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1. Introduction

Throughout this paper, we use the notations N, N0, Z and C to denote the sets of positive integers, nonnegative
integers, rational integers and complex numbers, respectively.

Many mathematicians are interested in the harmonic numbers and their many generalizations (see [1–19, 25]
and references therein). For example, Goldbach [20], p. 253 asked what can we say about the infinite sum∑∞

n=1
Hn

nk , can we obtain a formula for it? The answer is yes. Indeed, Euler [6] obtained the following remarkable
identity

2

∞∑
n=1

Hn

nk
= (k + 2)ζ(k + 1)−

k−2∑
n=1

ζ(k − n)ζ(n+ 1), k = 2, 3, · · · .

It is surprising that the Riemann zeta function ζ(s) appears in such expressions. From that time on, such type
of infinite series containing harmonic numbers and generalizations have been referred to as Euler sums. It is a
very difficult problem to give explicit expressions for general type Euler sums.

We now recall some notations. Define the generalized alternating harmonic numbers H
(m)

n as

H
(p)

n :=

n∑
j=1

(−1)j−1

jm
(n, p ∈ N).

When p ∈ N0, H
(−p)

n is interpreted as the sum
∑n

j=1(−1)j−1jp.
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The well-known Hurwitz zeta function is defined as

ζ(s, a) :=

∞∑
n=0

1

(n+ a)s
(s ∈ C,Re(s) > 1, a > 0),

where, Re(s) denotes the real part of the complex number s. When a = 1, ζ(s, 1) reduces to the Riemann zeta
function ζ(s). Define the alternating zeta function ζ(s) as

ζ(s) :=

∞∑
n=1

(−1)n−1

ns
= (1− 21−s)ζ(s) (s ∈ C,Re(s) > 0),

with ζ(1) = log 2.
The generalized hyperharmonic numbers [5, 10, 15] are defined as

H(p,r)
n :=

n∑
j=1

H
(p,r−1)
j (n, p, r ∈ N),

where H
(p,1)
n =

∑n
j=1 1/j

p are the classical generalized harmonic numbers H
(p)
n .

The parameter p in the classical harmonic numbers H
(p)
n can be a negative integer. When p ∈ N0, H

(−p)
n is

interpreted as the sum
∑n

j=1 j
p. Note that, H

(1,r)
n = h

(r)
n are the classical hyperharmonic numbers [21]. It is not

hard to see that the generalized hyperharmonic numbers give a unified extension of the classical hyperharmonic

numbers h
(r)
n and the classical generalized harmonic numbers H

(p)
n .

Bailey et al. [22] used a computer to study Euler sums. They could predict whether or not some infinite series
could be expressed as which given constants. But they did not give a mathematical proof.

The most effective method in the area of Euler sums is the contour integral representation approach, which
was developed by Flajolet and Salvy [6]. It is noteworthy that not only harmonic number sums but also some
hyperbolic sums can be evaluated by the contour integral representation approach.

It is natural to consider Euler sums of hyperharmonic numbers and generalized hyperharmonic numbers,
many mathematicians have worked in this area. For example, Mező and Dil [14] proved that

∞∑
n=1

h
(r)
n

nm
(m ≥ r + 1,m ∈ N),

could be expressed as infinite series involving the Hurwitz zeta values. Five years later, Dil and Boyadzhiev [4]
generalized this result to multiple sums of the Hurwitz zeta values. Dil et al. [5] obtained similar results for
generalized hyperharmonic number Euler sums

ζH(p,r)(m) :=

∞∑
n=1

H
(p,r)
n

nm
.

The author [10] established a combinatorial identity for H
(p,r)
n and proved that ζH(p,r)(m) can be written as

linear combinations of harmonic number Euler sums. Can et al. [23] obtained a similar identity, but they used
a different method to give the recursive formula for the linear combination coefficients.
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The author [8] introduced the notion of the generalized alternating hyperharmonic numbers

H(p,r,1)
n :=

n∑
k=1

(−1)k−1H
(p,r−1,1)
k (H(p,1,1)

n = H(p)
n ),

and showed that generalized alternating hyperharmonic number Euler sums could be written as linear combi-
nations of classical (alternating) Euler sums. The author has worked out many works on generalized alternating
hyperharmonic numbers (see [8, 9, 12]).

