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ON HYBRID MOMENTS OF ∆2(x) AND ∆1(x;φ)

Qian Wang and Jing Huang*

Abstract. Let ∆2(x) denote the error term in the asymptotic formula for the summatory function
of d(n). Let ∆1(x;φ) denote the error term in the asymptotic formula of the Riesz mean. This paper
devoted to the study of the hybrid moments of ∆2(x) and ∆1(x;φ).
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1. Introduction

Let d(n) denote the number of ways n can be written as a product of two factors. The study of divisor
functions is a very important topic in analytic number theory (see [1, 2]). Let ∆2(x) denote the error term in
the classical Dirichlet problem, defined by

∆2(x) =
∑
n≤x

d(n)− x(log x+ 2γ − 1), (1.1)

where γ = −Γ′(1) = −0.5772 · · · is Euler’s constant. In 1849, Dirichlet first proved that ∆2(x) ≪ x1/2. The
exponent 1/2 was subsequently improved by numerous authors. The current best upper bound is given by
∆2(x) ≪ x517/1648+ε established by Bourgain and Watt in [3].

As for the mean estimates of ∆2(x), Tong [4] proved an asymptotic formula for the integral of ∆2(x), namely

∫ T

1

∆2
2(x)dx = C2T

3/2 +O(T log5 T ), (1.2)

where C2 is the constant given by C2 = 1
6π2

∞∑
n=1

d2(n)
n3/2 . Then in [5], Ivić proved that

∫ T

1

|∆2(x)|A0dx ≪ T 1+A0/4+ε, (1.3)

Keywords and phrases: Dirichlet divisor problem, Rankin–Selberg problem, hybrid moment, asymptotic formula.

School of Mathematics and Statistics, Shandong Normal University, Jinan 250014, Shandong, PR China.

* Corresponding author: huangjingsdnu@163.com

© The authors. Published by EDP Sciences, 2026

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),

which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

https://doi.org/10.1051/ita/2026018
https://www.rairo-ita.org
mailto:huangjingsdnu@163.com
https://creativecommons.org/licenses/by/4.0


2 Q. WANG AND J. HUANG

where A0 is a fixed positive number (not necessarily an integer). Based on the above two results, we deduce

∆2(x) = O(x1/4+ε). (1.4)

But this conjecture is very difficult and not yet proven.
As for the higher power moments of ∆2(x), Tsang [6] first proved that

∫ T

2

|∆2(x)|3dx = C3T
7/4 +O(T 7/4−η1+ε) (1.5)

and ∫ T

2

|∆2(x)|4dx = C4T
2 +O(T 2−η2+ε), (1.6)

where C3 and C4 are positive constants that can be expressed explicitly. Then in [7], the values of η1 in (1.5)
and η2 in (1.6) were improved by Zhai to η1 = 1

4 and η2 = 2
41 .

Denote by φ(z) the holomorphic cusp form of weight κ with respect to SL(2,Z). Let a(n) be the n-th Fourier
coefficient of φ(z) and suppose that φ(z) is a normalized eigenfunction for the Hecke operators T (n) , i.e.
a(1) = 1 and T (n)φ = a(n)φ for every n ∈ N. Let cn be the convolution function defined by

cn = n1−κ
∑
m2|n

m2(κ−1)
∣∣∣a( n

m2

)∣∣∣2 . (1.7)

Deligne’s estimate [8] |a(n)| ≤ n(κ−1)/2d(n) implies cn = O(nε).
The classical Rankin–Selberg problem concerns the error term function

∆(x;φ) :=
∑
n≤x

cn − Cx, (1.8)

where C is a positive constant.
We consider the Riesz mean of the type

D(x;φ) =
1

Γ(ρ+ 1)

∑
n≤x

(x− n)ρcn (1.9)

for any fixed ρ > 0 and define the error term ∆ρ(x;φ) by

Dρ(x;φ) =
π2κR0

6Γ(ρ+ 2)
xρ+1 +

Z (0)

Γ(ρ+ 1)
xρ +∆ρ (x;φ) ,

where

R0 =
12(4π)κ−1

Γ(κ+ 1)

∫∫
F

yκ−2|φ(z)|2dxdy,

Z(s) =

∞∑
n=1

cnn
−s, ℜs > 1.
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The integral is taken over a fundamental domain F of SL(2,Z), with Z(s) extendable to the whole complex
plane. Clearly we have

∆1(x;φ) =

∫ x

0

∆0(t;φ)dt. (1.10)

In 1999, Ivić [9] proved that

∆1(x;φ) = O(x
6
5 ) (1.11)

and ∫ T

1

∆2
1(x;φ)dx =

2

13
(2π)−4

( ∞∑
n=1

c2nn
−7/4

)
T 13/4 +O(T 3+ε). (1.12)

As for the Rankin–Selberg problem, Ivić [10] studied the fourth moment and obtained that∫ T

1

∆4
1(x;φ)dx ≪ε T

11/2+ε, (1.13)

where ≪ε only depends on ε. Later, Tanigawa, Zhai and Zhang [11] studied the higher power moments:

∫ T

1
|∆1(x;φ)|A dx ≪

{
T 1+9A/8 log39 T, if 0 ⩽ A ⩽ 16/3,

T (3+6A)/5 log5 T, if A > 16/3,
(1.14)

where A ≥ 0 is a fixed constant. Besides, Huang, Tanigawa, Zhai and Zhang [12, 13] obtained the asymptotic
formulas for third, fourth, and fifth power moments for ∆1(x;φ).

In this work, we shall study the hybrid moments of ∆2(x) and ∆1(x;φ). For ∆1(x;φ), the exact asymptotic
forms of its higher-power moments have not yet been fully resolved. The study of hybrid moments may indirectly
shed light on new information regarding the individual moments. Our main results are given as follows.

Theorem 1.1. ∆2(x) and ∆1(x;φ) are defined as above. Then∫ T

1

(∆1(x;φ))
2∆2(x)dx ≪ T 55/16+ε (1.15)

holds.

Theorem 1.2. We have the asymptotic formula∫ T

1

(∆1(x;φ))
2(∆2(x))

2dx =
1

5
C2D2T

15/4 +O(T 15/4−1/16+ε), (1.16)

where C2 = 1
6π2

∞∑
n=1

d2(n)
n3/2 , D2 = 1

16π4

∞∑
n=1

c2n
n7/4 .

Theorem 1.3. We have the asymptotic formula∫ T

1

(∆1(x;φ))
2(∆2(x))

3dx =
1

16
√
2
C

(3)
2 D2T

4 +O(T 4−1/16+ε), (1.17)

where C
(3)
2 = 3C

28π3 and C is defined in Lemma 2.5.
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The hybrid moments considered here quantify the joint oscillation of ∆2(x) and ∆1(x;φ). In particular,
Theorem 2 shows that the main term of ∫ T

1

∆1(x;φ)
2∆2(x)

2 dx

is of the expected order T 15/4, consistent with the heuristic that, at the level of second moments, the two error
terms do not exhibit any anomalously strong correlation. The main contribution comes from diagonal terms in
the truncated Voronǒi-type expansions, while the off-diagonal terms contribute only to the error term. Thus
our results suggest a form of weak average coupling rather than strong statistical dependence.

