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ON HYBRID MOMENTS OF Aj(z) AND A, (z; @)

QIAN WANG AND JING HUANG"

Abstract. Let As(z) denote the error term in the asymptotic formula for the summatory function
of d(n). Let A1(z;¢) denote the error term in the asymptotic formula of the Riesz mean. This paper
devoted to the study of the hybrid moments of Ax(z) and Aq(z;p).
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1. INTRODUCTION

Let d(n) denote the number of ways n can be written as a product of two factors. The study of divisor
functions is a very important topic in analytic number theory (see [1, 2]). Let Ay(z) denote the error term in
the classical Dirichlet problem, defined by

Aqg(x) = Zd(n) —x(logz + 27 — 1), (1.1)

n<x

where v = —T'(1) = —0.5772- -+ is Euler’s constant. In 1849, Dirichlet first proved that Ay(z) < 2'/2. The
exponent 1/2 was subsequently improved by numerous authors. The current best upper bound is given by
Ay (z) < x°17/1648+¢ egtablished by Bourgain and Watt in [3].

As for the mean estimates of Ag(x), Tong [4] proved an asymptotic formula for the integral of Ay(z), namely

T
/ A%(z)dx = CoT%? + O(T1og” T), (1.2)
1

o0 42
where C5 is the constant given by Cy = # > i?»(/z)' Then in [5], Ivié¢ proved that
n=1

T
/ |Aa(@)]Aoda < THHA A+, (13)
1
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2 Q. WANG AND J. HUANG
where Ay is a fixed positive number (not necessarily an integer). Based on the above two results, we deduce
Ay(x) = O(z/4F%). (1.4)

But this conjecture is very difficult and not yet proven.
As for the higher power moments of Ag(x), Tsang [6] first proved that

T
/ |Ag(z)[3da = C3TT/* + O(TT/4=m+e) (1.5)
2
and

T
/2 Ao (@)|'de = CLT? + O(T2"2+2), (1.6)

where C5 and Cy are positive constants that can be expressed explicitly. Then in [7], the values of n; in (1.5)

and 7, in (1.6) were improved by Zhai to g, = 1 and 7, = 2.
Denote by ¢(z) the holomorphic cusp form of weight  with respect to SL(2,Z). Let a(n) be the n-th Fourier
coefficient of ¢(z) and suppose that ¢(z) is a normalized eigenfunction for the Hecke operators T'(n) , i.e.

a(l) =1 and T(n)e = a(n)y for every n € N. Let ¢,, be the convolution function defined by

¢, =nt"" Z m2(h) ‘a(%)r. (1.7

m2|n

Deligne’s estimate [8] |a(n)| < n*~1/2d(n) implies ¢, = O(n®).
The classical Rankin—Selberg problem concerns the error term function

A(z; ) = Z cn — Cux, (1.8)

n<z

where C' is a positive constant.
We consider the Riesz mean of the type

1

D(z;¢) = T+l Z(x —n)’en (1.9)

n<zx

for any fixed p > 0 and define the error term A,(z;¢) by

7T2I€R0 p+1 Z (0)

Do) =r )™ Y+

af + Ay (x50

where

_ 12(4m)e ! k-2 2
Ro= Loty [ e Paay

oo

Z(s) = chn_s, RNs > 1.
n=1
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The integral is taken over a fundamental domain F of SL(2,Z), with Z(s) extendable to the whole complex
plane. Clearly we have

:/ Aot )dt. (1.10)
0
In 1999, Ivié [9] proved that

Ai(asg) = O(?) (111)

and

/ A3 (z;0)d (Z An —7/4> T8/ 4 O(T3+9), (1.12)
As for the Rankin—Selberg problem, Ivié¢ [10] studied the fourth moment and obtained that

/ A} (x; )dz <. TH/2e, (1.13)

where <. only depends on e. Later, Tanigawa, Zhai and Zhang [11] studied the higher power moments:

T N T8 10g® T, if 0 < A < 16/3,
fl ‘Al(z’ 90)| dr < { T(3+6A)/5 10g5 T, if A > 16/3, (114)

where A > 0 is a fixed constant. Besides, Huang, Tanigawa, Zhai and Zhang [12, 13] obtained the asymptotic
formulas for third, fourth, and fifth power moments for A (z; ).

In this work, we shall study the hybrid moments of As(z) and Aq(z;¢). For Aq(z; ), the exact asymptotic
forms of its higher-power moments have not yet been fully resolved. The study of hybrid moments may indirectly
shed light on new information regarding the individual moments. Our main results are given as follows.

Theorem 1.1. As(z) and Aq(x; ) are defined as above. Then

/ (A9 Aol < TOO04 (1.15)

holds.
Theorem 1.2. We have the asymptotic formula

T
1
/ (Al(ﬂf; @))2(A2($))2d$ — g6«21)27115/4 + O(Tl5/4_1/16+€), (1.16)
1

0 2
where Cy = 67‘_2 Z n3/2 s Doy = ﬁ > %

n=1
Theorem 1.3. We have the asymptotic formula

1

70(3)D T4+O T4 1/164-¢ 1.17
LD, o), (117)

T
[ @i anfe) s -

where C’ég) = 2253 and C is defined in Lemma 2.5.
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The hybrid moments considered here quantify the joint oscillation of As(z) and Ajp(x;p). In particular,
Theorem 2 shows that the main term of

T
/1 Aq(x;0)2 Ag(z)? da

is of the expected order T%/4, consistent with the heuristic that, at the level of second moments, the two error
terms do not exhibit any anomalously strong correlation. The main contribution comes from diagonal terms in
the truncated Voronoi-type expansions, while the off-diagonal terms contribute only to the error term. Thus
our results suggest a form of weak average coupling rather than strong statistical dependence.

