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QUASI-DETERMINISTIC FINITE ONE-HEAD AND TWO-HEAD
AUTOMATA

BENEDEK NAaGgyh2*

Abstract. Determinism is a central concept of computations. In some computational models, e.g.,
(traditional one-head) finite automata, deterministic and nondeterministic variants characterize the
same language class. Considering other models, e.g., the 2-head finite automata known as sensing
5" — 3’ Watson—Crick automata, the deterministic variants are weaker than the nondeterministic ones,
i.e., the former variants characterize a proper subset of the language class accepted by the latter ones.
Watson—Crick finite automata emerged as a model of DNA computing: they work on a Watson—Crick
tape, on double stranded DNA molecules, thus they have two heads, one for each strand. The heads
of sensing 5’ — 3’ Watson—Crick automata start from the two extremes of the input, read the input in
opposite direction and the computation finishes when the heads meet. Variants based on restrictions
on the set of states (e.g., stateless) and on the (head movements in) transitions (e.g., 1-limited), as well
as, nondeterministic, deterministic and the recently investigated state-deterministic variants have been
studied. In this paper a new concept, quasi-determinism is investigated, that is, in each configuration
of a computation (if it is not finished yet), the next state is uniquely determined although the next
configuration may not be, in case various transitions are enabled at the same time. We prove that
this new concept is a generalisation of both of usual determinism and state-determinism both for
finite one-head and two-head automata. More precisely, the class of quasi-deterministic sensing 5" — 3’
Watson-Crick automata is a superclass of both of the mentioned other classes of sensing 5 — 3’
Watson—Crick automata. The new sublinear class of languages characterized by the new model is not
closed under the regular operations, under intersection, nor under complement. Hierarchy of language
classes accepted by various subclasses of quasi-deterministic sensing 5" — 3’ Watson—Crick automata
and also some other well-known classes is presented.
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1. INTRODUCTION

Finite automata and formal languages belong to the bases of computer science, both in theory and practice
[1, 2]. DNA computing [3-5] emerged in the last decade of the 20th century and it constitutes some of the most
known natural computing paradigms. Watson—Crick automata belong to the DNA computing models initiated
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by the structure of the DNA. In fact, they are finite state machines that are working on double stranded tape
(like a DNA molecule) and thus, these automata have two heads. From biological motivation the heads may read
strings (on their strands) in a computation step. The symbols located in the same position of the double-stranded
tapes are related by the Watson—Crick complementarity relation. Watson—Crick automata are abbreviated as
WK automata, for short, by the first and last letters of the names of the Nobel prize winners. There are various
models of WK-automata, in the original models [5-9], the two heads belonging to the two strands are starting
from the same end of the input molecule and moving to the same physical direction. However, the two strands of
a DNA molecule have opposite 5 — 3’ orientation, i.e., their biochemical direction is opposite. The reverse and
the 5" — 3’ variants of WK automata are more realistic in the sense, that both heads use the same biochemical
(that is opposite physical) direction [7, 10-12]. Some variants of the reverse Watson—Crick automaton with
sensing parameter which tells whether the upper and the lower heads are within a fixed distance (or meet at the
same position) are discussed in [12-15]. In [16, 17], it was shown that the sensing 5" — 3’ WK automata with
sensing parameter are equivalent to a newer model without the sensing parameter: both models characterise
the class LIN of linear context-free languages.

There are three concepts of determinism introduced to WK automata [18-20], due to the possible properties
of the used Watson—Crick complementary relations, each of those concepts differs from the other two. According
to the definition, in a weakly deterministic WK-automaton in any configuration that could occur in any compu-
tation, there is at most one way to continue the computation. From our point of view, this concept seems to be
the closest to the original idea of determinism. However, in traditional WK automata, other related concepts
may also be used. The second concept, the deterministic WK-automata, have a stronger constraint than the
former weakly deterministic ones, namely: (the formal description will be explained in the next section) if there
are two transitions from the same state, i.e., the automaton has both p; € d(q,u1,v1) and ps € §(q, ug, v2) with
some states q,p1,p2 and strings wuq, us, v1,v2, then none of u; and us are prefix of each other and none of vy
and vy are prefix of each other. Finally, the third concept is defined as follows. A WK-automaton is strongly
deterministic if it is deterministic (as above), moreover the identity is used as Watson—Crick complementarity
relation.

In sensing 5" — 3’ WK automata the computation on the input finishes when the heads meet, thus each
position of the Watson—Crick tape is read by only one of the heads. Due to this fact, the complementarity
relation does not have any importance in these models. On the other hand, the complementarity can also be
excluded from the classical models [21], however, as we have mentioned it may play an important role in defining
various types of determinism and also from the complexity point of view. Deterministic variants of 5" — 3’ WK
automata are described in detail in [22, 23], they accept the sublinear class of languages 2detLIN. Also in this
case, the earlier model using sensing parameter was proven to be equivalent to the new model excluding the
sensing parameter. As the sensing 5" — 3 WK automata are 2-head automata models, and they accept the
linear languages, the class 2detLIN is named in this way as it is the deterministic counterpart of the class LIN
of linear languages by this 2-head model. Moreover, 2detLIN and detLIN (the class of linear languages accepted
by deterministic one-turn pushdown automata) are incomparable under set-theoretic inclusion.

Recently, state-determinism has been investigated for finite and sensing 5 — 3’ WK automata [24]. Here,
we present a new concept, the quasi-determinism. In these new models, the state of the next configuration is
determined, but the next configuration may not be. In the state-deterministic automata, the state of the next
configuration depends only on the actual state, while in the quasi-deterministic automata (as we will define it
formally), it may also depend on the part of the input being read.

WK automata have restricted variants based on restrictions on the states and/or on the transitions. These
restrictions are somewhat orthogonal to the concepts of determinism, therefore it is also interesting to see the
new concept of determinism combined with them. In this paper, we consider the concept of quasi-determinism,
which is closely related to the usual determinism in the case of (traditional one-head) finite automata. Actually,
as we will see, A-transition free quasi-deterministic NFA = DFA. On the other hand, already for NFA with
A-transitions we may allow some non-determinism that is similar to the earlier introduced state-determinism.
We should note here that our new concept can be applied in various other models of automata, however, it may
not give anything new in those cases where stateless variants suffice, as we discuss it in the conclusion.
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We also show that quasi-deterministic sensing 5 — 3’ WK automata are strictly more powerful than deter-
ministic sensing 5" — 3’ WK automata and state-deterministic sensing 5" — 3’ WK automata. However, they
are not as powerful as nondeterministic sensing 5" — 3’ WK automata. Closure properties for the most basic lan-
guage operations are also investigated, and we prove that the class of languages accepted by quasi-deterministic
sensing 5" — 3’ WK automata is not closed under them. Further, several hierarchy results among the language
classes defined by the known restricted variants such as all-final, simple, 1-limited, and stateless 5" — 3’ Watson—
Crick automata are shown together with some relations to REG of regular, LIN of linear context-free languages,
and 2detLIN of the class accepted by deterministic sensing 5" — 3’ WK automata.

We also show an interesting ambiguity of deterministic computations in the case of unary languages and
relate it also to such context-free derivations that have multiple derivation-trees.

2. BASIC DEFINITIONS

We assume that the reader is familiar with basic concepts of formal languages and automata theory, the
language classes of the Chomsky hierarchy and regular expressions, otherwise, she or he is referred to [1, 2, 25].
In this paper, we denote the alphabet by T and the empty word by A.

We briefly recall the concepts of finite automata and sensing 5" — 3’ Watson—Crick automata.

