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k-FREE NUMBERS IN A GENERALIZED PIATETSKI-SHAPIRO

SEQUENCE

Jinyun Qi1, Lingyu Guo2 and Victor Zhenyu Guo2,*

Abstract. A generalized Piatetski-Shapiro sequence is of the form

{⌊αnc + βn+ θ⌋}∞n=1 (c > 1, c /∈ N)

where α, β, θ are real numbers and α > 0. The case when α = 1, β = θ = 0 is the normal Piatetski-
Shapiro sequence. In this article, we estimate the k-free numbers in the generalized Piatetski-Shapiro
sequence, namely

A(x) =
∑
n⩽x

⌊αnc+βn+θ⌋ is k-free

1

We obtain the main term and establish bounds for the error term depending on k and c.
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1. Introduction

The Piatetski-Shapiro sequences are defined by

N (c) = (⌊nc⌋)∞n=1 (c > 1, c /∈ N).

Here we denote by ⌊t⌋ the integral part of t. We also denote by {t} the fractional part of t. These sequences have
attracted considerable attention since Piatetski-Shapiro [1] proved that the sequence N (c) contains infinitely
many primes for c ∈ (1, 12/11). More precisely, the counting function

π(c)(x) = |{prime p ⩽ x : p ∈ N (c)}|
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satisfies π(c)(x) ∼ x1/c/ log x as x → ∞. Many other properties of these sequences have been extensively studied,
including smooth numbers [2], Waring problems [3], character sums [4], and small gaps [5] and so on. In this
paper we focus on k-free numbers in a generalized Piatetski-Shapiro sequence.

Recall that for an integer k ⩾ 2, a positive integer n is called k-free if it has no divisor d > 1 that is a perfect
k-th power. The counting function

Qk(x) = |{n ⩽ x : n is k-free}|

satisfies

lim
x→∞

Qk(x)

x
=

1

ζ(k)
,

and the error term Rk(x) = Qk(x)−x/ζ(k) is known to satisfy Rk(x) = O(x1/k) and Rk(x) = Ω(x1/(2k)), where
the symbol “Ω” means

lim sup
x→+∞

|Rk(x)|
x1/2k

> 0.

We refer readers to [6, 7] for further background.
Turning to k-free numbers in Piatetski-Shapiro sequences, Stux [8] studied squarefree numbers and showed

that for 1 < c < 4/3,

∑
n⩽x

⌊nc⌋ is squarefree

1 =
x

ζ(2)
+ o(1). (1.1)

Rieger [9] extended the range to 1 < c < 3/2, obtained a definite estimate of the error with a polynomial saving,
and remarked that the method can be adapted to cube-free numbers. Cao and Zhai [10] further improved the
admissible range for (1.1) to 1 < c < 61/36, and later [11] proved that for 1 < c < 149/87 the Piatetski-Shapiro
sequences contain infinitely many squarefree numbers.

For cube-free numbers, Zhang and Li [12] (following the method of Cao and Zhai [10]) proved that for any
δ < 10−10 and 1 < c < 11/6,

∑
n⩽x

⌊nc⌋ is cube-free

1 =
x

ζ(3)
+ o(x−δ).

Using an approach similar to Rieger’s, for 1 < c < 2, Deshouillers [13] obtained

∑
n⩽x

⌊nc⌋ is cube-free

1 =
x

ζ(3)
+O

(
x(c+1)/3 log x

)
.

In the present work we consider a generalized Piatetski-Shapiro sequence of the form

{⌊αnc + βn+ θ⌋}∞n=1,
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where α, β, θ are real numbers and α > 0. The case when α = 1, β = θ = 0 is the normal Piatetski-Shapiro
sequence. We are interested in the following counting function

A(x) =
∑
n⩽x

⌊αnc+βn+θ⌋ is k-free

1

We study k-free numbers appearing in such sequences and prove the following theorem.

Theorem 1.1. Let α, β, θ be real numbers and α > 0. It gives that

A(x) =
x

ζ(k)
+O

(
Φ(x)

)
,

where Φ(x) is a function depending on k and c as follows.

� k = 2: We have that

Φ(x) = x(2c+1)/4, if 1 < c < 3
2 .

� k = 3: We have that

Φ(x) = x(c+1)/3 log x, if 1 < c < 2.

� 3 < k < 7: We have that

Φ(x) =

{
x(c+1)/3, if 1 < c < 5

4 ;

x3/4+(4c−5)/4k, if 5
4 ⩽ c < 2.

� k ⩾ 7: We have that

Φ(x) =

{
x(c+1)/3, if 1 < c < 5

4 ;

x(c+4)/7 log x, if 5
4 ⩽ c < 2.

The following proposition is a key part to prove Theorem 1.1.