Moreover, Theorem 1 improves on the Holder-type bound T7/2%¢ by a factor T%/16. Although numerically
modest, this saving is structurally meaningful: it shows that the hybrid moment contains cancellation beyond
what can be obtained from separate pure moment estimates alone. The limitation of the present exponent
stems mainly from the current strength of available moment bounds for A;(z;¢) and from the treatment of
off-diagonal oscillatory sums.

2. PRELIMINARIES

We shall sketch the principal techniques that are needed for the proofs in this work. To begin with, the
following two lemmas are well-established results in analytic number theory.

Lemma 2.1. The estimate

Z d3(n) < Nlog® N
n<N

holds for any N > 2.

Lemma 2.2. We have

< log'y,

Z dg(ml)dg(mg)
3/4 3/4 1/2 1/2
my#£ms 1/ m2/ |m1/ j:m2/ |

where parameter Y > 10 is large.

We next present some estimates for sums related to da(n) and c¢,, among which Lemmas 2.3 and 2.4 are
essential tools in the proof of Lemma 2.9.

Lemma 2.3 ([14], Lem. 2.4). Assume L,U, B > 10, Q = max(L,U, B),0 < T < Q'/2. Define

K(L,U,B;Y) := > 1.
n~L,m~U,k~B
Iva+yvm—VE|I<T
Then we obtain

Q°K(L,U,B;Y) <« TQ Y2LUB + Q~Y*(LUB)/2.

Lemma 2.4 ([14], Lem. 2.5). If u+ v — /z # 0, hence

Vu+ v — vzl >>\/%,

where the implied constant is absolute.
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Lemma 2.5. Assume Y > 10 is a large real number. We write

da(m1)da(ma)dz(m3)
C:= Z 3/4_3/4_3/4
my,mg,mg>1 my My My
T /173 TS
da(my)da(mz)da(ms)
C(Y) = Z 3/4 3/4 3/4
1<my,mg,mzg<Y my my Mg

NCEE NN
Hence
IC—C(Y)| < Y~ V/2e,
Proof. The details of the proof can be seen from Tsang [15] or Kong [16]. O

Lemma 2.6 ([14], Lem. 2.6). Assume (j1,j2) € {0,1}* and (m1,m2,m3) € N3, define

Bs :=v/my + (=1)7'/my + (—1)72/m,

POa) - Y

)
m;<Y,1<5<3

Bs#0

where real number Y > 10. Then we obtain
P(Y;j1,j2) < YV/4+e,

Lemma 2.7. We have

CnyCny e
Z 7/8 T8 174, 14 <y,
nlyénggynl g |7’L1 g ‘

where parameter y > 10 s large.

Proof. We consider the “—” and “+” cases in this work, and only furnish the proof for the “—” case, as the
“4” case follows similarly and with greater ease.
We write

Cny Cn
Z 7/8_7/8 11/j_n1/4‘ = Hy + Ho,
2

ny"ny " ny

ni1#n2<y
where
H, — CniCny
L= Z 7/8 7/8, 1/4 1/4,
ny#ng <y nl n2 ‘nl - 77‘2 |
8 1/8
1/4  _1/4, ™
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H, :— Cny,Cny
2= Z 7/8_7/8, 1/4 1/4,
ni#ng <y ny Ny ‘nl — Ny |
Vi 1ja,nl/3al/8
Iny " —ny" " | <552

We first estimate H;. By partial summation we can easily deduce that

Then we need to estimate Hs. From the inequality |n%/4 - n§/4| < (n1n2)'/8/100 we can easily get that ny < na.

It follows from the Lagrange theorem that

1 _
ni/4 - n§/4 = Zno 3/4(n1 —na),

where ng < n1 < ns. Then by the formula

ab < (a* +b*) (a>0,b>0), (2.2)
we obtain
H < Z 1/2 (1:7216”2
ni#£ng<y ny Ny ‘nl - n2|
nixng
2 2
c c 1
< Z (L M2y -
ny - ny’|ng—no
ni#ng<y
Dt (2:3)
2
< .
nixnsq
< y°.
Combining (2.1) and (2.3), we complete the proof of Lemma 2.7. O

Lemma 2.8. Let

G5y Y) = Y —mlne 3 da(m1)ds(ms2)
Y, )= 7/8 _7/8 3/4_3/4, _1/2 17213
nine<y 1 N2 my#EmMma<Y mymy my T —my'
v\n}/zlin;/‘ﬂ
=T a/a

1/2 1/2
Imy/%—my/?|

where large parameters y, Y, T satisfy T <y < T3 and T° <Y < T. Then we obtain
G(T;y,Y) < ySTT 5 1og! T.
Proof. From the definition of G(T';y,Y), we can easily find that

o ¢ G(M)

) 1/8 n1Cno T1/4

G(T;y,Y)<T Z 7/8_7/8 14 1/471/3’
ni,na<y 1 T2 |n1 + 2 |
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where
da(my)da(ms2) _
m1#mo<Y ml m2
Imy/%—my/?|<p