A traditional finite automaton is a 5-tuple A = (T, Q, qo, F,0), where:

e T is the (input) alphabet,

e () is the finite set of states,

e (o € @ is the initial state,

e I C (Q is the set of final (also called accepting) states and
e § is the transition mapping.

If § is written in the form & : Q x (T'U {A\}) — 29, then A is a nondeterministic finite automaton with (allowed)
transitions by the empty word (NFA+\, for short). If § is also in the form § : Q x T — 29, then A is nonde-
terministic finite automaton without transitions by the empty word (NFA for short). Further, if § : @ x T — @
is a possibly partially defined function, then A is a deterministic finite automaton (DFA). Since this model has
one reading head, sometimes we refer to it as one-head finite automata to differentiate it from the 2-head model
we are also considering in this paper.

The initial configuration of a finite automaton A consists of the initial state and the input word w € T* as
a pair (go,w). The computation on an input word goes by configurations according to the transition mapping
as follows: (gq,au) = (¢',u) if ¢ € 6(q,a). A word w is accepted if (g, w) =* (qr, ) for a state gp € F, where
="* is a reflexive and transitive closure of =. The accepted language is defined as L(A) = {w | (g0, w) =*
(gr, A) for a state qp € F'}.

Notice that, as usual, finite automata process the input from left to right and (at most) one letter is being
read in each transition (depending on the type, see above). However, in the literature there are various cases,
when string reading is allowed, i.e., from a state a finite set of words are given for which transitions are allowed.
It is well-known that this feature does not increase the “accepting power” of finite automata, still exactly the
class REG of regular languages can be accepted, however, it may have some effects on complexity measures,
etc. Also there are various finite state automata models, when the automaton may read and process the input
not in the strict left to right manner, e.g., automata with translucent letters [26-29] and jumping automata
[30, 31]. For the former model state-deterministic variants are studied in [32].

In this paper, we focus also on a 2-head finite automata model [33, 34], namely, sensing 5 — 3’ WK automata
[12]. As we have already mentioned, the two strands of the DNA molecule have opposite 5 — 3’ orientations.
Therefore, it is very natural to consider Watson—Crick finite automata that parse the two strands of the Watson—
Crick tape in opposite (physical) directions. Since in sensing 5 — 3’ WK automaton the heads sense that they are
meeting and the process on the input is finished (at the latest) in this position of the heads, the complementarity
relation does not play any role in this model, w.l.o.g., the identity can be used. For this reason, we present a
simplified (but equivalent) model in which a normal tape is used for the input. Moreover, since the head starting
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FIGURE 1. Schematic pictures of a sensing 5" — 3’ WK automaton in the initial configuration
(top) and in an accepting configuration (bottom, with a final state ¢).

from the left end is always to the left of the other head, but the meeting final position, we may refer to the
heads as left and right heads, or alternatively, as first and second heads.

Formally, a Watson—Crick automaton is considered to be a 5-tuple A = (T, Q, qo, F, 0) similarly to the finite
automata, with

e the (input) alphabet T', originally the letters standing for possible bases of the nucleotides,

o the finite set of states @, the initial state go € @ and the set of final states F' C Q,

e the transition mapping 0 is of the form 6 : Q x T* x T* — 2%, such that it is defined only for finitely
many triplets (¢, u,v),q € Q,u,v € T*.

Notice that there are two main differences between finite one-head automata and Watson—Crick automata, and
both of these differences are in their transition mappings: Watson—Crick automata have two reading heads, and
they may read strings in a transition. Actually, the main difference is caused by the two heads: the input is
processed from its two extremes as we formally define below. The string-reading feature does not really give
additional power in case there is no restriction used on the set of states [16, 22].

A configuration of a Watson—Crick automaton is a pair (g, w) where ¢ is the current state and w is the part of
the input word which has not been processed (read) yet. In sensing 5 — 3’ WK automata, for any w’, x,y € T*,
q,q" € Q, we write a transition (step of the computation) between two configurations as follows: (¢, zw'y) =
(¢',w') if and only if ¢’ € 6(q,z,y). We denote the reflexive and transitive closure of the relation = by =*.
Therefore, for a given input w € T*, an accepting computation is a sequence of transitions (go,w) =* (qr, A),
starting from the initial state and ending in a final state.

The language accepted by a WK automaton A is: L(A) = {w € T* | (qo, w) =* (¢r, A),qr € F}.

Figure 1 shows the schematic representations of the initial configuration and an accepting configuration of a
sensing 5" — 3’ WK automaton.

Since in DNA computing the empty word does not represent any molecule, in this paper, as usual in this field,
we do not distinguish languages that differ only in the empty word, that is, we call two automata equivalent
if they accept the same language modulo the empty word. It is known that the class of languages accepted by
sensing 5" — 3 WK automata is exactly the class of linear context-free languages of the Chomsky hierarchy
([12, 13, 15-17)).

There are restricted variants of WK automata which are defined as follows. We say that a WK automaton is

e stateless, i.e., with only one state, if @ = F = {qo}. This class of WK automata is denoted by the letter
N, as No-state.
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e all-final, i.e., with only final states, if Q = F. This class of WK automata is denoted by the letter F, as
all-Final.

e simple, when at most one head moves in a step, formally: § : (Q x (A, T*) U (T*,\))) — 29. This class of
WK automata is denoted by the letter S, as Simple.

e 1-limited, when exactly one letter is being read in each step of the computations, i.e., § : (Q x (\,T) U
(T, )\))) — 29. This class of WK automata is denoted by 1, as 1-limited.

Obviously, by definition, every N sensing 5 — 3’ WK automaton is an F sensing 5 — 3’ WK automaton,
and also, every 1 sensing 5" — 3’ WK automaton is an S sensing 5" — 3’ WK automaton. However, some of
the restrictions are independent, and thus, their combinations yield F1, N1, FS, NS WK automata. Stateless
variants were analyzed in details, e.g., in [35].

There is one usual definition of (classical) determinism in the case of sensing 5 — 3’ WK automata: We say
that a 5 — 3’ WK automaton is deterministic, if there is at most one transition (computation step) applicable
in each configuration. It is easy to see that this condition implies the fact that each possible configuration
(¢, w) in any computation (¢ € Q,w € T™*), there is at most one configuration (p,u) such that (¢, w) = (p,u).
However, as we shall see later, these two conditions are not in an ‘if and only if’ relation. Somewhat similarly,
as at DFA, when deterministic WK automata are mentioned, we may use the letter D to denote this fact. Note
that the language class accepted by deterministic sensing 5 — 3’ WK automata is a proper subset of LIN and
denoted by 2detLIN [22, 23]. These deterministic models are characterized by Myhill-Nerode type theorems and
used also in active learning [36-38]. Backward deterministic 2-head automata, as well as, reversible variants are
studied in [39).

The concept of state-determinism is recalled from [24, 32]. An automaton (one-head or two-head) is state-
deterministic if for each of its state ¢ € @, if there is a transition from ¢ and it goes to state p (i.e., p € §(gq,a)
in the case of finite automata with a € T U {\} and p € 6(q, u,v) in case of WK-automata with u,v € T*), then
every transition from ¢ goes to p. We may say that if an automaton (one-head or Watson—Crick) has state ¢ in its
configuration, then, if the process continues, the state of the next configuration must be p. State-deterministic
automata will be denoted by the prefix sD.