Proposition 1.2. For 1 < c < 2, suppose a and q are two integers such that 0 ⩽ a < q ⩽ xc. Then∣∣∣∣Nc(x; q, a)−
x

q

∣∣∣∣ ≪ min

(
xc

q
,
x(c+1)/3

q1/3
,
x(4+c)/7

q1/7

)
,

where

Nc(x; q, a) =
∑
n⩽x

⌊αnc+βn+θ⌋≡a (mod q)

1.

The proof of Proposition 1.2 follows the ideas in the proof of Theorem 2 by Deshouillers [13] but yields a
much better estimation. This is also a generalization of Claim 1 in [13]. The following Proposition plays an
important role in the work of Proposition 1.2.
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Proposition 1.3. Let x be a real number large enough. Given a1, a2, a3, a4 are four fixed positive real numbers
with a2 > 1, 0 < a3 < 1, 0 < a4 < 1 and

a1 >
a2 − a3
1− a4

.

Let q, a be two integers such that 0 ⩽ a < q ⩽ xa1 . Let f(x) be a real function defined on R satisfying that
f(x) ≍ xa2 , which means there exists a positive constant C, such that |f(x)| = Cxa2 . Define

Af (x; q, a) = |{n ⩽ x : ⌊f(n)⌋ ≡ a (mod q)}|.

If we have that ∣∣∣ ∑
N<n⩽2N

⌊f(n)⌋≡a mod q

1− N

q

∣∣∣ ≪ Na3

qa4
,

it follows that ∣∣∣Af (x; q, a)−
x

q

∣∣∣ ≪ min
(xa2

q
,
xa3

qa4

)
.

We mention that this proposition also follows an idea by Deshouillers [13] but provides a more general result.

2. Technical lemmas

We write e(t) = e2πit. We need the following well-known Erdős–Turán inequality which is Theorem of [14].

Lemma 2.1. Let T denote R/Z. Let (un)
N
n=1 be a sequence of points of T and J = [α, β] be an arc of T with

α ⩽ β ⩽ α+ 1. Then for any positive integers N and K,

|D(N ;α, β)| ⩽ N

K + 1
+ 2

K∑
k=1

(
1

K + 1
+min

(
β − α,

1

πk

)) ∣∣∣∣∣
N∑

n=1

e(kun)

∣∣∣∣∣ ,
where

D(N ;α, β) = Z(N ;α, β)− (β − α)N

and

Z(N ;α, β) = |{n ∈ Z : 1 ⩽ n ⩽ N, un ∈ [α, β] mod 1}|.

Lemma 2.2. Suppose that f is a real valued function with two continuous derivatives on an interval I. Suppose
also that there is some λ > 0 and for some α ⩾ 1 such that

λ ⩽ |f ′′(x)| ⩽ αλ

on I. Then ∑
n∈I

e(f(n)) ≪ α|I|λ1/2 + λ−1/2.
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Proof. See Theorem 2.2 of [15].

Lemma 2.3. Suppose that f is a real valued function with three continuous derivatives on I. Suppose also that
for some 0 < λ < 1 and for some α ⩾ 1,

λ ⩽ |f (3)(x)| ⩽ αλ

on I. Then ∑
n∈I

e(f(n)) ≪ α|I|λ1/6 + λ−1/3.

Proof. See Corollary 4.2 of [16].

3. Proof of Proposition 1.3

Since f(x) ≍ xa2 for x large enough and a2 > 1, the cardinality of Af (x; q, a) is at most the number of
natural numbers not exceeding Kfx

a2 that are congruent to a modulo q where Kf is a constant depending only
on f(x). It follows that ∣∣∣Af (x; q, a)−

x

q

∣∣∣ ⩽ Af (x; q, a) +
x

q
≪ xa2

q
. (3.1)

Since we have

xa3

qa4
⩽

xa2

q
when q ⩽ x(a2−a3)/(1−a4),

it is sufficient to show that ∣∣∣Af (x; q, a)−
x

q

∣∣∣ ≪ xa3

qa4
for q ⩽ x(a2−a3)/(1−a4).

We divide the interval [1, x] by the intervals (2−lx, 2−l+1x], for l from 1 to ⌊log x/ log 2⌋+ 1. We define s1 and
s2 with x2−s1 = qs2 . We first assume that

q < (x2−s1)a1 (3.2)

to make sure that Proposition 1.2 can be applied on the interval (x2−s1 , x]. It follows that

∣∣∣ ∑
x2−⌊s1⌋<n⩽x

⌊f(n)⌋≡a mod q

1− x− x2−⌊s1⌋

q

∣∣∣ ⩽ ⌊s1⌋∑
l=1

∣∣∣ ∑
x2−l<n⩽x2−l+1

⌊f(n)⌋≡a mod q

1− x2−l

q

∣∣∣⩽ ⌊s1⌋∑
l=1

Ka3,a4

xa3

qa4
2−a3l. (3.3)