Moreover, Theorem 1 improves on the Hölder-type bound T 7/2+ε by a factor T 1/16. Although numerically
modest, this saving is structurally meaningful: it shows that the hybrid moment contains cancellation beyond
what can be obtained from separate pure moment estimates alone. The limitation of the present exponent
stems mainly from the current strength of available moment bounds for ∆1(x;φ) and from the treatment of
off-diagonal oscillatory sums.

2. Preliminaries

We shall sketch the principal techniques that are needed for the proofs in this work. To begin with, the
following two lemmas are well-established results in analytic number theory.

Lemma 2.1. The estimate ∑
n≤N

d22(n) ≪ N log3 N

holds for any N ≥ 2.

Lemma 2.2. We have ∑
m1 ̸=m2

d2(m1)d2(m2)

m
3/4
1 m

3/4
2 |m1/2

1 ±m
1/2
2 |

≪ log4 Y,

where parameter Y ≥ 10 is large.

We next present some estimates for sums related to d2(n) and cn, among which Lemmas 2.3 and 2.4 are
essential tools in the proof of Lemma 2.9.

Lemma 2.3 ([14], Lem. 2.4). Assume L,U,B ≥ 10, Q = max(L,U,B), 0 < Υ ≪ Q1/2. Define

K(L,U,B; Υ) :=
∑

n∼L,m∼U,k∼B

|
√
n+

√
m−

√
k|≤Υ

1.

Then we obtain

Q−εK(L,U,B; Υ) ≪ ΥQ−1/2LUB +Q−1/2(LUB)1/2.

Lemma 2.4 ([14], Lem. 2.5). If
√
u+

√
v −

√
z ̸= 0, hence

|
√
u+

√
v −

√
z| ≫ 1√

uvz
,

where the implied constant is absolute.
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Lemma 2.5. Assume Y ≥ 10 is a large real number. We write

C :=
∑

m1,m2,m3≥1√
m1+

√
m2=

√
m3

d2(m1)d2(m2)d2(m3)

m
3/4
1 m

3/4
2 m

3/4
3

,

C(Y ) :=
∑

1≤m1,m2,m3≤Y√
m1+

√
m2=

√
m3

d2(m1)d2(m2)d2(m3)

m
3/4
1 m

3/4
2 m

3/4
3

.

Hence

|C − C(Y )| ≪ Y −1/2+ε.

Proof. The details of the proof can be seen from Tsang [15] or Kong [16].

Lemma 2.6 ([14], Lem. 2.6). Assume (j1, j2) ∈ {0, 1}2 and (m1,m2,m3) ∈ N3, define

β3 :=
√
m1 + (−1)j1

√
m2 + (−1)j2

√
m3,

P (Y ; j1, j2) :=
∑

mj≤Y,1≤j≤3

β3 ̸=0

d2(m1)d2(m2)d2(m3)

(m1m2m3)3/4|β3|
,

where real number Y ≥ 10. Then we obtain

P (Y ; j1, j2) ≪ Y 1/4+ε.

Lemma 2.7. We have ∑
n1 ̸=n2≤y

cn1
cn2

n
7/8
1 n

7/8
2 |n1/4

1 ± n
1/4
2 |

≪ yε,

where parameter y ≥ 10 is large.

Proof. We consider the “−” and “+” cases in this work, and only furnish the proof for the “−” case, as the
“+” case follows similarly and with greater ease.

We write ∑
n1 ̸=n2≤y

cn1
cn2

n
7/8
1 n

7/8
2 |n1/4

1 − n
1/4
2 |

= H1 +H2,

where

H1 :=
∑

n1 ̸=n2≤y

|n1/4
1 −n

1/4
2 |≥n

1/8
1 n

1/8
2

100

cn1cn2

n
7/8
1 n

7/8
2 |n1/4

1 − n
1/4
2 |

,
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H2 :=
∑

n1 ̸=n2≤y

|n1/4
1 −n

1/4
2 |<n

1/8
1 n

1/8
2

100

cn1cn2

n
7/8
1 n

7/8
2 |n1/4

1 − n
1/4
2 |

.

We first estimate H1. By partial summation we can easily deduce that

H1 ≪ yε. (2.1)

Then we need to estimate H2. From the inequality |n1/4
1 −n

1/4
2 | < (n1n2)

1/8/100 we can easily get that n1 ≍ n2.
It follows from the Lagrange theorem that

n
1/4
1 − n

1/4
2 =

1

4
n
−3/4
0 (n1 − n2),

where n0 ≍ n1 ≍ n2. Then by the formula

ab ≤ (a2 + b2) (a > 0, b > 0), (2.2)

we obtain

H2 ≪
∑

n1 ̸=n2≤y
n1≍n2

cn1
cn2

n
1/2
1 n

1/2
2 |n1 − n2|

≪
∑

n1 ̸=n2≤y
n1≍n2

(
c2n1

n1
+

c2n2

n2
)

1

|n1 − n2|

≪
∑

n1 ̸=n2≤y
n1≍n2

c2n1

n1|n1 − n2|

≪ yε.

(2.3)

Combining (2.1) and (2.3), we complete the proof of Lemma 2.7.

Lemma 2.8. Let

G(T ; y, Y ) :=
∑

n1,n2≤y

cn1
cn2

n
7/8
1 n

7/8
2

∑
m1 ̸=m2≤Y

|m1/2
1 −m

1/2
2 |≍ |n1/4

1 ±n
1/4
2 |

T1/4

d2(m1)d2(m2)

m
3/4
1 m

3/4
2 |m1/2

1 −m
1/2
2 |1/2

,

where large parameters y, Y, T satisfy T ε ≪ y ≪ T 1/3 and T ε ≪ Y ≪ T . Then we obtain

G(T ; y, Y ) ≪ y
3
8+εT− 1

8 log4 T.

Proof. From the definition of G(T ; y, Y ), we can easily find that

G(T ; y, Y ) ≪ T 1/8
∑

n1,n2≤y

cn1
cn2

n
7/8
1 n

7/8
2

×
G(

|n1/4
1 ±n

1/4
2 |

T 1/4 )

|n1/4
1 ± n

1/4
2 |1/2

, (2.4)
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where

G(ρ) :=
∑

m1 ̸=m2≤Y

|m1/2
1 −m

1/2
2 |≍ρ

d2(m1)d2(m2)

m
3/4
1 m

3/4
2

, 0 < ρ ≪ T−ε.