Now, we are ready to define our new concept that plays a central role in this paper. An automaton (one-head
or Watson—Crick) is quasi-deterministic if the following condition holds. For each of its possible configurations,
(¢, w) (with ¢ € Q,w € T*), if (¢,w) = (p,u) and (¢,w) = (r,v) then p = r must hold. In other words, there
is a unique state p such that if there is a transition allowed in the configuration (g, w), then it must go to a
configuration in which the state is p. For quasi-deterministic automata, we use the qD prefix in the sequel.

Further in this paper, we use boldface writing to denote the language class accepted by a model described
above, e.g., gDF1WK denotes the class of languages accepted by quasi-deterministic all-final 1-limited 5’ — 3/
Watson—Crick automata.

Automata are usually represented by their graphs, thus we may freely use graph theoretical concepts here.
Further, we assume that each state of the automaton appears in an accepting path of a word of the accepted
language. A transition from a state to itself is represented by a loop edge. Clearly, in a stateless automaton,
there are only loop edges (if any).

3. ON QUASI-DETERMINISTIC FINITE AUTOMATA

In this section, our aim is to show how this new concept appears at the case of classical one-head finite
automata.

The next proposition shows how quasi-determinism relates to determinism when finite one-head automata
are considered.

Proposition 3.1. Let A be a A-transition free NFA. If A is quasi-deterministic, then it is deterministic.
Moreover, each DFA is a A-free NFA that is quasi-deterministic.



FIGURE 2. A finite automaton that is not deterministic, but quasi-deterministic.

Proof. Since MA-transition free NFA read exactly one input letter in each transition, for a quasi-deterministic NFA,
the first letter of the remaining input in the configuration and the actual state together uniquely determines
the next state exactly in the same way as in a DFA by definition. O

The new concept also relates to state-determinism in finite one-head automata:
Proposition 3.2. If A is a state-deterministic NFA+X\, then A is also quasi-deterministic.
Proof. Obvious from the definitions of these models. O

As we have seen, quasi-determinism is a close connection to determinism and also to state-determinism. Now
to show that they are not exactly the same, we present an example.

Example 3.3. Consider the finite automaton shown in Figure 2. It accepts the language of binary integers over
the alphabet {4, —,0,1}. It is not a DFA due to the transition by A from its initial state. Moreover, it is not
state-deterministic, as there is a state for which reading 0 and 1 lead to different states. On the other hand, it
is easy to check that it is quasi-deterministic: from the initial state, all the three possible transitions (including
the one with \) go to the same state. From the other states, the transitions are deterministic transitions.

Now, let us give a technical result about quasi-deterministic finite automata. In fact, their states behave
similarly to the states of the deterministic or to the states of state-deterministic automata.

Lemma 3.4. Let A= (T,Q, qo, F, ) be a quasi-deterministic finite NFA+ X automaton. Then, the set of states
can be partitioned into two sets as Q = QaU Qs (QaNQs =0) such that

Qa=1{q]| 0=45(q,\) and for any a € T, there is at most one state p such that p € 6(q,a)}

and

Qs ={q | {p} = 3(a,)) and if ¢ € 5(q,a) for some a € T, then ¢ = p}.

Proof. Let A be an NFA+X automaton. Then, for any of its states ¢ € @ there are two options, either §) # §(g, A)
or ) = §(q, A). In the latter case, there could be transitions from g only by reading an input letter. If A is quasi-
deterministic, then from any configuration (with state ¢ having the first letter a of the remaining input), the
computation should go to a determined state (to p in this case), if any (otherwise, the computation gets stuck
and not accepting). In the former case, by not reading any input letter, A may enter a configuration (p,w)
from (q,w) if p € §(q,\). Since A is quasi-deterministic, it may not happen that there is a p’ € @ such that
p’ € §(q, \) and p # p'. Further, if there are transitions from ¢ by reading a letter, let us say a € T, it must also
go to state p. [

If @ = Qg4 in the previous lemma, then, in fact, the quasi-deterministic A is also deterministic. Moreover, if A
is deterministic, then it is a quasi-deterministic finite automaton with the property Q = Q4. On the other hand,
if A is quasi-deterministic with @ = @, then A is also state-deterministic. However, for a state-deterministic
A, it may happen that it is quasi-deterministic, but Qg # (. In this case, there are some states ¢ such that
A-transitions are not defined on those, but all the transitions from ¢ go to a unique state p of the automaton.
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As both the classes of DFA and NFA+\ accept exactly the class of regular languages, it is straightforward
to see that the class of quasi-deterministic finite automata, denoted by qDFA, is also characterizing the same
class of languages. From this point of view, the new model does not seem to give a new power. However,
from a complexity point of view, the classes of DFA and NFA have a remarkable difference, as in some cases,
exponentially more states are needed for a DFA to accept the same regular language as an NFA needs. As gDFA
allows a little non-determinism, it is an interesting challenge to see how the descriptional complexities of DFA,
gDFA, NFA and NFA+\ are related to each other. We leave this topic for a future work, and in this paper,
we concentrate on 5 — 3’ WK automata, in which the quasi-determinism gives more freedom due to the two
heads.

Observe the following:

Fact 3.5. If a sensing 5’ — 3' WK automaton has transitions only with its left head (the right head is always
reading \), then, in fact, it is equivalent to a finite automaton. If this finite automaton is quasi-deterministic,
then so is the 5 — 3 WK automaton.

We may use this link between finite automata and WK automata in the next sections as well.

4. THE CASE OF UNARY ALPHABET

Here, we investigate the case of unary alphabet, and show that neither the number of heads is important, nor
the new concept is really interesting. However, from another point of view, a kind of ambiguity in deterministic
computations is discussed.

Let us now consider the case of the unary alphabet. In this part of the paper, let the alphabet always
be {a}. In this case only the number of the letters of the words are counted. It is well-known that over the
unary alphabet every semi-regular language is regular and the language classes of regular, linear and context-
free languages coincide [2, 40]. Actually, in the case of unary alphabet a language is semi-linear if the set
of the lengths of the words of the language can be written as a finite union of linear sets, where a set is
linear if it can be defined by finitely many fixed nonnegative integers zg, 21, . . ., 2z, as follows: {zo +x12; +--- +
TnZn | T1,..., T, are nonnegative integers}. Therefore, DFA and nondeterministic sensing 5 — 3’ WK automata
have the same power in the sense that the same class of languages are accepted by them. Moreover, any models
which are at least as powerful as DFA and at most as powerful as sensing 5 — 3 WK automata accept also
the same language class. Thus, both quasi-deterministic one-head finite automata, and by Fact 3.5, quasi-
deterministic sensing 5" — 3’ WK automata accept also the same class. In this way, neither the second head,
nor the string-reading feature really add anything. We have a very interesting scenario considering determinism
and deterministic computations.

Remark 4.1. Let us consider a 2-head automaton with transitions from state p to ¢ where either the first head
reads an a or the second head reads an a: even if we have more than one transitions allowed, they both lead
to the same configuration. Theoretically, by our definition, this model is not deterministic. On the other hand,
technically and practically, it behaves as a deterministic machine, there is a unique computation for any input,
as the sequence of configurations is uniquely determined (and practically, this is also a usual way to define
determinism). However, if we consider the same automaton (or its part) but changing the alphabet to allow
more letters, the automaton becomes not deterministic any more, as the different transitions, the movement of
the first or the second head may lead to different configurations in this case.

This type of ambiguity with determinism is in close relation to the following issue concerning context-free
derivations. Let us have the grammar with only one nonterminal S and the production S — SS, then in the
second step of the derivation applying this rule, we have SS = SSS independently which S (the left or the
right) of the sentential form is rewritten, and thus, this derivation step refers to the construction of two different
derivation trees.

