′′|1
|w′|0 |w′′|0

)
if m even;

(
|w′′|1 |w′|1
|w′′|0 |w′|0

)
if m odd.

Proof. We use the fact that the set of lower Christoffel words of length ≥ 2 is the smallest set containing 01
and closed under the two substitutions G, D̃, where G(0) = 0, G(1) = 01, D̃(0) = 01, D̃(1) = 1 (see [7] or [8]).
Moreover, these substitutions preserve lower Christoffel words, and hence the standard factorization.

The result is clear for w = 01, of slope 1 = [1], of standard factorization w = 0 · 1, because P (0) =

(
0 1
1 0

)
,

and since we are here in the even case.
Suppose now that the result is true for u, of slope having the continued fraction expansion [n0, . . . , nm]. It is

enough to prove the proposition for w = G(u) and w = D̃(u). We carry that out for the first case; the second
one is similar and somewhat easier. Thus we assume that w = G(u). This implies that w′ = G(u′), w′′ = G(u′′),
and that

|w|0 = |u|0 + |u|1, |w|1 = |u|1,

and similarly for w′, w′′. Let s(w) denote the slope of w. Then

1

s(w)
=

|w|0
|w|1

=
|u|0 + |u|1

|u|1
= 1 +

1

s(u)
= 1 + [0, n0, . . . , nm].

If n0 > 0, then 1 + 1
s(u) = [1, n0, . . . , nm] and s(w) has the continued fraction expansion [0, 1, n0, . . . , nm]. If

n0 = 0, then

1

s(w)
= 1 +

1

s(u)
= 1 + [n1, . . . , nm] = [n1 + 1, . . . , nm].

Hence s(w) has the continued fraction expansion [0, n1 + 1, . . . , nm]. Note that in both cases, the continued
fractions of the slopes of u and w have the same length parity.
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Suppose that m is even (the odd case is similar). Then by induction

P (n0) · · ·P (nm−1)P (nm − 1) =

(
|u′|1 |u′′|1
|u′|0 |u′′|0

)
.

Suppose that n0 > 0; noting that P (0) is the matrix of the transposition (1, 2), we compute

P (0)P (1)P (n0) · · ·P (nm−1)P (nm − 1)

=

(
1 0
1 1

)
P (n0) · · ·P (nm−1)P (nm − 1)

=

(
1 0
1 1

)(
|u′|1 |u′′|1
|u′|0 |u′′|0

)
=

(
|u′|1 |u′′|1

|u′|0 + |u′|1 |u′′|0 + |u′′|1

)
=

(
|w′|1 |w′′|1
|w′|0 |w′′|0

)
,

which settles this case. Suppose that n0 = 0; we compute

P (0)P (n1 + 1) · · ·P (nm−1)P (nm − 1)

=

(
1 0

n1 + 1 1

)
P (n2) · · ·P (nm−1)P (nm − 1)

=

(
1 0
1 1

)(
1 0
n1 1

)
P (n2) · · ·P (nm−1)P (nm − 1)

=

(
1 0
1 1

)
P (0)P (n1)P (n2) · · ·P (nm−1)P (nm − 1)

=

(
1 0
1 1

)(
|u′|1 |u′′|1
|u′|0 |u′′|0

)
,

and we conclude as previously.

Let g be a Sturmian sequence whose slope s has the infinite continued fraction expansion s = [n0, n1, n2, . . .].
The slopes of the Christoffel words that are factors of g are the semi-convergents of s; that is, the rationals of
the form [n0, . . . , nm−1, h], with m ≥ 0, and 1 ≤ h ≤ nm. This follow from, e.g., Section 6.7 on the Stern–Brocot
tree in the book [17] of Graham, Knuth and Patashnik; also see [8] Theorem 14.2.3 and Corollary 14.2.4.

After this preparation, we may translate Theorem 8.1 in terms of continued fractions; we use the notation of
this theorem. The integer ν is defined by |wν−1| ≤ n ≤ |wν | − 1. Since the slope of wν is a semi-convergent of
s, n is equivalently defined by the inequalities

m ≥ 0, 1 ≤ h ≤ nm,

and

K(n0, . . . , nm−1, h− 1) +K(n1, . . . , nm−1, h− 1) ≤ n

≤ K(n0, . . . , nm−1, h) +K(n1, . . . , nm−1, h)− 1,
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with the convention that h − 1 is omitted if h = 1. Note that wν is the lower Christoffel word of slope
[n0, . . . , nm−1, h]. Then we have, by Proposition 13.1,

P (n0) · · ·P (nm−1)P (h− 1) =



(
|w′

ν |1 |w′′
ν |1

|w′
ν |0 |w′′

ν |0

)
if m even;

(
|w′′

ν |1 |w′
ν |1

|w′′
ν |0 |w′

ν |0

)
if m odd.