By the given condition |m1/2
1 −m

1/2
2 | ≍ ρ together with Lagrange theorem, we deduce that m1 ≫ ρ. Moreover,

for fixed m1, it is readily verified that the number of integer m2 satisfying |m1/2
1 −m

1/2
2 | ≍ ρ is bounded above

by ≪ √
m1ρ+ 1. Combining this with (2.2) and Lemma 2.1, hence

G(ρ) ≪
∑

m1 ̸=m2≤Y

|m1/2
1 −m

1/2
2 |≍ρ

d22(m1) + d22(m2)

m
3/4
1 m

3/4
2

≪
∑

m1 ̸=m2≤Y

|m1/2
1 −m

1/2
2 |≍ρ

d22(m1)

m
3/4
1 m

3/4
2

≪
∑

m1 ̸=m2≤Y

m1≫ρ−2

d22(m1)

m
3/2
1

∑
|m1/2

1 −m
1/2
2 |≍ρ

1

≪
∑

ρ−2≪m1≤Y

d22(m1)

m
3/2
1

(
√
m1ρ+ 1)

≪ ρ log4 T.

Inserting the bound of G(ρ) into (2.4) with ρ =
|n1/4

1 ±n
1/4
2 |

T 1/4 , then

G(T ; y, Y ) ≪
∑

n1,n2≤y

cn1cn2

n
7/8
1 n

7/8
2

|n1/4
1 ± n

1/4
2 |1/2 T− 1

8 log4 T

≪ y
3
8+εT− 1

8 log4 T.

Lemma 2.9. Let β3 be defined in Lemma 2.6. Write

G∗(T ; y, Y ) :=
∑

n1,n2≤y

cn1
cn2

n
7/8
1 n

7/8
2

∑
m1 m2,m3≤Y

0<|β3|≍
|n1/4

1 ±n
1/4
2 |

T1/4

d2(m1)d2(m2)d2(m3)

m
3/4
1 m

3/4
2 m

3/4
3 |β3|1/2

,

where large parameters y, Y, T satiesfy T ε ≪ y ≪ T 1/3 and T ε ≪ Y ≪ T 1/3. Hence

G∗(T ; y, Y ) ≪ y
3
8T− 1

8+εY
1
4 + y

1
3T− 1

12+ε.
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Proof. We write

G∗(ρ) :=
∑

m1,m2,m3≤Y

0<|m1/2
1 +m

1/2
2 −m

1/2
3 |≍ρ

d2(m1)d2(m2)d2(m3)

m
3/4
1 m

3/4
2 m

3/4
3

,

where 0 < ρ ≪ T−ε. By the inequality |β3| ≍ ρ ≪ T−ε, obviously we can find that (j1, j2) ̸= (0, 0). Hence β3

will be one of the following cases:

m
1/2
1 +m

1/2
2 −m

1/2
3 ,m

1/2
1 −m

1/2
2 −m

1/2
3 ,m

1/2
1 −m

1/2
2 +m

1/2
3 .

Therefore

G∗(ρ) ≪ Y ε
∑

m1∼L1,m2∼L2,m3∼L3

0<|m1/2
1 +m

1/2
2 −m

1/2
3 |≍ρ

1

m
3/4
1 m

3/4
2 m

3/4
3

for some (L1, L2, L3) ∈ L3 by nothing that d(m) ≪ mε, where 1 ≪ Li < Y (i = 1, 2, 3). In general, let L1 ≤ L2,
then we have L2 ≍ L3. By taking (L,U,B,Q) = (L1, L2, L3, L3) in Lemma 2.3 we have the estimate

G∗(ρ) ≪
Y ε

L
3/4
1 L

3/4
2 L

3/4
3

∑
m1∼L1,m2∼L2,m3∼L3

0<|β3|≍ρ

1

≪ Y ε(ρL
1/4
1 + L

−1/4
1 L

−1/4
2 L

−3/4
3 ).

By the condition |m1/2
1 +m

1/2
2 −m

1/2
3 | ≍ ρ and Lemma 2.4 we obtain ρ ≫ (L1L2L3)

−1/2, which combining
the relation L1 ≤ L2 ≍ L3 gives

L
1/4
1 + L

−1/4
1 L

−1/4
2 L

−3/4
3 = L

1/4
1 + L

−1/4
1 L

−1/4
2 L

−1/4
3 L

−1/2
3 ≪ (L1L2L3)

−5/12 ≪ ρ5/6.

Hence, combining above estimate we obtain

G∗(ρ) ≪ Y ε(ρL
1/4
1 + ρ5/6) ≪ Y ε(ρY 1/4 + ρ5/6).

Combining this and ρ =
|n1/4

1 ±n
1/4
2 |

T 1/4 , then

G∗(T ; y, Y ) ≪ T ε
∑

n1,n2≤y

cn1cn2

n
7/8
1 n

7/8
2

(
|n1/4

1 ± n
1/4
2 |1/2

T 1/8
Y 1/4 +

|n1/4
1 ± n

1/4
2 |1/3

T 1/12

)
≪ T−1/8+εy3/8Y 1/4 + T−1/12+εy1/3.

The following lemma serves as the primary tool for handling cross terms in mixed moments.

Lemma 2.10. Let real parameter N be large, µ and ν be real numbers, then we write

I(N ;µ, ν) :=

∫ 2N

N

e
(
µx1/4 + νx1/2

)
dx,
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where µ, ν are real numbers.
(1)Assuming that µ and ν have identical signs, it follows that

I(N ;µ, ν) ≪ min

(
N1/2

|ν|
,
N3/4

|µ|

)
. (2.5)

(2)Assuming that µ and ν are of opposite signs or either of them is zero.
Suppose N1/4|ν| > |µ|, we can obtain

I(N ;µ, ν) ≪ N1/2

|ν|
. (2.6)

Suppose N1/4|ν| < |µ|/2, we can obtain

I(N ;µ, ν) ≪ N3/4

|µ|
. (2.7)

Suppose N1/4|ν| ≍ |µ|, we can obtain

I(N ;µ, ν) ≪ N3/4

|ν|1/2
. (2.8)

Proof. We write g(x) = µx1/4 + νx1/2, then it is easily seen that g′(x) = µ
4x3/4 + ν

2x1/2 .

Assuming that µ and ν have identical signs, it follows that g′(x) ≫ |µ|/N3/4, g′(x) ≫ |ν|/N1/2. Hence, by
the first derivative test, we conclude that the estimate (2.5) is valid.

Assuming that µ and ν are of opposite signs or either of them is zero. Suppose N1/4|ν| > |µ|, it suffices to
show that g′(x) ≫ |ν|/N1/2. Hence, from the first derivative test, we can obtain (2.6). Suppose N1/4|ν| < |µ|/2,
it suffices to show that g′(x) ≫ |µ|/N3/4. Hence, from the first derivative test again, we can obtain (2.7).

Finally suppose N1/4|ν| ≍ |µ| (µ, ν of different sign). Let θ0 = |ν|1/2/N3/4 and

I = [N, 2N ], I0 = {x ∈ I : |g′(x)| < θ0}, I1 = {x ∈ I : |g′(x)| ≥ θ0}.