Mathematicians are also interested in Euler sums with reciprocal binomial coefficients. In 2011, Sofo [16]

showed that generalized harmonic number sums of types
∑∞

n=1
H(s)

n

(n+k
k )

and
∑∞

n=1
H(s)

n

n(n+k
k )

could be reduced to zeta

values and harmonic numbers. Four years later, Sofo [17] developed explicit formulas for alternating quadratic
harmonic number sums with reciprocal binomial coefficients

∞∑
n=1

(−1)n+1(Hn)
2(

n+k
k

) and

∞∑
n=1

(−1)n+1(Hn)
2

n
(
n+k
k

) .

In 2016, Sofo [18, 19] developed identities, closed form formulas for alternating harmonic number sums of
types

∞∑
n=1

(−1)n+1H
(2)
n(

n+k
k

) ,

∞∑
n=1

(−1)n+1H
(2)
n

n
(
n+k
k

) ,

∞∑
n=1

(−1)n+1Hn(
n+k
k

)2 and

∞∑
n=1

(−1)n+1Hn

n
(
n+k
k

)2 .

The author [11] proved that generalized hyperharmonic number sums with reciprocal binomial coefficients of
the following form

∞∑
n=1

H
(p,s)
n

nm
(
n+k
k

) , ∞∑
n=1

(−1)n+1H
(p,s)
n

nm
(
n+k
k

) ,

and

∞∑
n=1

H
(p1,s1)
n H

(p2,s2)
n

nm
(
n+k
k

) ,

∞∑
n=1

(−1)n+1H
(p1,s1)
n H

(p2,s2)
n

nm
(
n+k
k

)
could be written as combinations of classical (alternating) Euler sums, zeta values and generalized (alternating)
harmonic numbers.

In this paper, we prove the following results: generalized hyperharmonic number sums with squared reciprocal
binomial coefficients of the form

∞∑
n=1

H
(p,s)
n

nm
(
n+k
k

)2 , ∞∑
n=1

(−1)n+1H
(p,s)
n

nm
(
n+k
k

)2 ,

and

∞∑
n=1

H
(p1,s1)
n H

(p2,s2)
n

nm
(
n+k
k

)2 ,

∞∑
n=1

(−1)n+1H
(p1,s1)
n H

(p2,s2)
n

nm
(
n+k
k

)2
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could be written as combinations of classical (alternating) Euler sums, zeta values and generalized (alternating)
harmonic numbers. This is an continuation of the author’s previous work on generalized hyperharmonic number
sums [11], and this work improves Sofo’s result on harmonic number sums [19].

2. Some notations and lemmata

In this section, we introduce some notations and lemmata which will be used in later sections. Following
Flajolet-Salvy’s notation [6], the classical harmonic number Euler sums can be written as

S+,+
p,q :=

∞∑
n=1

H
(p)
n

nq
, S+,−

p,q :=

∞∑
n=1

(−1)n−1H
(p)
n

nq
,

S−,+
p,q :=

∞∑
n=1

H
(p)

n

nq
, S−,−

p,q :=

∞∑
n=1

(−1)n−1H
(p)

n

nq
,

S+,+,+
p1,p2,q :=

∞∑
n=1

H
(p1)
n H

(p2)
n

nq
, S+,+,−

p1,p2,q :=

∞∑
n=1

(−1)n−1H
(p1)
n H

(p2)
n

nq
.

The well-known Faulhaber’s formula states that the sum 1k +2k + · · ·+ nk could be written as combinations
of Bernoulli numbers or Bernoulli polynomials.

n∑
ℓ=1

ℓk =
1

k + 1

k∑
j=0

(
k + 1

j

)
B+

j nk+1−j (2.1)

=
1

k + 1
(Bk+1(n+ 1)−Bk+1(1)) [24], (2.2)

where B+
n denotes Bernoulli numbers and Bn(x) denotes Bernoulli polynomials. The Bernoulli numbers can be

determined by the recurrence formula

k∑
j=0

(
k + 1

j

)
B+

j = k + 1 (k ≥ 0)

or by the generating function

t

1− e−t
=

∞∑
n=0

B+
n

tn

n!
, (2.3)

and Bernoulli polynomials Bn(x) can be determined by the generating function

text

et − 1
=

∞∑
n=0

Bn(x)
tn

n!
.