To finish, note that many authors consider, instead of the slope s as defined here, the limit of |w|1/|w| when
|w| tends to infinity, w factor of g; we call this limit the Slope of g, denoted by S. These two numbers are related
by

S = s/(1 + s), s = S/(1− S), S−1 = 1 + s−1.

It is easy to deduce that if the continued fraction of S is of the form [0, a1, . . . , am, . . .], where the ai are positive
integers, then

s =

{
[0, a1 − 1, a2, . . . , am, . . .], if a1 ≥ 2;

[a2, . . . , am, . . .], if a1 = 1.

14. Fibonacci

The Fibonacci sequence f is the limit of the sequence of finite words Φν , where Φ1 = 1, Φ2 = 0, and
Φν = Φν−1Φν−2 for ν ≥ 3 (see, e.g., [15], Sect. 7.1). The length of Φν is Fν , the Fibonacci number (with
F1 = F2 = 1). The slope of f , which is the limit of |Φν |1/|Φν |0, is (

√
5− 1)/2. This number corresponds in the

Stern–Brocot tree to the infinite path, starting from the root, and indexed by lrlrlr . . . (alternatively left and
right).

As explained in Section 7, the corresponding sequence (wν)ν∈N of lower Christoffel words is the sequence of
words on the tree of the Christoffel word on the infinite path, starting from the root and indexed as above. It
follows from the direct construction of the Christoffel tree (see [8], Thm. 14.1.1) that these words are defined
by w−2 = 1, w−1 = 0 and the recursion, for any natural number ν

wν =

{
wν−1wν−2, if ν even;

wν−2wν−1, if ν odd.
(14.1)

One has |wν |0 = Fν+2, |wν |1 = Fν+1, as is easily verified.
Consider the n-th determinantal vector Vn of f . Then the integer ν in Theorem 8.1 is defined by Fν+2 ≤ n ≤

Fν+3 − 1; consequently i = Fν+3 − 1− n.
Since the standard factorization of wν is given by (14.1), we obtain that, up to multiplication by ±1, the

word Vn is the perfectly clustering word associated with

� the composition (Fν+1 − i, i, Fν+2 − i) over the alphabet {−Fν ,−Fν−2, Fν−1} if ν is even, and
� the composition (Fν+2 − i, i, Fν+1 − i) over the alphabet {−Fν−1, Fν−2, Fν} if ν is odd.

In particular, if n = Fν+3 − 1, the Sturmian determinants of f of order n take, up to the sign, only the two
values Fν , Fν−1. And if Fν+2 ≤ n < Fν+3 − 1, they take, up to the sign, only the three values Fν , Fν−1, Fν−2.

Moreover, since a perfectly clustering word begins with its smallest letter and ends with its largest, and
recalling the definition of Vn (Sect. 5), we see that the determinant of the n lexicographically largest factors
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of length n of f is ±Fν−1 if ν is even, and ±Fν if ν is odd; and for the n smallest, it is ±Fν if ν is even, and
±Fν−1 if n is odd.

Recall that a factor u of a Sturmian sequence on {0, 1} is called (right) special if u0, u1 are both factors of the
sequence. In Proposition 10.1, the description of how one passes from Gn+1 to Gn, and the subsequent proofs,
show that the determinant of the factors of the sequence of length n, without the special factor, is the middle
element of the alphabet. Hence, for the Fibonacci sequence, it is ±Fν−2.

14.1. Computation of the sign

It follows from what precedes that for n = Fν+3 − 1, the word Vn is the product of ϵ by the lower Christof-
fel word associated with the composition (Fν+1, Fν+2) over the alphabet {−Fν , Fν−1} if ν is even, and the
composition (Fν+2, Fν+1) over the alphabet {−Fν−1, Fν} if ν is odd. Here ϵ is the sign of the permutation
“multiplication by Fν+1 in Z/Fν+3Z”. It is therefore of interest to compute this sign.

Recall that the Lucas numbers Ln are defined by the same recursion as the Fibonacci numbers, with the
initial conditions L0 = 2, L1 = 1.