Following from the first derivative test that∫
x∈I1

e(µx1/4 + νx1/2)dx ≪ θ−1
0 = N3/4/|ν|1/2.

If I0 is not empty, then it is an open interval. Assume I0 = (x1, x2). It suffices to show that∫
x∈I0

e(µx1/4 + νx1/2)dx ≪ x2 − x1.

It follows from the inequality |g′(x)| < θ0 that

νx1/4

2
= −µ

4
+O(θ0N

3/4).
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Thus, an application of Lagrange’s theorem yields that there exists an x0 ∈ I0 such that

|ν|x2 − x1

8x
3/4
0

= O(θ0N
3/4),

which implies that

x2 − x1 ≪ N3/4/|ν|1/2.

Combining the foregoing estimates, we deduce that (2.8) holds.

In the last part, we will focus on giving some upper bound estimates about for ∆2(x) and ∆1(x;φ).

Lemma 2.11 ([17], Lem. 2.13). The following estimate∫ T

1

|∆2(x)|Ndx ≪ T 1+N/4+ε (2.9)

holds for fixed real number 0 < N ≤ 1034
105 = 9.84....

Lemma 2.12 ([17], Lem. 2.14). For any T ≤ x ≤ 2T , we write

∆21(x;Y ) :=
x1/4

√
2π

∑
n≤Y

d2(n)

n3/4
cos
(
4π(nx)1/2 − π/4

)
,

where T ≥ 10 is a large parameter and Y is a real number satisfying T ε ≪ Y ≪ T . Then uniformly for Y ≪ T 1/4,
we deduce that ∫ 2T

T

|∆21(x;Y )|10dx ≪ T 7/2+ε. (2.10)

Lemma 2.13 ([17], Lem. 2.15). T, Y are defined as above. For any T ≤ x ≤ 2T , we write

∆22(x;Y ) := ∆2(x)−∆21(x;Y ).

Then uniformly for Y ≪ T 1/4, we deduce that

∫ 2T

T

|∆22(x;Y )|Ndx ≪

{
T 1+N

4 +εY −N
4 , 2 < N ≤ 4,

T 1+N
4 +εY −N0−N

N0−4 , 4 < N ≤ N0,
(2.11)

where 2 < N < N0 = 1034
105 .

Lemma 2.14. T, Y are defined in Lemma 2.12. For any T ≤ x ≤ 2T , we write

R1(x; y) :=
x9/8

4π2

∑
n≤y

cn
n7/8

cos
(
8π(nx)

1/4 − π

4

)
.

Then for y ≪ T 1/2, we deduce that ∫ 2T

T

|R1(x; y)|2ldx ≪ T 1+ 9l
4 +ε

holds for l = 1, 2, 3.
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Proof. Turning to the case l = 3. A direct application of the large value technique from [11] to R1(x; y) yields
the desired estimate

∫ 2T

T

|R1(x; y)|6dx ≪ T 31/4+ε

holds for y ≪ T 1/2. The details here are ignored.

Lemma 2.15. T, Y are defined in Lemma 2.12. For any T ≤ x ≤ 2T , we write

R2(x; y) := ∆1(x;φ)−R1(x; y).

Then for T ε ≪ y ≪ T 1/3, we obtain

∫ 2T

T

|R2(x; y)|2dx ≪ T
13
4 +εy−

3
4 , (2.12)∫ 2T

T

|R2(x; y)|
16
3 dx ≪ T 7+ε, (2.13)∫ 2T

T

|R2(x; y)|
20
9 dx ≪ T

7
2+εy−

7
10 , (2.14)∫ 2T

T

|R2(x; y)|
9
4 dx ≪ T

113
32 +εy−

111
160 , (2.15)∫ 2T

T

|R2(x; y)|
40
17 dx ≪ T

62
17+εy−

57
85 , (2.16)

∫ 2T

T

|R2(x; y)|
12
5 dx ≪ T

37
10+εy−

33
50 , (2.17)∫ 2T

T

|R2(x; y)|
5
2 dx ≪ T

61
16+εy−

51
80 , (2.18)∫ 2T

T

|R2(x; y)|
20
7 dx ≪ T

59
14+εy−

39
70 , (2.19)∫ 2T

T

|R2(x; y)|
90
31 dx ≪ T

529
124+εy−

339
620 , (2.20)∫ 2T

T

|R2(x; y)|
180
61 dx ≪ T

527
122+εy−

327
610 , (2.21)∫ 2T

T

|R2(x; y)|3dx ≪ T
35
8 +εy−

21
40 . (2.22)

Proof. For T ε ≪ y ≪ T 1/3, we have the estimate (2.12) from (4.8) in [11].
Then we consider (2.13). By Lemma 2.14 with l = 3, we deduce that

∫ 2T

T

|R1(x;φ)|
16
3 dx ≪ T 7+ε (2.23)
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holds for y ≪ T 1/3. Combining this and

∫ 2T

T

|∆1(x;φ)|
16
3 dx ≪ T 7+ε,

we obtain that ∫ 2T

T

|R2(x; y)|
16
3 dx ≪

∫ 2T

T

|∆1(x;φ)−R1(x; y)|
16
3 dx ≪ T 7+ε

holds for y ≪ T 1/3. Now we complete the proof of the (2.13).
Then we estimate (2.14). By (2.12), (2.13), then

∫ 2T

T

|R2(x; y)|
20
9 dx ≪

(∫ 2T

T

|R2(x; y)|
16
3 dx

) 1
15
(∫ 2T

T

|R2(x; y)|2dx

) 14
15

≪ T
7
2+εy−

7
10 ,

where Hölder’s inequality is applied.
Similarly, by this method, we can also obtain the estimates (2.15)–(2.22).

3. Proof of Theorem 1.1

Let

W (T ) :=

∫ 2T

T

(∆1(x;φ))
2∆2(x)dx,

then we first need to evaluate this integral.
Assume T ε ≪ y ≪ T 1/3 is a fixed parameter. Let

W (T ) =

∫ 2T

T

(R1(x; y))
2
∆2(x)dx+

∫ 2T

T

R1(x; y)R2(x; y)∆2(x)dx

+

∫ 2T

T

(R2(x; y))
2∆2(x)dx

: =

∫
1

+2

∫
2

+

∫
3

.

(3.1)

It suffices for us to bound
∫
2
and

∫
3
.

Following from Lemmas 2.11, 2.14, 2.15 and Hölder’s inequality, we can find that

∫
2

≪

(∫ 2T

T

|R1(x; y)|4dx

)1/4(∫ 2T

T

|R2(x; y)|2dx

)1/2

×

(∫ 2T

T

|∆2(x)|4dx

)1/4

≪T 7/2+εy−3/8

(3.2)
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and

∫
3

≪

(∫ 2T

T

|R2(x; y)|9/4dx

)8/9(∫ 2T

T

|∆2(x)|9dx

)1/9

≪T 7/2+εy−37/60.