As we have discussed above, the second head does not really contribute in case of languages over the unary
alphabet. This can be stated in the formal was as follows.
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Proposition 4.2. Let A be a sensing 5 — 3" WK automaton that accepts the unary language L. Then, there
is a sensing 5’ — 3" WK automaton A’ accepting the same language L such that in every transition of A’, the
second head reads the empty word \. Moreover, if A is quasi-deterministic, then so is A’.

Proof. The proof is constructive, consider A and replace each of its transitions, p € §(q, u,v) (where p, ¢ states
and u,v € a*) by the transition p € d(g, uv, A). Obviously, the accepted language is the same. Moreover, by the
definition of quasi-deterministic sensing 5 — 3’ WK automaton, this property of A is kept in the construction
and thus A’ also has it, if A had. O

The previously constructed automaton A’ is, in fact, equivalent to a one-head finite automaton with string-
reading feature. For these automata, the quasi-determinism allows a wider range of nondeterminism than for
NFA+)\. Here, an automaton may have multiple transitions allowed at the same configuration by reading various
length parts of the input. However, if more than one transitions are allowed, then they must go to the same
state. In this way we can establish the following relationship.

Theorem 4.3. Let A be a sensing 5 — 3' WK automaton that accepts the unary language L. If A is quasi-
deterministic, then it is also state-deterministic.

Proof. Let A be a quasi-deterministic sensing 5" — 3’ WK automaton over the unary alphabet. Consider com-
putations by A. Clearly, any input string is of the form a*, and thus, if the input is long enough, every transition
from the actual state are allowed at the same time, thus all transitions must go to the same state. O

The previous theorem applies also to the special case, when only the first head is used and the automaton
reads at most one letter in a transition, i.e., we state the following.

Corollary 4.4. In the case of unary one-head automata the concepts of state-determinism and quasi-
determinism coincide.

5. 2-HEAD AUTOMATA WITH VARIOUS TYPES OF DETERMINISM

We start this section by showing that quasi-determinism is a generalisation of both determinism and state-
determinism also in the case of our 2-head automata model. The following statements are consequences of the
definitions of the used types of determinism.

Proposition 5.1. If A is a deterministic sensing 5 — 3 WK automaton, then A is quasi-deterministic.

Proof. In deterministic sensing 5" — 3’ WK automata, for each possible configuration of a computation, there
is at most one next configuration, and, thus, its state is the only state that can be reached from the given
configuration in one computation step. O

Proposition 5.2. If A is a state-deterministic sensing 5 — 3" WK automaton, then A is quasi-deterministic.

Proof. In state-deterministic sensing 5" — 3 WK automata, for each possible configuration of a computation,
there is at most one state that can appear in any of the next configurations, and, thus, this unique state (if
any) is the one that proves the quasi-determinism. O

The previous result with Theorem 4.3 implies the following.

Corollary 5.3. In the case of unary alphabet the concepts of state-determinism and quasi-determinism coincide
for sensing 5 — 3' WK automata.

At this point, we can also deduct that the language class accepted by quasi-deterministic sensing 5’ — 3’
WK automata contains 2detLIN, the language class accepted by deterministic sensing 5 — 3’ WK automata
and also the language class accepted by state-deterministic sensing 5 — 3’ WK automata. Now we show that
both of these inclusions are proper, and thus, in the general case, these concepts differ from each other.
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Proposition 5.4. The language L, = {a™b" | m < n < 2m} is accepted by a quasi-deterministic 5 — 3" WK
automaton, but is not accepted by any deterministic sensing 5’ — 3 WK automaton.

Proof. On the one hand, L is accepted by a 5 — 3’ WK automaton having only one state and two loop
transitions with (a,b) and (a,bb). Obviously this automaton is quasi-deterministic, always only its sole state
can appear in any next configurations.

On the other hand, we need to prove that this language is not in 2detLIN; the proof goes by contradiction.
Let us assume that a deterministic sensing 5" — 3’ WK automaton A with initial state ¢ accepts L,. Let k be the
number of states of A and let r be the maximal length of the words A may read in a transition (radius of A). Let
m = 3kr. Consider the words a™b™ and a™b*™. Both are in L,, however their accepting computation must start
exactly in the same way in the first 2k steps (A may read at most 2kr a-s by the first head and at most that many
b-s by the second head during this part of the computation). Thus there is a state which appears in more than one
configurations in this part of the computation, let it be p (may be the same as ¢). This part of the computations
on the two above words can be written as (g, a™b™) =* (p,a™ " 1b™ 1) =* (p,a™ 2p™I2) =* (f1,\) and
(q,a™b*™) =* (p,a™~1bp?m i) =* (p,a™~2p?"I2) =* (fy, \) with accepting states f1, fo. Let us analyse the
relation of io — 41 and js — j1, i.e., the number of a-s and b-s read in the cycle.

o If i — iy > jo — j1, i.e., more a-s are read than b-s, then we also have the accepting computation
(q7 am+i27i1bm+j27j1) :>* (p7 am+i272i1 bm+j272j1) :>* (p7 amfz'l bmfjl) é* (p7 aTTL7’L'2bm7j2) :>* (fh )\)
contradicting to the fact that the word a™ %2~ pm+i2=J1 is not in L,,.

e In the case is —i; = jo — j1, i.e., the computation reads the same number of a-s and b-s in the cycle,
we have the accepting computation (g, a™~(2=1)p2m=(i2=i)) —* (p gm—i2p2m=iz) =* (f, \). However,
in this case, m — (ia —41) = m — iz + 41 is less than the half of 2m — (ia — i1) = 2m — iy + i1, and thus,
qm—(i2—in)p2m—(i2—i1) ig not in L,.

e Finally, if iy — i1 < jo — j1, then there is an accepting computation (q,a™ (2=)pm—(2=71)) ==
(p,a™2p™m32) =* (f1, \), however, the word a™~(2=#1)pm=(2=71) contains more a-s than b-s showing
the contradiction in this case.

O

Proposition 5.5. The reqular language b*ab* + b* is not accepted by any state-deterministic sensing 5 — 3’
WK automata, but it is accepted by some quasi-deterministic sensing 5 — 3' WK automata.

Proof. The first part of the proof goes by contradiction, thus, assume that there is a state-deterministic sensing
5" — 3’ WK automaton A accepting b*ab* + b*. Since the language is infinite, A must have a cycle. Definitely, A
has a transition where letter a (or a string containing letter a) is being read by either head and let us refer to this
head by h. Considering this transition, it cannot be in the cycle, since it would allow to read more than one a in
an accepted word. However, in a state-deterministic automaton, there are only finitely many states that are not
in the cycle, and these states can only be visited during a computation only before the computation enters to the
cycle. Thus, the mentioned transition must be from a state which can be visited before the computation enters
into the cycle, let us refer to this state by p. However, in the finitely many possible computations connecting
the initial state go to p, head h can read at most a given finite number, let us say j, of b-s (depending both on
the numbers of states in this path, and also on the length of the read words of the transitions of the path). But,
then it would be impossible for A to accept a word such that its prefix (if h is the left head) or its suffix (in case
h is the right head) has more b-s (before/after the a, respectively) than j. However, as the language b*ab* + b*
has such words, a contradiction is obtained, and this part of the proof is finished.

Now, on the other hand, the language b*ab* + b* is a regular language, and thus, it is accepted by some
DFA. And a DFA can also be seen as a specific quasi-deterministic sensing 5 — 3’ WK automaton obtaining
the second part of the proof. O

Based on the previous propositions, we can conclude the following result.
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Corollary 5.6. The class of languages accepted by quasi-deterministic sensing 5 — 3 WK automata is a
proper superset of both 2detLIN and the class of languages accepted by state-deterministic sensing 5’ — 3" WK
automata. Formally,

gDWK O 2detLIN and gDWK D sDWK.