Since the series
∑

2−a3l is convergent, there exist a constant Ka1,a3,a4
depending only on a1, a3, a4 such that

∣∣∣ ∑
x2−⌊s1⌋<n⩽x

⌊f(n)⌋≡a mod q

1− x− x2−⌊s1⌋

q

∣∣∣ ⩽ Ka1,a3,a4

xa3

qa4
.
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For the interval [1, x2−s1 ], we further assume that

s2 <
1− a4
a2 − a3

. (3.4)

This is equivalent to

(2−s1x)a2

q
<

xa3

qa4

by using the definition of s1. This means that

∣∣∣ ∑
1⩽n⩽2−⌊s1⌋x

⌊f(n)⌋≡a mod q

1− 2−⌊s1⌋x

q

∣∣∣ ⩽ 2(2−s1)a2x

q
≪ xa3

qa4
. (3.5)

Combine (3.3) and (3.5) to obtain the stated result. The condition

a1 >
a2 − a3
1− a4

.

guarantees the existence of s1 and s2 under the conditions (3.2) and (3.4).

4. Proof of Proposition 1.2

We prove the following lemma firstly.

Lemma 4.1. Let c be in (1, 2). For any real number M and integers a and q satisfying

0 ⩽ a < q < M c,

one has ∣∣∣ ∑
M<m⩽2M

⌊αmc+βm+θ⌋≡a mod q

1− M

q

∣∣∣ ≪ min
(M c

q
,
M (c+1)/3

q1/3
,
M (c+4)/7

q1/7

)
. (4.1)

Proof. We first note that

⌊αmc + βm+ θ⌋ ≡ a (mod q) ⇐⇒
{αmc + βm+ θ

q

}
∈
[a
q
,
a+ 1

q

)
,

By Lemma 2.1, for any positive integer H we obtain∣∣∣ ∑
M<m⩽2M

⌊αmc+βm+θ⌋≡a mod q

1− M

q

∣∣∣
⩽

M

H + 1
+ 2

H∑
h=1

( 1

H + 1
+min

(1
q
,
1

πh

))∣∣∣ ∑
M<m⩽2M

e
(αhmc + βhm+ hθ

q

)∣∣∣. (4.2)
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Now we deal with the estimation of the trigonometric sum occurring in (4.2). Letting

f(t) = (h/q)(αtc + βt+ θ),

and

f ′′(t) ≍ (h/q)tc−2.

By Lemma 2.2 we have

∑
M<m⩽2M

e
(αhmc + βhm+ hθ

q

)
≪c (h/q)

1/2M c/2 + (q/h)1/2M1−c/2. (4.3)

For the second part of the right-hand side of (4.2), we consider two cases according to q and choose

H =
⌊
q1/3M (2−c)/3

⌋
.

Case I: q < M1−c/2. It is equivalent to q < H. Inserting (4.3) into (4.2), one can obtain that (4.2) is

≪ M

H + 1
+

q∑
h=1

1

q

∣∣∣ ∑
M<m⩽2M

e
(αhmc + βhm+ hθ

q

)∣∣∣
+

H∑
h=q+1

1

h

∣∣∣ ∑
M<m⩽2M

e
(αhmc + βhm+ hθ

q

)∣∣∣
≪ q−1/3M (c+1)/3 +

q∑
h=1

(h1/2q−3/2M c/2 + q−1/2h−1/2M1−c/2)

+

H∑
h=q+1

(q−1/2h−1/2M c/2 + q1/2h−3/2M1−c/2)

≪ q−1/3M (c+1)/3 +M c/2 +M1−c/2 + q1/3M (2−c)/3 ≪ q−1/3M (c+1)/3. (4.4)

Case II: q ⩾ M1−c/2. This is the same to q ⩾ H. Similarly, we can get that (4.2) is

≪ M

H + 1
+

H∑
h=1

H−1((h/q)1/2M c/2 + (q/h)1/2M1−c/2)

≪ q−1/3M (c+1)/3 +H−1/2q1/2M1−c/2 ≪ q−1/3M (c+1)/3 (4.5)

provided that q < M c−1/2.
Meanwhile, for the estimation of the trigonometric sum in (4.2) we consider another way to handle it. It can

be known that the third derivative of the function f(t) is

f ′′′(t) ≍ (h/q)tc−3,
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where F ≍ G means F ≪ G ≪ F . By Lemma 2.3 we have

∑
M<m⩽2M

e
(αhmc + βhm+ hθ

q

)
≪c (h/q)

1/6M (3+c)/6 + (q/h)1/3M (3−c)/3. (4.6)