Definition 2.1. For p ∈ Z and m, t, r ∈ N, define the quantities S(p,m, t, r, 0) and S(p,m, t, r, 1) as

S(p,m, t, r, 0) :=

∞∑
n=1

H
(p)
n

nm(n+ r)t
, S(p,m, t, r, 1) :=

∞∑
n=1

(−1)n+1H
(p)
n

nm(n+ r)t
.
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Definition 2.2. For p, s,m, t, r ∈ N, define the quantities S0(p, s,m, t, r, 0) and S0(p, s,m, t, r, 1) as

S0(p, s,m, t, r, 0) :=

∞∑
n=1

H
(p,s)
n

nm(n+ r)t
, S0(p, s,m, t, r, 1) :=

∞∑
n=1

(−1)n+1H
(p,s)
n

nm(n+ r)t
.

Definition 2.3. For p1, p2 ∈ Z and m, t, r ∈ N, define the quantities
T (p1, p2,m, t, r, 0) and T (p1, p2,m, t, r, 1) as

T (p1, p2,m, t, r, 0) :=

∞∑
n=1

H
(p1)
n H

(p2)
n

nm(n+ r)t
,

T (p1, p2,m, t, r, 1) :=

∞∑
n=1

(−1)n+1H
(p1)
n H

(p2)
n

nm(n+ r)t
.

Definition 2.4. For p1, s1, p2, s2,m, t, r ∈ N, define the quantities
T0(p1, s1, p2, s2,m, t, r, 0) and T0(p1, s1, p2, s2,m, t, r, 0) as

T0(p1, s1, p2, s2,m, t, r, 0) :=

∞∑
n=1

H
(p1,s1)
n H

(p2,s2)
n

nm(n+ r)t
,

T0(p1, s1, p2, s2,m, t, r, 1) :=

∞∑
n=1

(−1)n+1H
(p1,s1)
n H

(p2,s2)
n

nm(n+ r)t
.

Definition 2.5. For p, r ∈ N, define the quantities S(p, r, 0), S(p, r, 1), W (p, r, 0) and W (p, r, 1) as

S(p, r, 0) :=

∞∑
n=1

H
(p)
n

n(n+ r)
, S(p, r, 1) :=

∞∑
n=1

(−1)n+1H
(p)
n

n+ r
,

W (p, r, 0) :=

∞∑
n=1

H
(p)
n

(n+ r)2
, W (p, r, 1) :=

∞∑
n=1

(−1)n+1H
(p)
n

(n+ r)2
.

Definition 2.6. For p1, p2, r ∈ N, define the quantities T (p1, p2, r, 0), T (p1, p2, r, 1), V (p1, p2, r, 0) and
V (p1, p2, r, 1) as

T (p1, p2, r, 0) :=

∞∑
n=1

H
(p1)
n H

(p2)
n

n(n+ r)
, T (p1, p2, r, 1) :=

∞∑
n=1

(−1)n+1H
(p1)
n H

(p2)
n

n+ r
,

V (p1, p2, r, 0) :=

∞∑
n=1

H
(p1)
n H

(p2)
n

(n+ r)2
, V (p1, p2, r, 1) :=

∞∑
n=1

(−1)n+1H
(p1)
n H

(p2)
n

(n+ r)2
.

Lemma 2.7 ([19]). Let k ∈ N, then we have

1(
x+k
k

)2 =

k∑
r=1

λ2,1(r)

x+ r
+

λ2,2(r)

(x+ r)2
,

where λ2,1(r) = 2r2
(
k
r

)2
(Hr−1 −Hk−r) and λ2,2(r) = r2

(
k
r

)2
.
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Lemma 2.8. Let r ∈ N, then we have

1

xm(x+ r)2

=

m∑
i=1

(−1)m−im− i+ 1

rm−i+2

1

xi
+ (−1)m

m

rm+1

1

x+ r
+ (−1)m

1

rm
1

(x+ r)2
,

=

m∑
i=2

(−1)m−im− i+ 1

rm−i+2

1

xi
+ (−1)m−1 m

rm
1

x(x+ r)
+ (−1)m

1

rm
1

(x+ r)2
.