Proposition 14.1. Let m ≥ 3 be an integer. Consider the permutation induced by multiplication by Fm−2 in
Z/FmZ. The cyclic type of this permutation is

(a) 1Lm/22(Fm−Lm/2)/2 if m ≡ 0 (mod 4);
(b) 1Fm/22(Fm−Fm/2)/2 if m ≡ 2 (mod 4);
(c) 114(Fm−1)/4 if m ≡ 1, 5 (mod 6);
(d) 124(Fm−2)/4 if m ≡ 3 (mod 6).

Furthermore, if sm denotes the sign of this permutation, we have sm = 1 if m ≡ 1, 2, 3, 4, 9, 11 (mod 12) and
sm = −1 if m ≡ 0, 5, 6, 7, 8, 10 (mod 12).

Note that sn =
(Fm−2

Fm

)
Z
, the Zolotareff symbol. We begin with a lemma.

Lemma 14.2. For k ≥ 0 we have

(a) gcd(F6k+1 − 1, F6k+3) = 2.
(b) gcd(F6k+3 − 1, F6k+5) = 1.
(c) gcd(F6k−1 − 1, F6k+1) = 1.

Proof.

(a) If n ≡ 0 (mod 3) then both F2n+1 − 1 and F2n+3 are even. To see that gcd(F2n+1 − 1, F2n+3) = 2, observe
that

(F2n+1 − 1)(F2n − 2)− F2n+3(F2n−2 − 1) = 4

for all n. Furthermore, if n ≡ 0 (mod 3), then F2n is even and F2n−2 is odd, so we can divide both F2n − 2
and F2n−2 − 1 by 2 to get 2 as an integral linear combination of F2n+1 − 1 and F2n+3. Thus this identity
holds for n = 6k + 1.

(b) It is easy to check (F2n+1 − 1)(F2n+2 − 1) − F2n+3(F2n − 1) = 2 for all n. If n ≡ 1 (mod 3), then both
F2n+2 and F2n are odd, so we can divide both F2n+2 − 1 and F2n − 1 by 2 to get an integral linear
combination of F2n+1 − 1 and F2n+3 that equals 1. Thus this identity holds for n = 6k + 3.

(c) It is easy to check that F2n+3F2n−1 − (F2n+1 − 1)(F2n+1 + 1) = 2 for all n. If n ≡ 2 (mod 3) then F2n−1

is even and F2n+1 is odd, so we can divide both F2n−1 and F2n+1 + 1 by 2 to get an integral linear
combination of F2n+1 − 1 and F2n+3 that equals 1. Thus this identity holds for n = 6k − 1.
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Proof of Proposition 14.1. Let sm denote the sign of the permutation induced by multiplication by Fm−2 in
Z/FmZ.

Case 1: m is even.
From the classical Fibonacci number identity F 2

i = Fi−2Fi+2 + (−1)i, valid for all i, we see that if i is even
then F 2

i = Fi−2Fi+2 + 1 and so F 2
i ≡ 1 (mod Fi+2). Setting i = m − 2 shows that multiplication by Fm−2

induces cycles of size either 1 or 2.
The number a will be in a cycle of length 1 iff aFm−2 = a (mod Fm), or in other words a(Fm−2 − 1) ≡

0 (mod Fm). Now there are two cases, namely (a) m = 4k, and (b) m = 4k + 2.

Case 1a: m = 4k.
We use the identities

F4k−2 − 1 = L2kF2k−2

F4k = F2kL2k.

Suppose a(F4k−2 − 1) ≡ 0 (mod F4k). Then

aL2kF2k−2 = a(F4k−2 − 1)

≡ 0 (mod F4k)

≡ 0 (mod F2kL2k),

so cancelling L2k gives the congruence aF2k−2 ≡ 0 (mod F2k). But F2k−2 is relatively prime to F2k, so it must
be that a is actually a multiple of F2k and every such multiple works. There are F4k/F2k = L2k such multiples
in the numbers mod F4k. So there are L2k cycles of length 1 and (F4k −L2k)/2 cycles of length 2. The sign of the
permutation is then sm = (−1)e where e ≡ (F4k −L2k)/2 (mod 2). It is easy to see that e = 0 iff k ≡ 0 (mod 3)
and e = 1 otherwise. So sm = 1 if m ≡ 4 (mod 12) and −1 if m ≡ 0, 8 (mod 12).

Case 1b: m = 4k + 2.
We use the identities

F4k − 1 = L2k−1F2k+1

F4k+2 = F2k+1L2k+1.