By the given condition |m}/ 2 mé/ 2| = p together with Lagrange theorem, we deduce that m; > p. Moreover,
for fixed my, it is readily verified that the number of integer mo satisfying |m}/ 2 mé/ 2| = p is bounded above

by <« /mip+ 1. Combining this with (2.2) and Lemma 2.1, hence

d3(m1) + d3(my)
3/4_3/4
my My

Goy< )

m1#mo<Y
1/2 1/2_
Imy" " —my" " |=xp

< Z d3(m1)

3/4_3/4
my#mo<Y ml m2
1/2 1/2,_
Imy" " =my " [=p
2
< S d(m) ) 1
3/2
mq#mo< 1 1/2 1/2,_
e Iy —m3/?I=p

2(my,
< Y Em) ey

p—2<mi<y M
< plog4 T.

ni/4in;/4|

Inserting the bound of G(p) into (2.4) with p = l w2 then

Cny Cn _1
G(TiyY)< > ﬁn}/“inyﬂm T3 1og' T
nina<y M1 T2

< ySTET S 1og? T

Lemma 2.9. Let B3 be defined in Lemma 2.6. Write

. e Cn,yCny d2(m1)d2(m2)d2(m3)
G (T5y,Y) = Z 778 7/8 Z 34 5/4 3/1 3 10
nine<y M1 M2 mymg.mg<Y myt My Mg | B3]
Imy Py

0<‘B3‘x T1/4

where large parameters y, Y, T satiesfy T° < y < T3 and T* <Y < T3, Hence

Gu(T;y,Y) < yST™3HeY T 4 yspinte,
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Proof. We write

da(ma)da(mz)d2(m3)
G.(p) = Z 3/4_3/4_3/a
mimo,ma<Y my My Mg
O<|m1/2+m;/2—mé/2\xp

where 0 < p < T~¢. By the inequality |83] < p < T~¢, obviously we can find that (j1,52) # (0,0). Hence 83
will be one of the following cases:

1/2 1/2 1/2  1/2 1/2 1/2  1/2 1/2 1/2
my T +my T —mgt T my T —my' T —my' T ,my T —my T +mg .
Therefore
G Ye -
«(p) < Z 3/4_3/4_3/4
my~Ly,mg~Ly,mg~L3g 1 My My
O<|m}/2+m;/2fmé/2|><p

for some (L1, Ly, L3) € L2 by nothing that d(m) < m®, where 1 < L; <Y (i = 1,2,3). In general, let L; < Lo,
then we have Lo =< L. By taking (L,U, B,Q) = (L1, L2, L3, L3) in Lemma 2.3 we have the estimate

YE
Gip) € 57— 1
L:I,/4L3/4L§/4 Z

my~Lq,mg~Lg,mg~Lg
0<|B3|=p

<Y (pLy* + LV Ly AL,

By the condition |m}/2 + m;/Q - m§/2| = p and Lemma 2.4 we obtain p > (L;LyL3)~ /2, which combining
the relation L < Lo < L3 gives

[UA L VAL VA LSS P | A ST ()12 56,
Hence, combining above estimate we obtain
1/4

G.(p) <Y< (pLy" + p™/) < Y= (pY /" + p*/6).

L. 3 \n1/4:tn1/4\
Combining this and p = i, then

1/4 1/411/2 1/4 1/411/3
. CnyCny Iny’" £ ny | 1/4 Iy’ " £ ny |
G.(T;y,Y) < T Z IR ( T yl4 4 BT
2

ni,na<y 1
& T-V/8+e /8y /4 L po1/124 1/3,

The following lemma serves as the primary tool for handling cross terms in mixed moments.

Lemma 2.10. Let real parameter N be large, i and v be real numbers, then we write

2N
IZ(N;p,v) = / e (uz1/4 + Vm1/2> dex,
N
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where , v are real numbers.
(1)Assuming that p and v have identical signs, it follows that

N1/2 N3/4
Z(N;p,v) < min (, > . (2.5)
vl lul
(2)Assuming that p and v are of opposite signs or either of them is zero.
Suppose NY*|v| > |u|, we can obtain
N1/2
Suppose NY/4|v| < |u|/2, we can obtain
N3/4
I(N; p,v) < ——. (2.7)
|1l
Suppose N'/*|v| < |u|, we can obtain
N3/4

Proof. We write g(z) = pa'/* 4+ va'/2, then it is easily seen that ¢'(z) = =t o

Assuming that p and v have identical signs, it follows that ¢'(z) > |u|/N3/%, ¢'(x) > |v|/N'/?. Hence, by
the first derivative test, we conclude that the estimate (2.5) is valid.

Assuming that p and v are of opposite signs or either of them is zero. Suppose N/4|v| > |ul, it suffices to
show that ¢'(x) > |v|/N'/2. Hence, from the first derivative test, we can obtain (2.6). Suppose N'/4|v| < |u|/2,
it suffices to show that g¢’(z) > |u|/N3/4. Hence, from the first derivative test again, we can obtain (2.7).

Finally suppose N'/4|v| =< |u| (1, v of different sign). Let 6y = |v|*/?/N3/* and

I=[N,2N], Zp={z€Z:|¢'(z)| < b}, i ={x €L :|g'(x)| > O}
Following from the first derivative test that
/ e(pzt/* +vz'/?)de < 051 = N34 ||V,
x€lq
If Zy is not empty, then it is an open interval. Assume Zy = (21, x2). It suffices to show that

/ e(pz'/* + vat/?)de < xy — 2.
x€Zy

It follows from the inequality |¢’(x)| < 6y that

yal/!