As we already mentioned, in the case of finite automata, quasi-determinism may play only a role in complexity,
as, in fact, the class REG of regular languages is characterized by DFA, NFA, NFA+)\ and also by qDFA.
Contrary to this, we have seen that qD sensing 5 — 3’ WK automata are more powerful than deterministic
sensing 5 — 3’ WK automata. Now, we show that gD sensing 5 — 3’ WK automata are still not as powerful as
the general nondeterministic sensing 5" — 3’ WK automata, and thus the new concept, the quasi-determinism
leads to new language classes.

Theorem 5.7. gDWK C LIN = WK.

Proof. The inclusion is trivial from the definition; we need to show only properness. Let us consider the language
L={a"b" | n>0}U{a"b®" | n > 0}. Clearly, it is a union of two linear context-free languages, and it is also
linear. The rest of the proof goes by contradiction. Thus, let us assume that there is a quasi-deterministic sensing
5 — 3’ WK automaton A that accepts L. (W.lo.g., we assume that there are no states in A such that the
only transition is the one that reads no letters from the input.) Let the number of states of A be k and let the
longest string read by a possible transition have length ¢. Now let us consider the words u = q(3k+2)¢p(3k+2)¢
and v = a2k clearly both of them are in L, thus A must accept both of them. On the other hand,
A may read only the prefixes and suffixes of those words, and thus cannot distinguish them.

We shall show that by accepting both of these words by A we can also accept some words that are not in L.
Since the words are long enough, there must be a state during the computation that is repeated, more precisely,
we have the following. As one step of the computation may process at most 2¢ letters (in fact, at most ¢ by the
first head and at most ¢ by the second head), the accepting computation on u (and also on v) must take more
than 3k steps. By the pigeon-hole principle, there must be a state that appears at least 3 times during such
accepting computation (already in the first 2k 4+ 1 configurations, i.e., during or right after the first 2k steps).
Now, in the first 3k steps, both in u and v, the first head can only read a-s, i.e., in each step, a word from a*
is read with length at most ¢. Similarly, the second head can read only word of b* with length at most ¢. Since
A is quasi-deterministic, in each of these first 3k steps, the computation goes through the same sequence of
states. In this way, if ¢ is a state that is used in at least three different configurations in the first 3k steps (we
already have shown that such a state exists, maybe ¢ = qo), then we have an accepting computation on u as
(qo,u) =* (g,a" ) =* (g,a™2b’?) =* (), q¢) with some accepting state g5 € F. By the cycle of the computation
made from state ¢ to reach again state g, it is clear that the word v/ = @Bk +2)e+nli2—i1) p(3k+2)4n(2=51) g also
accepted for all positive integer n, which implies that io — 71 = jo — j1. Let this number be denoted by z, i.e.,
x =149 —i1. In such a cycle, A reads x a-s and x b-s, and x > 0.

Now, considering the accepting computation on v which also goes through ¢ more than once during the first
3k steps, i.e., it can be written as (qo, v) =* (g, a®®b?) =* (q,a™b*) =* (), q}) with an accepting state q}. Here,
there is also a cycle in the computation determined by the above two configurations containing state q. However,
if one inserts the previously studied cycle of the accepting computation on u here, then we get a computation
that is also accepting on the word w = aGkF2DH2pER+DET (g0 4)) =+ (g, a3 T2hisHE) =+ (g, a4 T2HIaHe) =+
(g, a’bir) == (), qy). However, the numbers of a-s and b-s in w are neither equal (as £ > 0), nor the number of
b-s is double than the number of a-s (as & > 0). This contradicts to the fact that A accepts L. O

We have just proven that the class of languages accepted by quasi-deterministic sensing 5" — 3’ WK automata
is a new sublinear class of languages. From now on we also refer to this class, gDWK, as the class gD-LIN of
quasi-deterministic linear languages.
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6. CLOSURE PROPERTIES OF THE QUASI-DETERMINISTIC 2-HEAD
AUTOMATA LANGUAGES

In this section some properties of the quasi-deterministic linear languages is shown.

Theorem 6.1. The class of quasi-deterministic linear languages is not closed under union, intersection,
complement, concatenation and Kleene-star.

Proof. Let us prove the statements one by one:

e union: We have already shown in the proof of Theorem 5.7 that the language L = {a™b™ | n > 0} U
{a"b®" | n > 0} is not accepted by any quasi-deterministic sensing 5 — 3’ WK automata. On the other,
hand both {a™" | n > 0} and {a"b?" | n > 0} are 2detLIN languages and thus accepted by some quasi-
deterministic sensing 5 — 3’ WK automata, which completes the proof of this case.

e intersection: Considering the languages {a"b"a™ | n,m > 0} and {a™b™a™ | n,m > 0}, they are both in
2detLIN. Their intersection is {a™b"a™ | n > 0} which is not even context-free, thus it is definitely not
accepted by any quasi-deterministic sensing 5" — 3’ WK automata.

e complement: Consider the language L, = {a™b" | m < n < 2m} of Proposition 5.4 (over {a,b}) which
was proven to be in qD-LIN. Now let us take its complement L’. Clearly L’ is the union of the following
five languages: a*, b™, (a + b)*ba(a + b)* and {a™b™ | m < n}, {a™b™ | m > 2n}. Notice that the union
of the first three mentioned languages is still regular, but the latter two languages are nonregular linear
context-free languages and they are containing all the words of L’ for which the expression a™b* matches.
The proof goes by contradiction.

Let us assume that there is a quasi-deterministic sensing 5 — 3’ WK automaton A that accepts L'.
(W.lo.g., we assume that there are no states in A such that the only transition is the one that reads
no letters from the input.) Let the number of states of A be k and let the longest string read by a
possible transition have length £. Now let us consider the following words of L': u = a(3¥+2)¢+1pBk+2)¢ 5nq
v = aBFFOk+DIT. A st accept them. As A can read only the prefixes and suffixes of those words,
cannot distinguish them in the beginning of the computation and we shall show that by accepting both
of these words, A also accepts some words that are not in L.

As one step of the computation may process at most 2¢ letters (in fact, at most ¢ by the first head and at
most ¢ by the second head), the accepting computation on « (and also on v) must take more than 3k steps.
By the pigeon-hole principle, there must be a state that appears at least 3 times during such accepting
computation (already in the first 2k + 1 configurations, i.e., during or right after the first 2k steps). Now, in
the first 3k steps, both in u and v, the first head can only read a-s, i.e., in each step, a word from a* is read
with length at most ¢. Similarly, the second head can read only words of b* with length at most ¢. Since
A is quasi-deterministic, in each of these first 3k steps, the computation goes through the same sequence
of states. In this way, if ¢ is a state that is used in at least three different configurations in the first 3k
steps, then we have an accepting computation on u as (qo,u) =* (g,a" ') =* (g,a"2b’?) =* (), qs) with
some accepting state gf € F'. Let  and y denote the number of a-s and b-s processed during the cycle,
i.e., T =11 — iy and y = j; — j2. By repeating the cycle of the computation once more, clearly the word
u = aBFE2HIF2p(3k+2) 04y iy also accepted. This (u' € L) implies that the condition 2 > y should be
fulfilled (as this cycle is made in at most as k steps, it is not possible that «’ belongs to {a™b™ | m > 2n}
since y < kf).