As above,

aL2k−1F2k+1 = a(F4k − 1)

≡ 0 (mod F4k+2)

≡ 0 (mod F2k+1L2k+1),

and so cancelling F2k+1 from this congruence we see aL2k−1 ≡ 0 (mod L2k+1). But L2k−1 is relatively prime to
L2k+1, so it must be that a is a multiple of L2k+1, and every such multiple works. There are F4k+2/L2k+1 = F2k+1

such multiples in the numbers mod F4k+2. So there are F2k+1 cycles of length 1 and (F4k+2 − F2k+1)/2 cycles
of length 2.

The sign of the permutation is then sm = (−1)e, where e ≡ (F4k+2 − F2k+1)/2 (mod 2). It is easy to see
that e = 0 if k ≡ 0 (mod 3) and e = 1 otherwise. So now we see sm = 1 if m ≡ 2 (mod 12), and −1 if
m ≡ 6, 10 (mod 12).
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Case 2: m is odd.
We use the identity F 4

m−2 − 1 = Fm−4Fm−3Fm−1Fm, valid for all m. Then aF 4
m−2 = a (mod Fm), so it is

clear that there can only be cycles of length 1, 2, or 4.
We now show there can never be cycles of length 2. If there were, as above, we would have a(F 2

m−2 − 1) ≡
0 (mod Fm) But since m is odd we have F 2

m−2 − 1 = Fm−4Fm − 2, so

a(F 2
m−2 − 1) = a(Fm−4Fm − 2)

≡ −2a (mod Fm)

≡ 0 (mod Fm),

which forces Fm to be even, which in turn forces m = 6k + 3 and a = F6k+3/2. Now F6k+1 is odd, so F6k+1 ≡
1 (mod 2). Multiplying through by a gives aF6k+1 ≡ a (mod F6k+3), so in fact this supposed cycle of size 2 is
actually of size 1.

Case 2a: m = 6k + 1. Except for 0, the only cycles are of length 4, and there are (F6k+1 − 1)/4 of them.
From above it suffices to show there are no cycles of length 1. If there were we would have aF6k−1 =

a (mod F6k+1) so a(F6k−1 − 1) ≡ 0 (mod F6k+1). But gcd(F6k−1 − 1, F6k+1) = 1 by Lemma 14.2 (c), which
forces a ≡ 0, impossible. So sm = (−1)e where e ≡ (F6k+1 − 1)/4 (mod 2). It is easy to check sm = 1 if
k ≡ 1 (mod 2) and sm = −1 otherwise. So we get sm = −1 for m ≡ 7 (mod 12) and sm = 1 for m ≡ 1 (mod 12).

Case 2b: m = 6k + 3.
We will see there are exactly two cycles of length 1; the rest therefore have to be of length 4. Suppose

aF6k+1 ≡ a (mod F6k+3). Then a(F6k+1 − 1) ≡ 0 (mod F6k+3). But gcd(F6k+1 − 1, F6k+3) = 2 by Lemma 14.2
(a), so the only possibilities are a = 0 or a = F6k+3/2. Thus sm = (−1)e where e ≡ (F6k+3 − 2)/4 (mod 2). It
is now easy to check sm = 1 in all cases.

Case 2c: m = 6k + 5.
Except for 0, there are only cycles of length 4, and there are (F6k+5 − 1)/4 of them. Suppose there is another

cycle of length 1. Then we would have aF6k+3 = a (mod F6k+5) so a(F6k+3 − 1) ≡ 0 (mod F6k+5). But by
Lemma 14.2 (b), we know that gcd(F6k+3 − 1, F6k+5) = 1, which forces a ≡ 0, impossible.

So sm = (−1)e where e ≡ F6k+5−1)/4 (mod 2). It is easy to check sm = 1 if k ≡ 1 (mod 2) and −1 otherwise.
So we get sm = −1 for n ≡ 3 (mod 12) and sm = 1 for m = 9 (mod 12).

Summing up, we have

sm =

{
1, if m ≡ 1, 2, 3, 4, 9, 11 (mod 12);

−1, if m ≡ 0, 5, 6, 7, 8, 10 (mod 12).

15. Postscript

Most of the work presented in this article was done between March and June 2024.
As we were putting the finishing touches on this paper in mid-September 2024, we were informed about the

interesting new paper of Luca Zamboni [24], where he independently found the result about the group structure.
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