2

- —g + O(B N3/,
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Thus, an application of Lagrange’s theorem yields that there exists an xg € Zy such that

T2 — 3/4
v = O(6oN*'?),
8 3/4

which implies that
Ty —x1 < N34/ |12,
Combining the foregoing estimates, we deduce that (2.8) holds. O

In the last part, we will focus on giving some upper bound estimates about for As(z) and Aq(z; ).

Lemma 2.11 ([17], Lem. 2.13). The following estimate
T
/1 |Ag ()| Nda < THHN/4+e (2.9)

holds for fized real number 0 < N < 1031 —9.84..

Lemma 2.12 ([17], Lem. 2.14). For any T < x < 2T, we write

f}/; ;, Ci;(/j cos (47r(mc)1/2 - 7r/4) ,

where T > 10 is a large parameter and Y is a real number satisfying T® <Y < T. Then uniformly forY < T4,
we deduce that

Agl(x Y)

2T
/ | Aoy (z; V) |10da < T7/?+e, (2.10)
T
Lemma 2.13 ([17], Lem. 2.15). T, Y are defined as above. For any T < x < 2T, we write

Aoa(2;Y) := Ag(x) — Aoy (2;Y).

Then uniformly for Y < TY*, we deduce that

27 T1+E+EY—E 2< N <4,
/ |Ags(z: V)| Ndz < _~ - (2.11)
T1+ tey ~ N0 T 4< N < Ny,

where 2 < N < Ny = 1100354

Lemma 2.14. T,Y are defined in Lemma 2.12. For any T < x < 2T, we write

Ri(z;y) 47r2 Z 5 CO8 (87r nx)1/4 - %) :

”y

Then for y < T2, we deduce that
2T o
J A R
T

holds forl=1,2,3.
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Proof. Turning to the case [ = 3. A direct application of the large value technique from [11] to Ry (x;y) yields
the desired estimate

2T
/ | Ry (w;y)|Ode < TH/4
T

holds for y < T'/2. The details here are ignored. O

Lemma 2.15. T, Y are defined in Lemma 2.12. For any T < x < 2T, we write
Ro(xiy) := Ai(250) — Ra(3y).

Then for T¢ < y < T3, we obtain

2T )
/ | Ro (s y)|Pde < T%*‘Ey—%, (2.12)
T
2T
/ |Ro ()| ¥ do < T7H, (2.13)
T
= 20 Tie T
|Ra(x;y)| o do < T2y 10, (2.14)
T
= 9 i3, . _ 11
|Ra(z;y)|3da < T52 Ty~ 100, (2.15)
T
T 40 Q-{-E _ 57
|Ra (s y) |7 de < TH7 75y 755, (2.16)
T
2 12 374 33
|Ro(z;y)| 5 do < TH0 5y ™50, (2.17)
T
2T
| irs(alias < T8y B, (218)
T
2T
| IRatal#de < THy R, (219)
T
2T 20 5204 . _ 339
|Ro(z;y)|3 de < T'124 ™5y~ 620, (2.20)
T
T 180 527 4 _ 327
|Ry(z;y)| ot de < T2 oy~ 610, (2.21)
T
2T . .
/ |Ry(z;)Pde < TS Ty~ 5. (2.22)
T

Proof. For T¢ < y < T'/3, we have the estimate (2.12) from (4.8) in [11].
Then we consider (2.13). By Lemma 2.14 with [ = 3, we deduce that

2T
/ |Ry(;9)| 5 dow < T (2.23)
T
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holds for y < T'/3. Combining this and

2T
/ |A1(1:;<p)\%dx <« T,
T

we obtain that
2T 16 2T 16
| sl ¥ < [ I8iwie) - Bifosy) o < 77
T T

holds for y < T''/3. Now we complete the proof of the (2.13).
Then we estimate (2.14). By (2.12), (2.13), then

14
15

2T 20 2T 16 Tlf’ 2T . .
/|mmwww< /|&mwwm / Ro(z;y)Pdz | < THey o,
T T T

where Hélder’s inequality is applied.
Similarly, by this method, we can also obtain the estimates (2.15)—(2.22). O

3. PROOF OoF THEOREM 1.1
Let

then we first need to evaluate this integral.
Assume T¢ < y < T'/3 is a fixed parameter. Let

W (T) :/T (Rl(a:;y))2 Ay (z)dz + . Ry (z;y)Ra(x; y)Ag(x)da

+/ﬂmme®wm: (3.1)

T
T = +2/—|—/.
1 2 J3

It suffices for us to bound [, and [,.
Following from Lemmas 2.11, 2.14, 2.15 and Holder’s inequality, we can find that

or o 1/4 2T o
A<<L|mmwmﬂ <A|mmmmﬂ
oT 1/4
X </T |A2(m)|4da:>

<<T7/2+Ey73/8

1/2

(3.2)
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and

- 8/9 oT 1/9
)9 4da o(z)|°dx
/3<< </T | Ra(;9)[**d ) </T |Az(z)[°d ) (3.3)

<<T7/2+6y737/60.