Now, let us consider the accepting computation on v which also goes through on the asme state g more
than once during the first 3k steps. By inserting the previously studied cycle of the accepting computation
on u here, we get a computation that accepts the word w = aGF+t2)e+ep(k+Dl+14y  However, w € L'
implies that the condition y + 1 > 2z met. This is equivalent to y > 2x. (Here, it is impossible that w
belongs to {a™b™ | m < n} as x < k(.)

Now, summarizing our conditions, v/, w € L’ implies x > y > 2z which is impossible if at least one of
T or y is positive.
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This contradicts to the fact that A accepts L’ and thus the language L’ is not in qD-LIN.

e concatenation: Considering the languages {a™b" | n > 0} and {¢™d™ | m > 0}, they are both in 2detLIN.
Their concatenation is {a"d"c¢™d™ | n > 0} which is not a linear context-free language, thus it is not
accepted by any quasi-deterministic sensing 5 — 3’ WK automata.

e Kleene-star: Consider the 2-detLIN language {a™b™ | n > 0}. Its Kleene-star is not a linear context-free
language, thus it is not accepted by any quasi-deterministic sensing 5 — 3’ WK automata.

O

7. VARIANTS OF SENSING 5 — 3 WK AUTOMATA: HIERARCHY RESULTS

In this section, we consider some restricted variants of quasi-deterministic sensing 5 — 3’ WK automata
and the language classes accepted by them. We concentrate on hierarchy results among these classes. The class
REG of regular languages is also compared to these classes.

We start with the simplest variants, the stateless ones.

Proposition 7.1. Fuvery stateless sensing 5 — 3" WK automaton is quasi-deterministic.

Proof. In a computation of a stateless automaton, the sole state appears in every configuration, thus the
automaton must be quasi-deterministic. O

As the quasi-determinism is a condition that does not have any influence on the other usual restrictions, the
previous proposition implies the following facts.

Corollary 7.2. The class of N sensing 5" — 3" WK automata is the same as the class of ¢gDN sensing 5’ — 3/
WK automata.

The class of NS sensing 5 — 3 WK automata is the same as the class of ¢DNS sensing 5 — 3 WK
automata.

The class of N1 sensing 5’ — 3 WK automata is the same as the class of gDN1 sensing 5’ — 3" WK automata.

Based on the results proven in [16, 17], we can establish the following hierarchy results.
Corollary 7.3. ¢DNWK 2 ¢DNSWK 2 qDN1WK.

Further, by observing that the language of Proposition 5.5 cannot be accepted by a quasi-deterministic
stateless sensing 5 — 3’ WK automata), we state that to be stateless is stronger restriction than to be quasi-
deterministic.

Proposition 7.4. gDNWK C qDWK = ¢D-LIN.

Now, we analyse the relation of the class REG of regular languages to stateless variants of quasi-deterministic
sensing 5" — 3’ WK automata.

Similarly as in case on nondeterministic and state-deterministic sensing 5 — 3’ WK automata (see [16, 17]
and [24], respectively), on the one hand, we have:

Proposition 7.5. gDNSWK C REG
Proof. The qDNS sensing 5 — 3’ WK automata can accept only special regular languages of the form (v +-- -+

v;)*(u1 + - - - +u;)*, where the transitions in which the first head can read are {¢} = 6(¢q,v1,A) = --- = 0(q, vi, A)
and the transitions with the second head are {¢} = d(g, \,u1) = --- = (g, A, u;). Furthermore, we have also
shown a regular language in Proposition 5.5 that cannot be accepted by any gD stateless sensing 5" — 3’ WK
automata. O

On the other hand, there are non-regular languages that are accepted by qDN sensing 5" — 3’ WK automata:

Example 7.6. Let us consider the gDN sensing 5 — 3’ WK automaton with only one transition, {¢} = d(q, a, b).
This automaton accept the non-regular language {a™b" | n > 0}.
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Corollary 7.7. The class gDNWK of languages accepted by qDN sensing 5 — 3’ WK automata and the class
REG of regular languages are incomparable under set-theoretic inclusion relation.

Now we involve to the study the all-final variants to obtain some new results.
Proposition 7.8. ¢DFI1WK 2 qDN1WK.

Proof. The inclusion comes directly from the definition. We need to prove the properness. Let us consider
the regular language ba* + a*. A qDF1 sensing 5 — 3’ WK automaton that accepts it can be given as
({g,p},{a,b},q,{q,p},9), with {q} = d(q, \,a) and {p} = d(q, A\, b).

Now, we argue that no qD stateless sensing 5" — 3’ WK automata can accept this language. In fact, to accept
the language by a stateless variant, there must be a transition from its sole state to itself that allows to read
a letter b (or a string that contains it). However, then by the iterative use of this transition, words containing
more than one b would also be accepted. O

Proposition 7.9. ¢gDFSWK D qDF1WK.

Proof. The inclusion is clear from the definition. To show its properness, let us consider the following qDFS
sensing 5 — 3’ WK automaton: ({p,q}, {a,b},q,{p,q},9) with {p} = 0(q,aa, N), {¢} = d(p, A, bb). It accepts
the language {a®"b*" | n > 0} U {a®>"+*Dp?" | n > 0}.

On the other hand, it is clear that if a qDF1 sensing 5 — 3’ WK automaton accepts a word w of length k,
then its accepting computation contains exactly k steps, and there are words in the accepted language by each
positive integer length up to k based on the given accepting computation in w (composed by the read prefix
and read suffix of the input word). Since, e.g., in the previous language, there is a word with length 2, but there
is no word with length 1, clearly it cannot be accepted by any qDF1 sensing 5 — 3’ WK automata. O

Proposition 7.10. The class gDF1WK of languages accepted by ¢DF1 sensing 5 — 3’ WK automata is
incomparable under set-theoretic inclusion relation with both gDNWK and gDNSWK.

Proof. On the one hand, using longer strings vy (1 < k <) and ug (1 <k < j) than one letter in the regular
expression shown in the proof of Proposition 7.5 and the argument of the end of the proof of Proposition 7.9
about qDF1 sensing 5 — 3’ WK automata and their languages, it is easy to obtain a language that is accepted
by gDNS sensing 5 — 3’ WK automata, but not with any qDF1 sensing 5 — 3’ WK automata. On the other
hand, the proof of Proposition 7.8 shows a language that is accepted by qDF1 sensing 5 — 3’ WK automata,
but not with any qDN sensing 5" — 3’ WK automata and this completes the proof of both statements. O

Moreover, we have:

Proposition 7.11. ¢gDFSWK 2 ¢qDNSWK and gDFWK > qDNWK.
Further, the class gDFSWK of languages accepted by gDFS sensing 5 — 3' WK automata is incomparable
with the class gDNWK of languages accepted by qDN sensing 5 — 3' WK automata.

Proof. The inclusions come from the definitions, we need to prove only their properness. The language ba* + a*
used in the proof of Proposition 7.8 is accepted by a qDF1 sensing 5 — 3’ WK automaton, which is also a qDFS
and a qDF sensing 5 — 3’ WK automaton. On the other hand, this language cannot be accepted by any gD
stateless sensing 5’ — 3’ WK automaton by the argument used in the second part of the proof of Proposition 7.8.