(3.3)

Then we need to bound
∫
1
. Assume T ε ≪ Y ≪ T 1/4 is an undetermined parameter. Let

∫
1

=

∫ 2T

T

(R1(x; y))
2∆21(x;Y )dx+

∫ 2T

T

(R1(x; y))
2∆22(x;Y )dx

:=

∫
11

+

∫
12

,

(3.4)

Following from Lemma 2.14 and (2.11), we can find that

∫
12

≪

(∫ 2T

T

|R1(x; y)|4dx

)1/2(∫ 2T

T

|∆22(x)|2dx

)1/2

≪T 7/2+εY −1/4.

(3.5)

where Cauchy’s inequality is employed.
Finally we need to estimate

∫
11
. Following from the elementary formula

cosα1 cosα2 cosα3 =
1

4

∑
(j1,j2)∈{0,1}2

cos
(
α1 + (−1)j1α2 + (−1)j2α3

)
,

let

(R1(x; y))
2∆21(x;Y )

=
x5/2

64
√
2π5

∑
(j1,j2)∈{0,1}2

∑
n1≤y

∑
n2≤y

∑
m≤Y

cn1
cn2

d2(m)

n
7/8
1 n

7/8
2 m3/4

× cos
(
4π(mx)1/2 + (−1)j18π(n1x)

1/4 + (−1)j28π(n2x)
1/4 − π

4
+ (−1)j1

π

4
+ (−1)j2

π

4

)
.

We write

f(x) = 4π(mx)1/2 + (−1)j18π(n1x)
1/4 + (−1)j28π(n2x)

1/4 − π

4
+ (−1)j1

π

4
+ (−1)j2

π

4
.
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Since y ≪ T 1/3, for any n1 ≤ y, n2 ≤ y, m ≤ Y , it suffices for us to obtain that

|f ′(x)| =

∣∣∣∣∣2πm1/2

x1/2
+ (−1)j1

2πn
1/4
1

x3/4
+ (−1)j2

2πn
1/4
2

x3/4

∣∣∣∣∣≫ m1/2

x1/2
.

Hence from the first derivative test we derive

∫
11

≪ T 5/2
∑

(j1,j2)∈{0,1}2

∑
n1≤y

∑
n2≤y

∑
m≤Y

cn1
cn2

d2(m)

n
7/8
1 n

7/8
2 m3/4

× T 1/2

m1/2

≪ T 3
∑
n1≤y

∑
n2≤y

cn1
cn2

n
7/8
1 n

7/8
2

≪ T 3y1/4+ε,

(3.6)

where the bound cn ≪ nε has been used.
Combining (3.1)–(3.6),then

W (T ) ≪ T 7/2−1/16+ε, (3.7)

where we have taken y = T 1/3 and Y = T 1/4. Hence, we complete Theorem 1.1.

4. Proof of Theorem 1.2

In this section, we will give the details of the proof of Theorem 1.2. Write

H(T ) :=

∫ 2T

T

(∆1(x;φ))
2(∆2(x))

2dx.

We first need to estimate the integral.
Suppose T ε ≪ y ≪ T 1/3 and T ε ≪ Y ≪ T 1/4 are two parameters to be determined. Let

H(T ) = P1 + 2P2 + P3 + 2P4 + 4P5 + 2P6 + P7 + 2P8 + P9, (4.1)
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where

P1 = P1(T ) :=

∫ 2T

T

(R1(x; y))
2∆21(x;Y )2dx,

P2 = P2(T ) :=

∫ 2T

T

(R1(x; y))
2∆21(x;Y )∆22(x;Y )dx,

P3 = P3(T ) :=

∫ 2T

T

(R1(x; y))
2(∆22(x;Y ))2dx,

P4 = P4(T ) :=

∫ 2T

T

R1(x; y)R2(x; y)(∆21(x;Y ))2dx,

P5 = P5(T ) :=

∫ 2T

T

R1(x; y)R2(x; y)∆21(x;Y )∆22(x;Y )dx,

P6 = P6(T ) :=

∫ 2T

T

R1(x; y)R2(x; y)(∆22(x;Y ))2dx,

P7 = P7(T ) :=

∫ 2T

T

(R2(x; y))
2(∆21(x;Y ))2dx,

P8 = P8(T ) :=

∫ 2T

T

(R2(x; y))
2∆21(x;Y )∆22(x;Y )dx,

P9 = P9(T ) :=

∫ 2T

T

(R2(x; y))
2(∆22(x;Y ))2dx.

4.1. Estimates of Pi(2 ≤ i ≤ 9)

In this subsection, we establish the estimates for Pi with 2 ≤ i ≤ 9 by some results in the Lemmas 2.12–2.15.
Besides, by Hölder’s inequality, we deduce that

P2 ≪

(∫ 2T

T

|R1 (x; y) |4dx

)1/2(∫ 2T

T

|∆21 (x;Y ) |10dx

)1/10

×

(∫ 2T

T

|∆22 (x;Y ) |5/2dx

)2/5

≪T 15/4+εY −1/4,

(4.2)

P4 ≪

(∫ 2T

T

|R1 (x; y) |4dx

)1/4(∫ 2T

T

|R2 (x; y) |2dx

)1/2

×

(∫ 2T

T

|∆21 (x;Y ) |10dx

)1/5(∫ 2T

T

1dx

)1/20

≪T 15/4+εy−3/8,

(4.3)
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P5 ≪

(∫ 2T

T

|R1 (x; y) |4dx

)1/4(∫ 2T

T

|R2 (x; y) |2dx

)1/2

×

(∫ 2T

T

|∆21 (x;Y ) |10dx

)1/5(∫ 2T

T

|∆22 (x;Y ) |20/3dx

)3/20

≪T 15/4+εy−3/8Y −501/6140,

(4.4)

P6 ≪

(∫ 2T

T

|R1 (x; y) |4dx

)1/4(∫ 2T

T

|R2 (x; y) |2dx

)1/2

×

(∫ 2T

T

|∆22 (x;Y ) |8dx

)1/4

≪T 15/4+εy−3/8Y −97/1228,

(4.5)

P7 ≪

(∫ 2T

T

|R2 (x; y) |5/2dx

)4/5(∫ 2T

T

|∆21 (x;Y ) |10dx

)1/5

≪T 15/4+εy−51/100,

(4.6)

P8 ≪

(∫ 2T

T

|R2 (x; y) |20/7dx

)7/10(∫ 2T

T

|∆21 (x;Y ) |10dx

)1/10

×

(∫ 2T

T

|∆22 (x;Y ) |5dx

)1/5

≪T 15/4+εy−39/100Y −509/3070,

(4.7)

and

P9 ≪

(∫ 2T

T

|R2 (x; y) |3dx

)2/3(∫ 2T

T

|∆22 (x;Y ) |6dx

)1/3

≪T 15/4+εy−7/20Y −202/921.

(4.8)

By Cauchy’s inequality we find that

P3 ≪

(∫ 2T

T

|R1 (x; y) |4dx

)1/2(∫ 2T

T

|∆22 (x;Y ) |4dx

)1/2

≪T 15/4+εY −1/2.