Then we need to bound fl. Assume T¢ < Y < T'/* is an undetermined parameter. Let

2T

/1:/TQT(Rl(x;y))QAgl(x;Y)dm—i—/ (Ri(259))* Aga(2;Y)da

T (3.4)
B /11 * /12’

Following from Lemma 2.14 and (2.11), we can find that

/12 < (/TQT |R1<w;y)l4dx>

<<T7/2+6Y71/4'

1/2

(/T |A22($)|2d$> (3.5)

1/2

where Cauchy’s inequality is employed.
Finally we need to estimate fll. Following from the elementary formula

1 . ,
COS (V1 COS (g COS (X3 = — Z cos (a1 + (1) ag + (—1)"2a) ,
(41,52)€{0,1}2

let
(Ry(2;9))* Aoy (2:Y)
$5/2 Cnlcn2d2
- 64275 Z Z Z Z 7/8 7/3 /i
(j1,j2)€{0,1}2 n1 <y no<y m<y T
x cos (4n(ma)!/2 + (~1)87(ma) /4 + (~1)28n(npa) /= T+ (-1 T+ (-1 T).
We write

F(@) = am(ma)' /2 + (=17 8w (ni) /4 (<18 (nor) /4 = T+ (1) T+ (1) T
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Since y < T3, for any ny <y, ny <y, m <Y, it suffices for us to obtain that

2rml/? . 27m1/4 27m1/4 mt/2
/ _ 1
If'(z)| = W+(—1)31W+(_1) 3/ 2172
Hence from the first derivative test we derive
1/2
5/2 cnlcn2d2 T
[ YD IDIP I T

(j1,92)€{0,1}2 n1<yn2<y m<Y

<78y Y i’};“;ig

ni<yna<y
< T3y1/4+6,

where the bound ¢,, < n° has been used.
Combining (3.1)—(3.6),then

W(T) < /117/2—1/164-57

where we have taken y = T'/3 and Y = T'/%. Hence, we complete Theorem 1.1.

4. PROOF OF THEOREM 1.2

In this section, we will give the details of the proof of Theorem 1.2. Write

We first need to estimate the integral.

Suppose T¢ < y < T3 and T° < Y < T'* are two parameters to be determined. Let

H(T) =P, + 2Py + Py + 2P, + 4Ps + 2P; + P; + 2Ps + Py,

(3.6)
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where

2T
P =P (T) ::/ (R4 (x;y))QAgl(a:;Y)de,
T2T
P2 = PQ(T) = A (Rl(l';y))zAQl((E; Y)AQQ(LE, Y)dl’,
2T
Py = Py(T) = / (R (23 )2 (Aoa (3 Y%,
T2T
Py = Py(T) = /T Ra(w59) R (35 ) (Aos (33 Y)?d,
2T
P; = P5(T) 32/ Ry (x;y)Ra(x;y) Aoy (Y ) Aga (2 Y )da,
TQT
Py = Po(T) == /T Ry () Ra (5 ) (Ao (5 V) 2d,
2T
Py = Py(T) = / (Ro(w;9))2 (Ao (2 Y))2dl,
TQT
Pg = PS(T) = /T (RQ(I';y))zAQl(I; Y)Agg(l‘, Y)d$,
2T
Py = Po(T) = /T (Ra(a:))2(Aaa(a: Y))da.

4.1. Estimates of P;(2 <1 < 9)

In this subsection, we establish the estimates for P; with 2 <4 < 9 by some results in the Lemmas 2.12-2.15.
Besides, by Holder’s inequality, we deduce that

oT 1/2 2T
P, </ |R1 (3 y) |4dz> (/ |Agy (2;Y) |10dx>
T T

27 2/5 (4.2)
X (/ |Agg (2;Y) |5/2dx>

T

1/10

<<T15/4+€Y71/4

%8 Va oot 1/2
Py < (/ |R (z;y) |4d$> (/ |R2 (z;y) |2dx>
T T
2T s s or 1/20 (4.3)
X (/ |Agy (2;Y) |10dx> (/ 1d:1:>
T T

L T15/4+ey=3/8
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o7 1/4 27
Py < </ |R1 (235y) 4d99> (/ R (w5y) |2dl’>
T T
oT 1/5 or
X (/ ‘Agl (LL'; Y) 10d(E> (/ |A22 ({E; Y) |20/3d$>
T T

<<T15/4+5y73/8Y7501/6140

2T 1/4 2T
Py <« (/ |Ry (z;9) |4dx> (/ |Rs (z;9) |2dm>
T T
oT 1/4
X </ |Ags (2;Y) |8da:>
T

LT3/ 4ty =3/8y —97/1228

o7 4/5 2T
P </ |Ro (73y) 5/2d$> (/ |Agy (2;Y) |10d$>
T T

LT3/ 4y =51/100,

2T 7/10 2T
Py < (/ |Ro (735y) |20/7d$> </ |Agy (z3Y) |10d$>
T T
o 1/5
X (/ |Ag (z;Y) |5dx>
T

<<T15/4+5y’39/100Y’509/3070

1/2

3/20

1/2

1/5

1/10

and

1/3

or 2/3 o7
Py < (/ |Ra (739) 3d9€> (/ |Agz (7;Y) |6dx>
T T

<<T15/4+sy—7/20Y—202/921 '

By Cauchy’s inequality we find that

o 1/2 o 1/2
Py < (/ |R1 (7359) 4d33> (/ |Agz (2;Y) |4d1’>
T T

< T15/Atey—1/2,

4.2. Evaluation of P;

In this subsection we shall evaluate P;. From the elementary formula

4
1 . ) .
Hcos =g Z cos((=1)'ar + (—=1)2as + (—1)2 a3 + o)
=1

(J1,52,33)€{0,1}3

(4.4)