The above example proves also one side of the stated incomparability. To complete the proof we need to find
a language that is accepted by qDN sensing 5 — 3’ WK automata, but not with any qDFS sensing 5’ — 3/
WK automata. An example of such a languages is Ly = {a®"3" | n > 0}. A stateless automaton having only
one loop transition by (aaa,bbb) suffices. On the other hand, we need to show that we cannot accept L3 by
any FS automaton. The proof goes by contradiction. Let us assume that A is a qDFS sensing 5 — 3’ WK
automaton that accepts L3. Let the length of the longest string A can read in a transition be r. Consider, the
word w = a®"b3" € L3 which must be accepted. However, in the first step of the computation A may read only
the prefix (by the first head) or only the suffix (by the second head) with length at x, where = < r. Since A
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is all-final, it is also accepting then it would also accept a® or b* (depending on which head would start the
accepting computation on w), but none of those words are in Lz. This contradiction shows that Lz cannot be
accepted by any qDFS sensing 5 — 3’ WK automata and the proof is completed. O

We can refine the hierarchy here as follows: on the one hand, it is known that state-deterministic sensing
5" — 3’ WK automata are more powerful that their stateless variants; on the other hand, in [24] it is also proven
that every language that is accepted by state-deterministic sensing 5 — 3’ WK automata can also be accepted by
all-final state-deterministic sensing 5" — 3’ WK automata. However, in fact, every all-final state-deterministic
sensing 5 — 3/ WK automaton is an all-final quasi-deterministic sensing 5 — 3’ WK automaton. Further,
as we have seen in, e.g., Proposition 5.5, the language b*ab* + b* is not accepted by any state-deterministic
sensing 5" — 3’ WK automata. But this language is accepted by the automaton ({a, b}, {q,p},q,{q,p},d) with
5(q,b,\) = q,d(q,a,\) = p, 6(p,b,\) = p. This is in fact deterministic and quasi-deterministic F1 sensing 5’ — 3’
WK automaton. Thus, we can conclude the following:

Proposition 7.12. gDNWK C sDWK C qDFWK.
Now, we are continuing our study with the latter class.
Proposition 7.13. ¢DFWK D ¢gDFSWK.

Proof. The inclusion is straightforwardly coming from the definition, we shall prove only its properness.
Consider the separating language aaa(ab)*bbb. On the one hand, the qDF sensing 5 — 3’ WK automaton
{p,q},{a,b},q,{p,q}, ) with {p} = d(q, aaa, bbdb), {p} = §(p, ab, \) accepts it. On the other hand, in a qDFS
automaton, in a transition from the initial state only one of the heads can read some input symbols. The shortest
nonempty word of the language is aaabbb, thus either this is read by one of the heads, or if shorter word is read,
then the automaton will accept that prefix or suffix of aaabbb leading to a contradiction. However, if the whole
aaabbb is read by one of the heads, then this must be the prefix (if the left head is used) or the suffix (if the
right head is used) of the other words that are accepted. Since this is not true for the language, there could not
be any qDFS automaton that accepts it. O

Now we continue with relations of REG to all-final variants of our 2-head automata.
Lemma 7.14. The regular language L’ given by b*ab* is not accepted by any gDF sensing 5 — 3’ WK automata.

Proof. The proof goes by contradiction. Let us assume that A is a qDF sensing 5 — 3’ WK automaton that
accepts L'. Let k is the length of the longest string that can be read by a transition of A. Consider the word
w = b *+1ab?*+1 which is in L'. Let us consider its accepting computation. The all-final A reads k; (at most
k) b-s from the prefix and ko (at most k) b-s from the suffix of w in the first step of the computation. However,
as all states are final, this leads that the input word b*1b*2 would also be accepted, however it is not in L’. By
this contradiction the lemma is proven. O

Now we are ready to state some further incomparability results.

Proposition 7.15. Fach of the classes gDFWK, qDFSWK and qDF1WK is incomparable with the class
REG of regular languages under set-theoretic inclusion relation.

Proof. On the one hand, we have shown in Lemma 7.14 a regular language that is not accepted by any automata
of the mentioned classes of the sensing 5 — 3’ WK automata.

On the other hand, let us consider the ¢DF1 sensing 5 — 3 WK automaton defined as
({a,b},{q,p,7}, ¢, {q,p,r},d) with é(q,a, A) =p, 6(¢g,b,\) =1, 6(p, A\,a) = g and §(r, A\,b) = ¢. This automaton
accepts the language of palindromes over {a,b} which is a well-known non-regular language. O

Now, we state a relation concerning 2detLIN, the class of languages accepted by deterministic sensing 5’ — 3/
WK automata.

Proposition 7.16. ¢D1 WK D 2detLIN.
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Proof. Tt has been shown in [22] that 2detLIN is also accepted by the class of deterministic 1-limited sensing
5 — 3’ WK automata. On the other hand, as an implication of their definitions, each D1 sensing 5 — 3’ WK
automaton is a qD1 sensing 5 — 3’ WK automaton, which implies the statement. O

In fact, D1 sensing 5" — 3’ WK automata are those qD1 sensing 5 — 3’ WK automata in which exactly one
of the heads are allowed to read in each state. As one may easily design a qD1 sensing 5 — 3’ WK automaton
that does not satisfy this property, this latter model is more powerful than the deterministic sensing 5 — 3’
WK automata. We come back to this point in Theorem 7.20.

Knowing that REG C 2detLIN, based on the previous theorem and the argument in the proof of
Proposition 7.9 about qDF1 sensing 5 — 3’ WK automata, we also infer the following inclusion:

Corollary 7.17. ¢DIWK D qDF1WK.
Moreover, based on Proposition 7.15 we have also:
Corollary 7.18. ¢DSWK D qDFSWK and gD-LIN D ¢DFWK.

Lemma 7.19. The language {a™b™ | n < m < 2n} is accepted by the gD1 sensing 5 — 3’ WK automaton
shown in Figure 3 (left).

Proof. First of all, it is obvious that the automaton is 1-limited and quasi-deterministic: the only branching is
at state 4, and it is a deterministic decision by the letter being read with the first head. However, the automaton
is not deterministic due to the transitions from state 7 to state 2.

Now, we shall show that the automaton is accepting the language L, = {a™b™ | n < m < 2n}.

The automaton consists of a beginning part, a cycle and a tail part. Let us see which words are accepted
without visiting any state more than once, i.e., without completing a full cycle:

state || 0 | 2 3 4 6 7 8 9
word || A | ab | abb | aabb | aaabbb | aaabbbb | aabbb | aabbbb

Clearly, all these words are in L,, moreover all words of L, up to length 7 is accepted without completing a
cycle in the computation. Notice that L, contains exactly one word with length 7 (and that is accepted by state
7 above).

After completing the first cycle, by the last step either the first head reads an a or the second head reads a
b, and by state 2 at this time the words aaaabbbb and aaabbbbb are accepted respectively, and these are exactly
the two length-8 words of L,.

Thus, the computation reaching state 2 in the beginning consumes exactly one a from the prefix and one b
from the suffix of the input. One cycle consumes either 3 of the a-s (by the first head) and 3 of the b-s by the
second head OR 2 of the a-a and 4 of the b-s. Now we may assume that the computation may go through on
the cycle k times. Then by state 2 all of the words a3#T1p3k+1 ¢3kp3k+2  ¢2k+1p4k+1 are accepted, notice that
they are exactly the 6k 4 2 length words of L,. Further, after the k-th cycle of the computation, the following
words are accepted by the automaton with the other states:

state | accepted words
3k+1p3k+2 3kp3k+3 2k+1p4k+2
3 aBkH1p3k+2 o3kp3k+3 o g2ktlptk
3k+273k+2 - 3k+1p3k+3 2k+2p4k+2
4 @Bk T2p3ht2 o3kt1p3kt3 g 2k+2pdk
3k+373k+3  3k+27.3k+4 2k+3p4k+3
6 a b ,a b Sy b
7 a3k +3p3h+4 o 3k+2)3k+5 q2k+3pak+4
, e
3k+2p3k+3 ,3k+173k+4 2k+2p4k+3
8 a b ,a b ey b
9 a3R2pBh BRIk o 2k2paka
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FIGURE 3. A 1 quasi-deterministic sensing 5 — 3’ WK automaton accepting {a"b™ | n < m <
2n} (left) and an F1 quasi-deterministic sensing 5 — 3’ WK automaton for a related language
(right).