(4.9)

4.2. Evaluation of P1

In this subsection we shall evaluate P1. From the elementary formula

4∏
l=1

cosαl =
1

8

∑
(j1,j2,j3)∈{0,1}3

cos((−1)j1α1 + (−1)j2α2 + (−1)j3α3 + α4)
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we can derive that

(R1(x; y))
2(∆21(x;Y ))2

=
x11/4

32π6

∑
n1,n2≤y

∑
m1,m2≤Y

cn1cn2

n
7/8
1 n

7/8
2

d2(m1)d2(m2)

m
3/4
1 m

3/4
2

× cos
(
8π(n1x)

1/4 − π

4

)
cos
(
8π(n2x)

1/4 − π

4

)
× cos

(
4π(m1x)

1/2 − π

4

)
cos
(
4π(m2x)

1/2 − π

4

)
=

x11/4

256π6

∑
(j1,j2,j3)∈{0,1}3

∑
n1,n2≤y

∑
m1,m2≤Y

cn1cn2

n
7/8
1 n

7/8
2

d2(m1)d2(m2)

m
3/4
1 m

3/4
2

× cosh(x;m,n, j),

where m = (m1,m2), n = (n1, n2), j = (j1, j2, j3) and

h(x; m,n, j)

=8π(n1x)
1/4 + (−1)j18π(n2x)

1/4 + (−1)j24π(m1x)
1/2 + (−1)j34π(m2x)

1/2

+
π

4
(−1 + (−1)j1+1 + (−1)j2+1 + (−1)j3+1).

(4.10)

Write

µ := n
1/4
1 + (−1)j1n

1/4
2 , ν := (−1)j2m

1/2
1 + (−1)j3m

1/2
2 .

According to µ and ν are zero or not, there are 4 cases:
Case 1: µ = 0, ν = 0;
Case 2: µ = 0, ν ̸= 0;
Case 3: µ ̸= 0, ν = 0;
Case 4: µ ̸= 0, ν ̸= 0.
So by the four cases, let

(R1(x; y))
2(∆21(x;Y ))2 = F1(x) + F2(x) + F3(x) + F4(x), (4.11)

where F1(x), F2(x), F3(x) and F4(x) correspond to the above four cases, respectively.
For F1(x), we take j = (1, 1, 0), m1 = m2, n1 = n2 or j = (1, 0, 1), m1 = m2, n1 = n2, which notes that µ

and ν are both zero. Then we obtain

F1(x) =
x11/4

128π6

∑
n≤y

c2n
n7/4

∑
m≤Y

d22(m)

m3/2

and ∫ 2T

T

F1(x)dx =
1

128π6

∑
n≤y

c2n
n7/4

∑
m≤Y

d22(m)

m3/2

∫ 2T

T

x11/4dx

=
1

128π6

∞∑
n=1

c2n
n7/4

∞∑
m=1

d22(m)

m3/2

∫ 2T

T

x11/4dx

+O(T 15/4+εy−3/4 + T 15/4+εY −1/2).

(4.12)
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Then we consider the contributions of F2(x) and F3(x). Following from the first derivative test that

∫ 2T

T

F2(x)dx ≪ T 13/4
∑
n≤y

c2n
n7/4

∑
m1 ̸=m2≤Y

d2(m1)d2(m2)

m
3/4
1 m

3/4
2 |m1/2

1 ±m
1/2
2 |

≪ T 13/4 log4 T

(4.13)

and ∫ 2T

T

F3(x)dx ≪ T 7/2
∑
m≤Y

d22(m)

m3/2

∑
n1 ̸=n2≤y

cn1
cn2

n
7/8
1 n

7/8
2 |n1/4

1 ± n
1/4
2 |

≪ T 7/2yε,

(4.14)

where Lemmas 2.2 and 2.7 are applied respectively.
For the contribution of F4(x), suppose

h′(x;m,n, j) = 2π
n
1/4
1 + (−1)j1n

1/4
2

x3/4
+ 2π

(−1)j2m
1/3
1 + (−1)j3m

1/3
2

x1/2
. (4.15)

Let

F4(x) = F41(x) + F42(x),

where

F41(x) :=
x11/4

256π6

∑
(j1,j2,j3)∈{0,1}3

j2=j3

∑
n1,n2≤y

∑
m1,m2≤Y

cn1
cn2

n
7/8
1 n

7/8
2

d2(m1)d2(m2)

m
3/4
1 m

3/4
2

cosh(x;m,n, j),

F42(x) :=
x11/4

256π6

∑
(j1,j2,j3)∈{0,1}3

j2 ̸=j3

∑
n1,n2≤y

∑
m1,m2≤Y

cn1cn2

n
7/8
1 n

7/8
2

d2(m1)d2(m2)

m
3/4
1 m

3/4
2

cosh(x;m,n, j).

If j2 = j3, then from (4.15) it suffices to see for any m1,m2 ≤ y and n1, n2 ≤ Y that the estimate

|h′(x;m,n, j)| ≪ |m1/2
1 +m

1/2
2 |

x1/2

holds for T ≤ x ≤ 2T . Then following from the first derivative test that∫ 2T

T

F41(x)dx ≪ T 13/4
∑

n1,n2≤y

cn1cn2

n
7/8
1 n

7/8
2

∑
m1,m2≤Y

d2(m1)d2(m2)

m
3/4
1 m

3/4
2 |m1/2

1 +m
1/2
2 |

≪ T 13/4y1/4+ε log4 T,

(4.16)

where Lemma 2.2 is employed.
Let

F42(x) = F421(x) + F422(x) + F423(x),
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where

F42l(x) :=
x11/4

256π6

∑
42l

cn1cn2

n
7/8
1 n

7/8
2

d2(m1)d2(m2)

m
3/4
1 m

3/4
2

cosh(x;m,n, j)

with l = 1, 2, 3 and

SC(F421) : j2 ̸= j3, n1, n2 ≤ y,m1,m2 ≤ Y, T 1/4|m1/2
1 −m

1/2
2 | > |n1/4

1 + (−1)j1n
1/4
2 |,

SC(F422) : j2 ̸= j3, n1, n2 ≤ y,m1,m2 ≤ Y, T 1/4|m1/2
1 −m

1/2
2 | < |n1/4

1 + (−1)j1n
1/4
2 |/2,

SC(F423) : j2 ̸= j3, n1, n2 ≤ y,m1,m2 ≤ Y, T 1/4|m1/2
1 −m

1/2
2 | ≍ |n1/4

1 + (−1)j1n
1/4
2 |.