(4.9)
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we can derive that

(Ri(z;9)) (A1 (2;Y))?
p11/4

CnyCny  da(my)da(mz)
327r6 Z Z 7/8n;/8 m?/4mg/4

ni,ne<ymi,ma<Y ‘1

X COS (87r(n1:v)1/4 — %) cos (87T(n2x)1/4 _ I)

4
X COS (47r(m1x)1/2 — g) cos (47r(m2x)1/2 — g)
z!1/4 CnyiCn dQ(m1)d2(m2)
T 25676 Z Z Z 7/; 72/8 3/4_3/4
(J1,J2,73)€{0,1}3 n1,n2<y m1,m2<Y LSt my My
x cos h(z;m,n,j),
where m = (m17m2)7 n= (n17n2)7 j = (j17j27j3) and
h(z; m,n,j)
=87 (nyx) /4 + (—1)1 81 (ngx)* 4 (=1)72 471 (myz)t/? 4+ (=1)73 47 (mox)/? (4.10)
2 (L (1 (<R,

Write
pi= o (1) = (1w 4 (<)

According to p and v are zero or not, there are 4 cases:
Case 1: p =0, v =0;

Case 2: 41 =0, v #0;

Case 3: 4 #0, v =0;

Case 4: 4 #0, v #0.

So by the four cases, let

(Rl(l'; y))2(A21(£C; Y))z = Fl(ilf) + FQ(ZE) + Fg(l’) + F4(ZL’), (411)

where Fy(z), Fo(x), F3(x) and Fy(x) correspond to the above four cases, respectively.
For Fy(x), we take j = (1,1,0), my = ma, ny =ng or j = (1,0,1), m; = ma, n; = ny, which notes that u
and v are both zero. Then we obtain

1‘11/4
Fl (l‘) =

6 742 32
1287 n/m<Ym/

and

o
L1/
/ Fi(z)de = 1287T62n7/4 Z m3/2/ dz

T m<y

4.12)
21174 (
1287‘(6 Z n7/4 Z m3/2 / dz

+O(Tla/élJrey 3/4+T10/4+6Y 1/2)'
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Then we consider the contributions of F5(x) and F3(x). Following from the first derivative test that

2T 2
c da(m1)dz(mz)
Fy(z)dr < T13/4Z 7/ Z 3/4_3/4, 1/2 1/2
r n<y ' / m1#ma<Y m1/ m2/ ‘ml/ imQ/ | (4.13)

< T log T

and
2T 2
d. (m) Cn,Cn
F3(x)d$<<T7/22 232 Z 78 78 1ji i/
m<yY m?/ 1 £na<y nl/ ”2/ |n1/ j5”2/ | (4.14)
< T7/2 6,
where Lemmas 2.2 and 2.7 are applied respectively.
For the contribution of Fy(x), suppose
1/4 174 i 1/3 i 1/3
1) _1)d2 _1)ds
h’(ar:;m,n,j):27rn1 +(3 yn —|—27T( yrmy "+ (Z1)7m, . (4.15)
23/4 21/2
Let
Fy(z) = Fu(z) + Fya(z),
where
p11/4 CnyCny  do(mq)da(ma) )
Fu(z) = 6 Z Z Z 7/§ 72/8 3/4_3/4 cos h(z;m, n, j),
(41.92,43)€{0,1}3 n1,n2<y my,ma <Y 171 102 1 2
J2=73
z11/4 CnyCny  do(my)da(ms) )
Fip(x) i= 25670 Z Z Z 77513 7;2/8 3/4_3/4 cos h(z;m, m, j).
(71.d2,43)€{0,1}3 n1,n2 <y my,my <Y "1 T2 My 1y
J2#J3
If jo = j3, then from (4.15) it suffices to see for any mi, ms <y and ny,ne <Y that the estimate
/2 1/2
. Imy/? + my’?|
W (z;m, n, j)| < %
holds for T' < x < 2T'. Then following from the first derivative test that
/2TF41(:E)dx<<T13/4 PP o da(my)da(m2)
7/8 7/8 3/4_3/4, 1/2 1/2
T n1,ma<y ”1/ n2/ m1ma<Y m1/ m2/ |m1/ +m2/ ‘ (4.16)

< T13/4y1/4+€ 10g4 T7

where Lemma 2.2 is employed.
Let

Fyo(x) = Fyo1(x) + Faoa(x) + Fio3(x),
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where

Zii/4 CnyCny d2(my)da(ms)

Fyg(x) := 6 7/8 7/8 3/4__3/4
2567 421 ”1/ nz/ ml/ m2/

cos h(z;m,n,j)

with [ = 1,2,3 and

SC(Faz1) : j2 # Jz,n1,n2 < y,my,mg < Y,Tl/4|m%/2 - m;/2| > \niﬂ + (_1)j1”§/4|,
SC(Fua2) : j2 # Ja,ni1,n2 < y,mi,mg < Y,Tl/4|mi/2 - m;/2| < \”}/4 + (—1)j1"§/4|/2,
SC(Fa3) : j2 # Ja.n1,n2 < y,mi,mg < Y,Tl/4|m1/2 - m;/2| = \n%l + (—1)j1né/4|-

We firstly consider the contribution of the integral of Fyo1(z) and Fyaa(z). It follows from the estimates (2.5),
(2.6) and Lemma 2.2 that

2T
T S d2(ma)dy ()
Fioi(z)de <T 778 7/8 > 3/4_3/4 1/2  1/2
T n1m2§yn1 U mp?gﬁy My My ‘ml +m2 | (417)
mi17#Fmsa