Choosing

H = ⌊M (3−c)/7q1/7⌋,

we can get the following.
Case I: q < M (3−c)/6. It is equivalent to q < H. Inserting (4.6) into (4.2), one can obtain that (4.2) is

≪ M

H + 1
+

q∑
h=1

1

q

∣∣∣ ∑
M<m⩽2M

e
(αhmc + βhm+ hθ

q

)∣∣∣
+

H∑
h=q+1

1

h

∣∣∣ ∑
M<m⩽2M

e
(αhmc + βhm+ hθ

q

)∣∣∣
≪ q−1/7M (4+c)/7 +

q∑
h=1

(h1/6q−7/6M (3+c)/6 + q−2/3h−1/3M (3−c)/3)

+

H∑
h=q+1

(h−5/6q−1/6M (3+c)/6 + q1/3h−4/3M (3−c)/3)

≪ q−1/7M (4+c)/7 +M (3+c)/6 +M (3−c)/3 + q1/7M (6−c)/7 ≪ q−1/7M (4+c)/7. (4.7)

Case II: q ⩾ M (3−c)/6. We have that q ⩾ H. Similarly, we can get that (4.2) is

≪ M

H + 1
+

H∑
h=1

H−1((h/q)1/6M (3+c)/6 + (q/h)1/3M (3−c)/3)

≪ q−1/7M (4+c)/7 + q2/7M (6−2c)/7 ≪ q−1/7M (4+c)/7 (4.8)

provided that q < M c−2/3. Note that

M c

q
⩽

M (c+1)/3

q1/3
for M c−1/2 ⩽ q < M c

and

M c

q
⩽

M (c+4)/7

q1/7
for M c−2/3 ⩽ q < M c.

Hence we obtain the stated result.

Using Lemma 4.1, it is sufficient to show that (4.1) holds for any m ⩽ x instead of M < m ⩽ 2M . Next we
deduce Proposition 1.2 from Proposition 1.3. Applying Proposition 1.3 with

(a1, a2, a3, a4) = (c, c,
c+ 1

3
,
1

3
)
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and

(a1, a2, a3, a4) = (c, c,
c+ 4

7
,
1

7
)

respectively, we finish the proof of Proposition 1.2.

5. Proof of Theorem 1.1

It is known that

∑
dk|n

µ(d) =

{
1, if n is k-free;

0, otherwise .

It follows that

A(x) =
∑
n⩽x

∑
dk|⌊αnc+βn+θ⌋

µ(d) =
∑

d⩽(αxc+βx+θ)1/k

µ(d)Nc(x; d
k, 0).

Using Proposition 1.2, we get

A(x) = x
∑

d⩽(αxc+βx+θ)1/k

µ(d)

dk

+O
( ∑
d⩽(αxc+βx+θ)1/k

min
(xc

dk
,
x(c+1)/3

dk/3
,
x(c+4)/7

dk/7

))
. (5.1)

For the main term, we have that

x
∑

d⩽(αxc+βx+θ)1/k

µ(d)

dk
=

x

ζ(k)
− x

∑
d>(αxc+βx+θ)1/k

µ(d)

dk
=

x

ζ(k)
+O

(
x1−2c/3

)
.

The sum in the error term of (5.1) can be discussed in several cases. We first have that

∑
d⩽(αxc+βx+θ)1/k

min
(xc

dk
,
x(c+1)/3

dk/3
,
x(c+4)/7

dk/7

)
≪

∑
d⩽x(4c−5)/4k

x(c+4)/7

dk/7
+

∑
x(4c−5)/4k<d⩽x(2c−1)/2k

x(c+1)/3

dk/3

+
∑

x(2c−1)/2k<d⩽(αxc+βx+θ)1/k

xc

dk
. (5.2)

When k = 2, we obtain that the right-hand side of (5.2)

≪ x(4c+1)/8 + x(2c+1)/4 + x1/2 ≪ x(2c+1)/4.

When k = 3, we prove that the right-hand side of (5.2)

≪ x(c+1)/3 + x(c+1)/3 log x+ x1/2 ≪ x(c+1)/3 log x.



10 J. QI ET AL.

Note that the first sum in (5.2) is empty for 1 < c < 5/4. Thus when k > 3 and 1 < c < 5/4, we arrive that the
right-hand side of (5.2) is

≪ x(c+1)/3 + x1/2 ≪ x(c+1)/3.

If 5/4 ⩽ c < 2, when 3 < k < 7, we prove that the right-hand side of (5.2) is

≪ x3/4+(4c−5)/4k + x3/4 + x1/2 ≪ x3/4+(4c−5)/4k

If 5/4 ⩽ c < 2 and k ⩾ 7, we have that the right-hand side of (5.2) is

≪ x(c+4)/7 log x+ x3/4 + x1/2 ≪ x(c+4)/7 log x.
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