We firstly consider the contribution of the integral of F421(x) and F422(x). It follows from the estimates (2.5),
(2.6) and Lemma 2.2 that

∫ 2T

T

F421(x)dx ≪ T 13/4
∑

n1,n2≤y

cn1
cn2

n
7/8
1 n

7/8
2

∑
m1,m2≤Y

m1 ̸=m2

d2(m1)d2(m2)

m
3/4
1 m

3/4
2 |m1/2

1 +m
1/2
2 |

≪ T 13/4y1/4+ε log4 T

(4.17)

and ∫ 2T

T

F422(x)dx ≪ T 7/2
∑

n1,n2≤y

cn1cn2

n
7/8
1 n

7/8
2 |n1/4

1 + (−1)j1n
1/4
2 |

∑
m1,m2≤Y

m1 ̸=m2

d2(m1)d2(m2)

m
3/4
1 m

3/4
2

≪ T 13/4
∑

n1,n2≤y

cn1
cn2

n
7/8
1 n

7/8
2

∑
m1,m2≤Y

m1 ̸=m2

d2(m1)d2(m2)

m
3/4
1 m

3/4
2 |m1/2

1 +m
1/2
2 |

≪ T 13/4y1/4+ε log4 T,

(4.18)

where in the second line of (4.18) the inequality

T 1/4|m1/2
1 −m

1/2
2 | < |n1/4

1 + (−1)j1n
1/4
2 |/2

is used.
For the integral of F423(x), it follows from (2.7) and Lemma 2.8 that

∫ 2T

T

F423(x)dx ≪ T 7/2S(T ; y, Y ) ≪ T 27/8y3/8+ε log4 T. (4.19)

Combining (4.10)–(4.19), then

P1 =
1

128π6

∞∑
n=1

c2n
n7/4

∞∑
m=1

d22(m)

m3/2

∫ 2T

T

x11/4dx

+O(T 15/4+εy−3/4 + T 15/4+εY −1/2 + T 27/8y3/8+ε log4 T ).

(4.20)
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4.3. The complete proof of Theorem 1.2

Combining (4.1)–(4.8) and (4.20), then get

H(T ) =
1

128π6

∞∑
n=1

c2n
n7/4

∞∑
m=1

d22(m)

m3/2

∫ 2T

T

x11/4dx

+O(T 15/4+εY −1/4 + T 15/4+εy−3/8 + T 15/4+εy−7/20Y −202/921)

=
1

128π6

∞∑
n=1

c2n
n7/4

∞∑
m=1

d22(m)

m3/2

∫ 2T

T

x11/4dx+O(T 15/4−1/16+ε).

(4.21)

where we have taken y = T 1/3 and Y = T 1/4.
Therefore,

∫ T

1

(∆1(x;φ))
2(∆2(x))

2dx

=
1

128π6

∞∑
n=1

c2n
n7/4

∞∑
m=1

d22(m)

m3/2

∫ T

1

x11/4dx+O(T 15/4−1/16+ε)

=
1

480π6

∞∑
n=1

c2n
n7/4

∞∑
m=1

d22(m)

m3/2
T 15/4 +O(T 15/4−1/16+ε).

(4.22)

For the sake of convenience, we note

D2 =
1

16π4

∞∑
n=1

c2n
n7/4

.

Hence, we complete the proof.

5. Proof of Theorem 1.3

In this section, we shall give the details of the proof of Theorem 1.3. Let

V (T ) :=

∫ 2T

T

(∆1(x;φ))
2(∆2(x))

3dx.

We first need to evaluate the integral. Let T ε ≪ y ≪ T 1/3 and T ε ≪ Y ≪ T 1/4 be two parameters to be
determined.

Let

V (T ) = Y1 + 3Y2 + 3Y3 + Y4 + 2Y5 + 6Y6 + 6Y7 + 2Y8 + Y9 + 3Y10 + 3Y11 + Y12, (5.1)
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where

Y1 = Y1(T ) :=

∫ 2T

T

(R1(x; y))
2(∆21(x;Y ))3dx,

Y2 = Y2(T ) :=

∫ 2T

T

(R1(x; y))
2(∆21(x;Y ))2∆22(x;Y )dx,

Y3 = Y3(T ) :=

∫ 2T

T

(R1(x; y))
2∆21(x;Y )(∆22(x;Y ))2dx,

Y4 = Y4(T ) :=

∫ 2T

T

(R1(x; y))
2(∆22(x;Y ))3dx,

Y5 = Y5(T ) :=

∫ 2T

T

R1(x; y)R2(x; y)(∆21(x;Y ))3dx,

Y6 = Y6(T ) :=

∫ 2T

T

R1(x; y)R2(x; y)(∆21(x;Y ))2∆22(x;Y )dx,

Y7 = Y7(T ) :=

∫ 2T

T

R1(x; y)R2(x; y)∆21(x;Y )(∆22(x;Y ))2dx,

Y8 = Y8(T ) :=

∫ 2T

T

R1(x; y)R2(x; y)(∆22(x;Y ))3dx,

Y9 = Y9(T ) :=

∫ 2T

T

(R2(x; y))
2(∆21(x;Y ))3dx,

Y10 = Y10(T ) :=

∫ 2T

T

(R2(x; y))
2(∆21(x;Y ))2∆22(x;Y )dx,

Y11 = Y11(T ) :=

∫ 2T

T

(R2(x; y))
2∆21(x;Y )(∆22(x;Y ))2dx,

Y12 = Y12(T ) :=

∫ 2T

T

(R2(x; y))
2(∆22(x;Y ))3dx.

5.1. Estimates of Yi(2 ≤ i ≤ 12)

In this subsection, we establish the estimates for Yi with 2 ≤ i ≤ 12 by some results in the Lemmas 2.12–2.15.
It follows from Hölder’s inequality that

Y2 ≪

(∫ 2T

T

|R1 (x; y) |4dx

)1/2(∫ 2T

T

|∆21 (x;Y ) |10dx

)1/5

×

(∫ 2T

T

|∆22 (x;Y ) |10/3dx

)3/10

≪T 4+εY −1/4,

(5.2)

Y3 ≪

(∫ 2T

T

|R1 (x; y) |4dx

)1/2(∫ 2T

T

|∆21 (x;Y ) |10dx

)1/10

×

(∫ 2T

T

|∆22 (x;Y ) |5dx

)2/5

≪T 4+εY −509/1535,

(5.3)
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Y4 ≪

(∫ 2T

T

|R1 (x; y) |4dx

)1/2(∫ 2T

T

|∆22 (x;Y ) |6dx

)1/2

≪T 4+εY −101/307,

(5.4)

Y5 ≪

(∫ 2T

T

|R1 (x; y) |4dx

)1/4(∫ 2T

T

|R2 (x; y) |20/9dx

)9/20

×

(∫ 2T

T

|∆21 (x;Y ) |10dx

)3/10

≪T 4+εy−63/200,

(5.5)

Y6 ≪

(∫ 2T

T

|R1 (x; y) |4dx

)1/4(∫ 2T

T

|R2 (x; y) |40/17dx

)17/40

×

(∫ 2T

T

|∆21 (x;Y ) |10dx

)1/5(∫ 2T

T

|∆22 (x;Y ) |8dx

)1/8

≪T 4+εy−57/200Y −97/2456,

(5.6)

Y7 ≪

(∫ 2T

T

|R1 (x; y) |4dx

)1/4(∫ 2T

T

|R2 (x; y) |5/2dx

)2/5

×

(∫ 2T

T

|∆21 (x;Y ) |10dx

)1/10(∫ 2T

T

|∆22 (x;Y ) |8dx

)1/4

≪T 4+εy−51/200Y −97/1228.