< T13/4y1/4+€ 10g4 T

and

/2T Figp(z)dz < T7? Y~ oy O 3 da(ma)da(mz)

7/8 7/8, 1/4 1/4 3/4_3/4
T n1,me<y ”1/ nz/ |n1/ + (_I)Jlnz/ iy ma <Y m1/ mz/
mi#ms
< T13/4 Z CnyCny Z dz(ma)dz(m2) (4.18)
7/8 7/8 3/4_3/4, 1/2 1/2
nimne<y M1 M2 o ma<y M Mo [my" " +my' 7|
my#ma

< T13/4y1/4+€ 10g4 T7
where in the second line of (4.18) the inequality
T my " = my?) < I + (—1yny 2

is used.
For the integral of Fya3(x), it follows from (2.7) and Lemma 2.8 that

2T

Fos(z)da < TT2S(T;y,Y) < T?7/8y3/8+¢ 1og* T (4.19)
T

Combining (4.10)—(4.19), then

1 — & d%(m) T 11
_ n /4
Py T 12876 Z ni/4 m3/2 /T xda
n=1 m=1
+ O(T15/4+sy—3/4 4/ Atey—1/2 T27/8y3/8+s 10g4 7).

(4.20)
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4.3. The complete proof of Theorem 1.2
Combining (4.1)—(4.8) and (4.20), then get

L1174
128%6 Z n7/4 Z m3/2 / de

m=1

+O(T15/4+5Y 1/4+T15/4+sy—3/8+T15/4+sy—7/20y—202/921)

i 2 ZdQ( m) 2Tx11/4dx+O(T15/4_1/16+5)
1287r LT L sl '

where we have taken y = T3 and Y = T4,
Therefore,

0o o] 2 T
§ n § 2( )/ 11/4d$+O(T15/4 1/16-‘1—6)
7T

s 2 e 2
Cn 2 15/4 15/4—1/16+¢
E_ = E_ = T +O(T ).

For the sake of convenience, we note

T — n7/4

Hence, we complete the proof.

5. PROOF OF THEOREM 1.3

In this section, we shall give the details of the proof of Theorem 1.3. Let

V(@)= [ (i) (Bala) P

T

(4.21)

(4.22)

We first need to evaluate the integral. Let T¢ < y < T3 and T° <« Y <« T'/* be two parameters to be

determined.
Let

V(T) = Y1 + 3Y3 + 3Y3 4 Yy + 2Y5 + 6Y5 + 6Y7 + 2Yg + Yy + 3Y3 + 3Y11 + Yo,

(5.1)
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where
2T
Yi = Yi(T) = /T (Ru(2;9))2(Aox (2 V) da,
2T
Vo= ¥o(T) = [ (Raoi)(Bon (o3 V)P A V)
2T
Yy = Ya(T) = / (R ()2 Don (35 Y) (A3 V) 2,
T2T .
Yi = Ya(T) = /T (R () (A (5 Yl
2T
Yy = Ya(T) = / Ry (23 9) Ro(; y)( Aoy (2 Y))Pdl,
T2T
Yo = Yo(T) = /T Ry (2 9) Ra (5 ) (Aan (25 Y))? A (V) i,
Y7 = Y7(T) :=/ Ry (z;y)Ro(z;y) Aot (2;Y) (Asa(z;Y)) da,
TQT
Ys = Ya(T) = /T Ra (3 ) ol ) (Do (a: Y,
Yo = Yo(T) = / (Ra(a39))2 (Dar (; V)P,
g 2T
Yio = Yio(T) = /T (Ra(: )2 (Ao (2 V) Aga (a5 Y )z,
Y11 = Y (T) ::/ (Ro(w;9))* Aor (2:Y) (Aga(2:Y)) da,
T2T
Yiz = Yio(T) = /T (Ro(:9))2 (Aol V) da.

5.1. Estimates of Y¥;(2 < ¢ < 12)

In this subsection, we establish the estimates for Y; with 2 < ¢ < 12 by some results in the Lemmas 2.12-2.15.
It follows from Holder’s inequality that

2T 1/2 2T
Y < </ |R1 (735y) |4dx> (/ |Aoy (2;Y) |10d$>
T T

1/5

2T 3/10 (5.2)

X (/ |A22 (J}, Y) |10/3dl‘>

T
<Tirey—1/4,
op 1/2 op 1/10
Vs <« (/ |R: (z;y) |4dx> </ |Agq (z;Y) md:c)

T T

(5.3)

oT 2/5
X (/ |Ags (2;Y) |5dx>
T

<<T4+EY7509/1535 ,
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2T 1/2 2T
Y, < (/ |Ry (z3y) |4d33> </ |Agg (2;Y) |6d$>
T T

<<T4+Ey—101/307

o7 1/4 2T
Vs < </ Ry (239) 4d3:> (/ Ry (23 y) |2°/9d$>
T T
o 3/10
X (/ ‘Agl (.’E, Y) 10d$>
T

<<T4+6y763/200

oT 1/4 2T
Ys < </ |R1 (739) 4dw> (/ R (7;9) |40/17d93>
T T
2T 1/5 oT
X </ |Agy (2;Y) wda:) (/ |Ags (z;Y) |8dx>
T T

LTy ~57/200y—97/2456

2T 1/4 2T
Yr < </ |R1 (z;9) |4d517> (/ |Ra (2;9) |5/2dx>
T T
- 110 , or 1/4
X (/ |Ag; (7;Y) |10d$> (/ |Agg (2;Y) |8d$>
T T