Proof. Let

1

xm(x+ r)2
=

m∑
i=1

ci
xi

+
d1

x+ r
+

d2
(x+ r)2

,

=

m∑
i=2

ci
xi

+
d0

x(x+ r)
+

d2
(x+ r)2

.

Multiply both sides by xm(x+ r)2, and compare the coefficients on both sides, we have

ci = (−1)m−im− i+ 1

rm−i+2
, d0 = (−1)m−1 m

rm
,

d1 = (−1)m
m

rm+1
, d2 = (−1)m

1

rm
.

Thus we get the desired result.

Lemma 2.9 ([16], Lem. 1.2). Let p, r ∈ N, then we have

S(p, r, 0) =
1

r
ζ(p+ 1) +

1

r

r−1∑
j=1

(−1)p+1Hj

jp
+

1

r

p∑
i=2

(−1)p−iH
(p−i+1)
r−1 ζ(i) .

Lemma 2.10 ([11], Lem. 5.3). Let p, r ∈ N, then we have

S(p, r, 1) = (−1)rS+,−
p,1 + (−1)r−1ζ(p+ 1) +

p∑
j=1

(−1)p−j+rζ(j)H
(p−j+1)

r−1

+ (−1)p+r−1ζ(1)H
(p)
r−1 + (−1)p+r

r−1∑
n=1

Hn

np
.

Lemma 2.11. Let p, r ∈ N, then we have

W (p, r, 0)

= S+,+
p,2 − ζ(p+ 2)−

r−1∑
k=1

p∑
i=2

(−1)p−i p− i+ 1

kp−i+2
ζ(i)−

r−1∑
k=1

(−1)p−1p

kp+1
Hk

−
r−1∑
k=1

(−1)p

kp
(ζ(2)−H

(2)
k ).
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Proof. By a change of counter, and with the help of Lemma 2.8, we have

W (p, r, 0)

=

∞∑
n=1

H
(p)
n

(n+ r)2

=

∞∑
n=1

H
(p)
n

(n+ r − 1)2
−

∞∑
n=1

1

np(n+ r − 1)2

= W (p, r − 1, 0)−
∞∑

n=1

1

np(n+ r − 1)2

= W (p, 0, 0)−
∞∑

n=1

1

np+2
−

r−1∑
k=1

∞∑
n=1

1

np(n+ k)2

= S+,+
p,2 − ζ(p+ 2)−

r−1∑
k=1

∞∑
n=1

( p∑
i=2

(−1)p−i p− i+ 1

kp−i+2

1

ni

+ (−1)p−1 p

kp
1

n(n+ k)
+ (−1)p

1

kp
1

(n+ k)2

)
= S+,+

p,2 − ζ(p+ 2)−
r−1∑
k=1

( p∑
i=2

(−1)p−i p− i+ 1

kp−i+2

∞∑
n=1

1

ni

+ (−1)p−1 p

kp

∞∑
n=1

1

n(n+ k)
+ (−1)p

1

kp

∞∑
n=1

1

(n+ k)2

)

= S+,+
p,2 − ζ(p+ 2)−

r−1∑
k=1

p∑
i=2

(−1)p−i p− i+ 1

kp−i+2
ζ(i)−

r−1∑
k=1

(−1)p−1p

kp+1
Hk

−
r−1∑
k=1

(−1)p

kp
(ζ(2)−H

(2)
k ).

Thus we get the desired result.

Lemma 2.12. Let p, r ∈ N, then we have

W (p, r, 1)

= (−1)rS+,−
p,2 + (−1)r−1ζ(p+ 2) +

r−1∑
j=1

(−1)r−1−j

p∑
i=1

(−1)p−i p− i+ 1

jp−i+2
ζ(i)

+

r−1∑
j=1

(−1)r−1+p p

jp+1
(ζ(1)−Hj) +

r−1∑
j=1

(−1)r−1+p

jp
(ζ(2)−H

(2)

j ).