It is easy to see that by state 3, 4 and 8 all the words of L, are accepted with length 6k + 3, 6k + 4 and 6k + 5,
respectively. (There are the same number of words in L, with each of these lengths, i.e., by 6k + 2, 6k + 3,
6k + 4 and 6k + 5.) On the other hand, with states 6 and 9 all the words of L, with length 6k + 6 are accepted.
Notice that their number is one more than the number of the words with length 6k 4+ 5. The number of words
with length 6k 4 7 is again the same as the number of words with 6k + 5, and exactly those are accepted by
state 7. By reaching state 2, and length 6k + 8, the number of words is one more than the number of words
with length 6k 4 7, and they are accepted by state 2, as we have already seen.

Consequently the automaton accepts exactly L,. O

Now based on the above result, relations between 2detLIN and various classes of languages accepted by qD
sensing 5" — 3’ WK automata are established.

Theorem 7.20. ¢gD1WK 2O 2detLIN.
Further, each of the classes qDF1WK, gDFSWK, qDFWK and gDNWK s incomparable with the class
2detLIN.

Proof. To show the above relations we show that the language accepted by the qDF1 sensing 5 — 3 WK
automaton shown in Figure 3 (right) is not in 2detLIN. On the one hand, in this way, we complement the
result of Proposition 7.16 by proving properness of the inclusion, and, on the other hand, this leads to the
incomparability results based also on Propositions 7.15 and 5.4.

The F1 automaton is a variant of the automaton discussed in Lemma 7.19. In fact it accepts the same
language with some “extra” words by states 1 and 5: by state 1 it accepts also a, while with state 5, along some
words of L,, it also accepts one word in each cycle which does not belong to L,, in the k-th cycle (k > 1) it is
a®*b% 1. Let us denote this language by L/,.

Now, we shall prove that L] is not in 2detLIN and our proof goes by contradiction.

Let us assume that a deterministic sensing 5 — 3’ WK automaton A with initial state ¢ accepts L. Let
k be the number of states of A and let » be the maximal length of the words A may read in a transition
(radius of A). Let m = 6kr. Consider the words a™b™ and a™b*™ of L. Their accepting computation must
start exactly in the same way in the first 4k steps (A may read at most 4kr a-s by the first head and at
most that many b-s by the second head during this part of the computation). Thus, there is a state which
appears more than one configurations in this part of the computation, let it be p (may be the same as gq).
This part of the computations on the two above words can be written as (g, a™b™) =* (p,a™ 1pm 1) =*
(p,am~2bm=I2) =* (f1,\) and (q,a™b?™) =* (p,a™ " UYPMI) =* (p,a™T2h2M7I2) =% (fy, \) with accept-
ing states f1, fo (not necessarily different states). Moreover, the computation, as it is deterministic, for such
long inputs must go through the cycle more than once (for us it is enough to use that at least twice). Let
T =iy — iy and y = jo — j1, i.e., the number of a-s and b-s read in the cycle. Clearly, A also accepts the
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FIGURE 4. A hierarchy of the language classes of quasi-deterministic sensing 5 — 3 WK
automata in a Hasse diagram (left). The abbreviations gDWK refers to the language classes
accepted by quasi-deterministic 5 — 3’ WK automata; S, F, N, 1 and their combinations
are used to abbreviate the restricted variants of qD sensing 5 — 3’ WK automata. Arrows
show proper inclusions, while lines without arrow head show inclusions where the properness
is left open. On the right, incomparable classes are connected. For the proven inclusions and
incomparability relations the number next to the arrow/line shows the number of the given
Theorem, Proposition or Corollary. Blue color shows some related language classes, e.g., SDWK
refer to the language classes accepted by state-deterministic 5° — 3’ WK automata.

following words (by taking two less/one less/one more/two more times) of the above mentioned cycle of
the computation: a™ =22y~ qm2p2m=2y gmoepm—y gmorpEm—y gmtzpmty gmtwpimty gmt2rpm+2y a5

a™t2ep2m+2y respectively. Let us analyse the relation of x and y.

e If z >y, then 2z > 2y + 1 and thus a™*22b™*+2Y is definitely not in L. (Notice that the only words of
L! that have larger number of a-s than b-s are the “extra” ones accepted by state 5 of the automaton in
Figure 3 right, having exactly one more a-s than b-s.)

e In the case z =y, then a™ *b™ ¥ ¢ L/ as m — x is less than the half of 2m — y = 2m — z, and L, does
not contain any words with this property.

e Finally, if z < y, then m — 22 > m — 2y + 1, i.e., the word a™~2%b™~2¥ contains more a-s than b-s by at
least two and thus it should not be accepted as it is not in L.

As in each case we have proven the acceptance of a word not in L/, the proof is completed, and no deterministic
sensing 5" — 3’ WK automaton A can accept L/. Thus, the statements of the theorem are proven. O

By definition of the restricted variants, we also know the following:

Corollary 7.21. ¢DSWK C ¢qDWK = ¢qD-LIN and gDSWK D> ¢qD1WK.

8. CONCLUSIONS

We have considered a kind of generalisation of determinism in the case of finite state machines. Quasi-
determinism may allow a type of nondeterminism that is based on the input being processed during a
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computation step. In a quasi-deterministic automaton, the state of the next configuration in the computa-
tion is determined, but the next configuration itself may not be. This new type of determinism also generalise
the recently introduced notion of state-determinism. We have shown that quasi-determinism is entirely the
same as determinism in the case of A-transition free NFA. On the other hand, for WK automata, especially, for
sensing 5" — 3’ WK automata, because of the two heads and the string-reading feature, it is more interesting.
Knowing that the family of sensing 5" — 3’ WK automata accept the family of linear context-free languages,
we have shown that a new sublinear language class is accepted by the new model, that is a proper superclass
of the class 2detLIN of languages accepted by deterministic sensing 5 — 3’ WK automata. Some (non)closure
properties of this class are also proven.

We have also studied various restricted classes, and proved various hierarchy results among them, for their
summary see Figure 4. The properness of two of the inclusions, gDSWK C gDWK and gDSWK D qD1WK,
are left for the future research. Quasi-determinism may also be expanded to various other types of automata,
including models based on 5" — 3’ WK automata, e.g., automata with multiple runs [11], jumping 5 — 3’ WK
automata [41], 2-head/linear automata with translucent letters [42, 43] and 5" — 3’ WK transducers [44, 45].
It is known that for context-free languages stateless (i.e., one-state) pushdown automaton suffice. Moreover,
for a class of mildly context-sensitive languages a 2-head extension of the pushdown automata can be used
and stateless variants are already accepting the language class [46, 47]. In case of these models the state of
each configuration is the sole state, and thus, these models are automatically fulfill the definition of both state-
determinism and quasi-determinism. On the other hand by adding other type of restriction on these models,
e.g., having only one stack symbol by obtaining counter machines, the states become important and the new
concepts make sense. Therefore, it is a task of future research to apply and establish the computational power
of these models combined by the new types of “determinism” investigated here. 2-head models are also opt to
accept circular words [48], it could also be interesting to see how the classes of accepted circular words change
when the quasi-deterministic variants are considered.
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