<<T4+sy751/200Y797/1228.

oT 1/4 oT
Yy < (/ |R1 (z;9) 4dx> (/ |Ro (w5 y) |12/5dx>
T T
- 1/3
X (/ |Agg (7;Y) 9dx>
T

L Ttey~11/40y—89/1842

- 7/10 - 3/10
Yy < (/ |Ra(; y)20/7d~’0> (/ |A21(17§Y)|10d$>
T T

<<T4+5y—39/100

o7 31/45 o7 1/5
Yio < (/ Rz(w;y)go/?’ldw) (/ |A21(x;y)|10dx>
T

T

oT 1/9
X (/ |Ags (2;Y) |9dx>
T

LTy~ 113/300y,-89/5526

1/2

9/20

17/40

1/8

2/5

5/12

(5.4)

(5.6)

(5.8)

(5.10)
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1/5

o7 61/90 o7
Y < (/ |R2 (z;y) |180/61d$> (/ |Ag1 (z;Y) |10dx>
T T

o1 2/9 (5.11)
X </ |Agg (2;Y) |9dx>

T
<<T4+€y7109/300Y789/2763

and

2T 2/3 2T 1o
vy ) 13d Aoy (x;Y) °d
12 < (/;P Rz (z3y) | x) (/T A (2;Y) | f”) (5.12)

<<T4+sy—7/20}/—89/1842.

5.2. Evaluation of Y;

In this subsection, we will estimate Y;. Following from the elementary formula
5
1 J1 J2 VE] Ja
[Tcosm = > cos (—=1)7 iy + (=1)2 pig + (= 1) pg + (—1)7 iy + pus)
=1 (J1,J2,73,J4)€{0,1}4
we obtain
(Ri(2;9))* (A1 (z;Y))?

—L Z Z Cny Cny  do(my)da(ma)da(ms)
512277 (T

ni,m2<ymi,ma,ma<y 11 T2

x cos h(z; m,n,j),
where m = (my,m2,m3), n= (n1,n2), j = (j1,J2, 3, ja) and

h(z;m,n, j)
=8m(niz)* + (—1)1 87 (ngx) 4 + (—1)7247m(myx)/? + (1) 4m (mgx)/? (5.13)
(1) 47 (mgz)*/? + Z(—l + (=1 (=1)72 T (—1)Fs T (—1)daty,

Let

=t (S v = (< )Pmy (S )Py (< 1)my

According to p and v are zero or not, we have the following 4 cases:
Case 1: 4y =0, v =0;

Case 2: =0, v #0;

Case 3: n #0, v =0;

Case 4: u #0, v # 0.

So by the four cases, let

(R1(z39))*(Ag1 (2;Y))? = Fu(x) + Fa(x) 4+ Fs(z) + Fa(z), (5.14)
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where Fi(z), Fa(x), Fs(x) and Fy(x) correspond to the above four cases, respectively.
For Fi(z), it suffices to see that

31’3 2 d%(my)d3(mz)d3(ms3)
Filx n )

\/m1+m2:m3

Then following from Lemma 2.5 we obtain

2T 3 2T 3
Fi(z)dx = C C / d
/T 1(56) T 256\/§7T7nz n7/4 ( ) - rax

(5.15)
3 = T 3 4+e 73/4 4+e 1/2
256fﬂ7zn7/4c/ dz 4+ O(T + THey —1/2),
Then we consider the contributions of F2(x) and Fs(x). Following from the first derivative test that
2T
Fo(z)de < T/ ey 1/ (5.16)
T
and
2T
Fa(x)de < T4y, (5.17)
T

where Lemmas 2.6 and 2.7 are used, respectively.
The treatment of Fy(x) is similar to F4(z), except that we replace Lemmas 2.8 with 2.9 and 2.6 with 2.2.
Here the details are omitted. We obtain

2T
Fi(w)dz < TT/24e /Ay 1/4 | p15/4+ey /4 | p29/8+e,3/8y1/4 | pll/3+e 1/3 5.18)
T .

< T5/A+ey3/4 4 T11/3+5y1/3.

Combining (5.15)—(5.18) we obtain

3 o0

Y =
' 256\/%7Z
+O(TIS/4+EY'3/4 +T11/3+6y1/3)'

2T
7/40/ 3d$+O(T4+E 3/4+T4+€Y 1/2)
n (5.19)
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5.3. The complete proof of Theorem 1.3
Taking y = T72°/126 and Y = T4, we get from (5.12) and (5.19) that

3 2T
V(T C
(T) = 2561/2 7T7 n7/4 /

+ O(T4+ey—101/307 + T4+5y—63/200 + T4+6y—57/200Y—97/2456)

JrO(T15/4+5Y3/4 Titey—51/200y-97/1228 T4+8y711/4OY789/1842) (5.20)
3 e’} 2T =y
e 1/16+4
256\f7r7 Z n7/4c/ dw+O(T -
Hence,
T
[ (Rt v) o
1
3 > 2 da(n1)da(ng)dz(ns) /T 3 4-1
_ n 1/%2} 23da 4+ O(T*1/16+e)
256+/277 ; n7/4 nL;SZl ni/‘ln;/‘lng/‘l 1 (5.21)

NoE o

oo

_ 3 o d 4-1/16+
T 1024v/277 £ Z T +O(T )

For the sake of convenience, we note

3C
c® =
2 2873
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