Proof. By a change of counter, and with the help of Lemma 2.8, we have

W (p, r, 1)

=

∞∑
n=1

(−1)n+1H
(p)
n

(n+ r)2
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=

∞∑
n=1

(−1)nH
(p)
n

(n+ r − 1)2
−

∞∑
n=1

(−1)n

np(n+ r − 1)2

= −W (p, r − 1, 1) +

∞∑
n=1

(−1)n+1

np(n+ r − 1)2

= (−1)r−1W (p, 1, 1) +

r−1∑
j=1

(−1)r−1−j
∞∑

n=1

(−1)n+1

np(n+ j)2

= (−1)r−1W (p, 1, 1) +

r−1∑
j=1

(−1)r−1−j
∞∑

n=1

(−1)n+1

( p∑
i=1

(−1)p−i p− i+ 1

jp−i+2

1

ni

+ (−1)p
p

jp+1

1

n+ j
+ (−1)p

1

jp
1

(n+ j)2

)
= (−1)r−1W (p, 1, 1) +

r−1∑
j=1

(−1)r−1−j

( p∑
i=1

(−1)p−i p− i+ 1

jp−i+2

∞∑
n=1

(−1)n+1 1

ni

+ (−1)p
p

jp+1

∞∑
n=1

(−1)n+1 1

n+ j
+ (−1)p

1

jp

∞∑
n=1

(−1)n+1 1

(n+ j)2

)
.

Since

W (p, 1, 1) =

∞∑
n=1

(−1)n+1H
(p)
n

n+ 1
= −S+,−

p,2 + ζ(p+ 2),

we get the desired result.

Note that, W (1, r, 1) has already been obtained by Sofo [19].

Lemma 2.13 ([11], Lem. 6.2). For p1, p2, r ∈ N, we have

T (p1, p2, r, 0)

=
1

r
S+,+
p1,p2+1 +

1

r
S+,+
p2,p1+1 −

1

r
ζ(p1 + p2 + 1) +

1

r

r−1∑
b=1

S(p1, p2, 1, b, 0)

+
1

r

r−1∑
b=1

S(p2, p1, 1, b, 0)−
1

r

r−1∑
b=1

S(0, p1 + p2 + 1, 1, b, 0).

Lemma 2.14 ([11], Lem. 6.4). For p1, p2, r ∈ N, we have

T (p1, p2, r, 1) = (−1)r
(
S+,+,−
p1,p2,1

− S+,−
p1,p2+1 − S+,−

p2,p1+1 + ζ(p1 + p2 + 1)
)

+

r−1∑
j=1

(−1)r−1−j
(
S(p1, p2, 1, j, 1) + S(p2, p1, 1, j, 1)

)
+

r−1∑
j=1

(−1)r−jS(0, p1 + p2 + 1, 1, j, 1) .
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Lemma 2.15. For r, p1, p2 ∈ N, we have

V (p1, p2, r, 0) = S+,+,+
p1,p2,2

− S+,+
p1,p2+2 − S+,+

p2,p1+2 + ζ(p1 + p2 + 2)

−
r−1∑
i=1

S(p1, p2, 2, i, 0) +

r−1∑
i=1

S(p2, p1, 2, i, 0)

−
r−1∑
i=1

S(0, p1 + p2 + 1, 2, i, 0).

Proof. By a change of counter, we have

V (p1, p2, r, 0)

=

∞∑
n=1

H
(p1)
n H

(p2)
n

(n+ r)2

=

∞∑
n=1

(H
(p1)
n − 1

np1
)(H

(p2)
n − 1

np2
)

(n+ r − 1)2

= V (p1, p2, r − 1, 0)−
∞∑

n=1

H
(p1)
n

np2(n+ r − 1)2
−

∞∑
n=1

H
(p2)
n

np1(n+ r − 1)2

+

∞∑
n=1

1

np1+p2(n+ r − 1)2

= V (p1, p2, 1, 0)−
r−1∑
i=1

∞∑
n=1

H
(p1)
n

np2(n+ i)2
−

r−1∑
i=1

∞∑
n=1

H
(p2)
n

np1(n+ i)2

+

r−1∑
i=1

∞∑
n=1

1

np1+p2(n+ i)2
.

Since

V (p1, p2, 1, 0) = S+,+,+
p1,p2,2

− S+,+
p1,p2+2 − S+,+

p2,p1+2 + ζ(p1 + p2 + 2),

we get the desired result.