(5.7)

Y8 ≪

(∫ 2T

T

|R1 (x; y) |4dx

)1/4(∫ 2T

T

|R2 (x; y) |12/5dx

)5/12

×

(∫ 2T

T

|∆22 (x;Y ) |9dx

)1/3

≪T 4+εy−11/40Y −89/1842,

(5.8)

Y9 ≪

(∫ 2T

T

|R2(x; y)|20/7dx

)7/10(∫ 2T

T

|∆21(x;Y )|10dx

)3/10

≪T 4+εy−39/100,

(5.9)

Y10 ≪

(∫ 2T

T

|R2(x; y)|90/31dx

)31/45(∫ 2T

T

|∆21(x;Y )|10dx

)1/5

×

(∫ 2T

T

|∆22 (x;Y ) |9dx

)1/9

≪T 4+εy−113/300Y −89/5526,

(5.10)
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Y11 ≪

(∫ 2T

T

|R2 (x; y) |180/61dx

)61/90(∫ 2T

T

|∆21 (x;Y ) |10dx

)1/5

×

(∫ 2T

T

|∆22 (x;Y ) |9dx

)2/9

≪T 4+εy−109/300Y −89/2763,

(5.11)

and

Y12 ≪

(∫ 2T

T

|R2 (x; y) |3dx

)2/3(∫ 2T

T

|∆22 (x;Y ) |9dx

)1/3

≪T 4+εy−7/20Y −89/1842.

(5.12)

5.2. Evaluation of Y1

In this subsection, we will estimate Y1. Following from the elementary formula

5∏
l=1

cosµl =
1

16

∑
(j1,j2,j3,j4)∈{0,1}4

cos
(
(−1)j1µ1 + (−1)j2µ2 + (−1)j3µ3 + (−1)j4µ4 + µ5

)
we obtain

(R1(x; y))
2(∆21(x;Y ))3

=
x3

512
√
2π7

∑
n1,n2≤y

∑
m1,m2,m3≤Y

cn1
cn2

n
7/8
1 n

7/8
2

d2(m1)d2(m2)d2(m3)

m
3/4
1 m

3/4
2 m

3/4
3

× cosh(x;m,n, j),

where m = (m1,m2,m3), n = (n1, n2), j = (j1, j2, j3, j4) and

h(x;m,n, j)

=8π(n1x)
1/4 + (−1)j18π(n2x)

1/4 + (−1)j24π(m1x)
1/2 + (−1)j34π(m2x)

1/2

(−1)j44π(m3x)
1/2 +

π

4
(−1 + (−1)j1+1 + (−1)j2+1 + (−1)j3+1 + (−1)j4+1).

(5.13)

Let

µ := n
1/4
1 + (−1)j1n

1/4
2 , ν := (−1)j2m

1/2
1 + (−1)j3m

1/2
2 + (−1)j4m

1/2
3 .

According to µ and ν are zero or not, we have the following 4 cases:
Case 1: µ = 0, ν = 0;
Case 2: µ = 0, ν ̸= 0;
Case 3: µ ̸= 0, ν = 0;
Case 4: µ ̸= 0, ν ̸= 0.
So by the four cases, let

(R1(x; y))
2(∆21(x;Y ))3 = F1(x) + F2(x) + F3(x) + F4(x), (5.14)
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where F1(x), F2(x), F3(x) and F4(x) correspond to the above four cases, respectively.
For F1(x), it suffices to see that

F1(x) =
3x3

256
√
2π7

∑
n≤y

c2n
n7/4

∑
m1,m2,m3≤Y√
m1+

√
m2=

√
m3

d22(m1)d
2
2(m2)d

2
2(m3)

m
3/4
1 m

3/4
2 m

3/4
3

.

Then following from Lemma 2.5 we obtain

∫ 2T

T

F1(x)dx =
3

256
√
2π7

∑
n≤y

c2n
n7/4

C(Y )

∫ 2T

T

x3dx

=
3

256
√
2π7

∞∑
n=1

c2n
n7/4

C
∫ 2T

T

x3dx+O(T 4+εy−3/4 + T 4+εY −1/2).

(5.15)

Then we consider the contributions of F2(x) and F3(x). Following from the first derivative test that

∫ 2T

T

F2(x)dx ≪ T 7/2+εY 1/4 (5.16)

and

∫ 2T

T

F3(x)dx ≪ T 15/4yε, (5.17)

where Lemmas 2.6 and 2.7 are used, respectively.
The treatment of F4(x) is similar to F4(x), except that we replace Lemmas 2.8 with 2.9 and 2.6 with 2.2.

Here the details are omitted. We obtain

∫ 2T

T

F4(x)dx ≪ T 7/2+εy1/4Y 1/4 + T 15/4+εY 3/4 + T 29/8+εy3/8Y 1/4 + T 11/3+εy1/3

≪ T 15/4+εY 3/4 + T 11/3+εy1/3.

(5.18)

Combining (5.15)–(5.18) we obtain

Y1 =
3

256
√
2π7

∞∑
n=1

c2n
n7/4

C
∫ 2T

T

x3dx+O(T 4+εy−3/4 + T 4+εY −1/2)

+O(T 15/4+εY 3/4 + T 11/3+εy1/3).

(5.19)
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5.3. The complete proof of Theorem 1.3

Taking y = T 25/126 and Y = T 1/4, we get from (5.12) and (5.19) that

V (T ) =
3

256
√
2π7

∞∑
n=1

c2n
n7/4

C
∫ 2T

T

x3dx

+O(T 4+εY −101/307 + T 4+εy−63/200 + T 4+εy−57/200Y −97/2456)

+O(T 15/4+εY 3/4 + T 4+εy−51/200Y −97/1228 + T 4+εy−11/40Y −89/1842)

=
3

256
√
2π7

∞∑
n=1

c2n
n7/4

C
∫ 2T

T

x3dx+O(T 4−1/16+ε).

(5.20)

Hence,

∫ T

1

(R1(x; y))
2(∆21(x;Y ))3dx

=
3

256
√
2π7

∞∑
n=1

c2n
n7/4

∑
n1,n2,n3≥1√

n1+
√
n2=

√
n3

d2(n1)d2(n2)d2(n3)

n
3/4
1 n

3/4
2 n

3/4
3

∫ T

1

x3dx+O(T 4−1/16+ε)

=
3

1024
√
2π7

∞∑
n=1

c2n
n7/4

CT 4 +O(T 4−1/16+ε).

(5.21)

For the sake of convenience, we note

C
(3)
2 =

3C
28π3

.
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