Lemma 2.16. For p1, p2, r ∈ N, we have

V (p1, p2, r, 1) = (−1)r
(
S+,+,−
p1,p2,2

− S+,−
p1,p2+2 − S+,−

p2,p1+2 + ζ(p1 + p2 + 2)
)

+

r−1∑
j=1

(−1)r−1−j
(
S(p1, p2, 2, j, 1) + S(p2, p1, 2, j, 1)

)
+

r−1∑
j=1

(−1)r−jS(0, p1 + p2 + 1, 2, j, 1) .

Proof. By a change of counter, we have

V (p1, p2, r, 1)
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=

∞∑
n=1

(−1)n+1H
(p1)
n H

(p2)
n

(n+ r)2

=

∞∑
n=1

(−1)nH
(p1)
n H

(p2)
n

(n+ r − 1)2
+

∞∑
n=1

(−1)n+1H
(p1)
n

np2(n+ r − 1)2
+

∞∑
n=1

(−1)n+1H
(p2)
n

np1(n+ r − 1)2

+

∞∑
n=1

(−1)n

np1+p2(n+ r − 1)2

= −V (p1, p2, r − 1, 1) + S(p1, p2, 2, r − 1, 1) + S(p2, p1, 2, r − 1, 1)

− S(0, p1 + p2 + 1, 2, r − 1, 1)

= (−1)r−1V (p1, p2, 1, 1) +

r−1∑
j=1

(−1)r−1−jS(p1, p2, 2, j, 1)

+

r−1∑
j=1

(−1)r−1−jS(p2, p1, 2, j, 1) +

r−1∑
j=1

(−1)r−jS(0, p1 + p2 + 1, 2, j, 1) .

Since

V (p1, p2, 1, 1) =

∞∑
n=1

(−1)n+1H
(p1)
n H

(p2)
n

(n+ 1)2

=

∞∑
n=1

(−1)nH
(p1)
n H

(p2)
n

n2
+

∞∑
n=1

(−1)n+1H
(p1)
n

np2+2

+

∞∑
n=1

(−1)n+1H
(p2)
n

np1+2
+

∞∑
n=1

(−1)n

np1+p2+2

= −S+,+,−
p1,p2,2

+ S+,−
p1,p2+2 + S+,−

p2,p1+2 − ζ(p1 + p2 + 2),

we get the desired result.

Lemma 2.17 ([10]). For r, n, p ∈ N, we have

H(p,r)
n =

r−1∑
m=0

r−1−m∑
j=0

a(r,m, j)njH(p−m)
n .

The coefficients a(r,m, j) satisfy the following recurrence relations:

a(r + 1, r, 0) = −
r−1∑
m=0

a(r,m, r −m− 1)
1

r −m
,

a(r + 1,m, ℓ) =

r−1−m∑
j=ℓ−1

a(r,m, j)

j + 1

(
j + 1

j − ℓ+ 1

)
B+

j−ℓ+1

(0 ≤ m ≤ r − 1, 1 ≤ ℓ ≤ r −m) ,

a(r + 1,m, 0) = −
m∑

y=0

r−1−y∑
j=max{0,m−y−1}

a(r, y, j)D(r,m, j, y) (0 ≤ m ≤ r − 1) ,
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where

D(r,m, j, y) =

j∑
ℓ=max{0,m−y−1}

1

j + 1

(
j + 1

j − ℓ

)
B+

j−ℓ

(
ℓ+ 1

m− y

)
(−1)1+ℓ−m+y .

The initial value is given by a(1, 0, 0) = 1.

3. Some lemmata on S(p,m, t, r, i)

In this section, we develop closed form representations for S(p,m, t, r, i)(t, i = 0, 1).

Lemma 3.1 ([11], Lem. 5.2). Let p ∈ N0 and m, r ∈ N. For p > 0, we have

S(p,m, 1, r, 0) =

m∑
i=2

(−1)m−i

rm−i+1
S+,+
p,i +

(−1)m−1

rm
ζ(p+ 1)

+
(−1)m−1

rm

r−1∑
j=1

(−1)p+1Hj

jp
+

p∑
ℓ=2

(−1)p−ℓH
(p−ℓ+1)
r−1 ζ(ℓ)

 .

For m ≥ p+ 2, we have

S(−p,m, 1, r, 0)

=
1

p+ 1

p∑
ℓ=0

(
p+ 1

ℓ

)
B+

ℓ

(
m−p−1+ℓ∑

i=2

(−1)m−p−1+ℓ−i

rm−p+ℓ−i
ζ(i) +

(−1)m−p−2+ℓ

rm−p−1+ℓ
Hr

)
.

Lemma 3.2 ([11], Lem. 5.4). Let p ∈ N0 and m, r ∈ N. For p > 0, we have

S(p,m, 1, r, 1)

=

m∑
i=1

(−1)m−i

rm−i+1
S+,−
p,i +

(−1)m+r

rm
S+,−
p,1 +

(−1)m+r−1

rm
ζ(p+ 1)

+
(−1)m

rm

 p∑
j=1

(−1)p−j+rζ(j)H
(p−j+1)

r−1 + (−1)p+r−1ζ(1)H
(p)
r−1


+

(−1)m+p+r

rm

r−1∑
n=1

Hn

np
.

For m ≥ p+ 1, we have

S(−p,m, 1, r, 1) =
1

p+ 1

p∑
ℓ=0

(
p+ 1

ℓ

)
B+

ℓ

(m−p−1+ℓ∑
i=1

(−1)m−p−1+ℓ−i

rm−p+ℓ−i
ζ(i)

+
(−1)m−p−1+ℓ+r

rm−p−1+ℓ
(ζ(1)−Hr)

)
.
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Lemma 3.3. Let p ∈ N0 and m, r ∈ N. For p > 0, we have

S(p,m, 2, r, 0) =

m∑
i=2

(−1)m−im− i+ 1

rm−i+2
S+,+
p,i +

(−1)m−1m

rm
S(p, r, 0) +

(−1)m

rm
W (p, r, 0).

For m ≥ p+ 2, we have

S(−p,m, 2, r, 0)

=
1

p+ 1

p∑
ℓ=0

(
p+ 1

ℓ

)
B+

ℓ

(m−p−1+ℓ∑
i=2

(−1)m−p−1+ℓ−im− p+ ℓ− i

rm−p+ℓ−i+1
ζ(i)

+ (−1)m−p+ℓm− p− 1 + ℓ

rm−p+ℓ
Hr +

(−1)m−p−1+ℓ

rm−p−1+ℓ
(ζ(2)−H(2)

r )

)
.

Proof. For p > 0, we can obtain that

∞∑
n=1

H
(p)
n

nm(n+ r)2

=

∞∑
n=1

H(p)
n

(
m∑
i=2

(−1)m−im− i+ 1

rm−i+2ni
+

(−1)m−1m

rmn(n+ r)
+

(−1)m

rm(n+ r)2

)

=

m∑
i=2

(−1)m−im− i+ 1

rm−i+2

∞∑
n=1

H
(p)
n

ni
+

(−1)m−1m

rm

∞∑
n=1

H
(p)
n

n(n+ r)

+
(−1)m

rm

∞∑
n=1

H
(p)
n

(n+ r)2

=

m∑
i=2

(−1)m−im− i+ 1

rm−i+2
S+,+
p,i +

(−1)m−1m

rm
S(p, r, 0) +

(−1)m

rm
W (p, r, 0).

For m ≥ p+ 2, we have

∞∑
n=1

H
(−p)
n

nm(n+ r)2
=

∞∑
n=1

∑n
ℓ=1 ℓ

p

nm(n+ r)2

=

∞∑
n=1

1
p+1

∑p
ℓ=0

(
p+1
ℓ

)
B+

ℓ np+1−ℓ

nm(n+ r)2

=
1

p+ 1

p∑
ℓ=0

(
p+ 1

ℓ

)
B+

ℓ

∞∑
n=1

1

nm−p−1+ℓ(n+ r)2
.

With the help of Lemma 2.8, we get the desired result.

Lemma 3.4. Let p ∈ N0 and m, r ∈ N. For p > 0, we have

S(p,m, 2, r, 1)

=

m∑
i=1

(−1)m−im− i+ 1

rm−i+2
S+,−
p,i +

(−1)mm

rm+1
S(p, r, 1) +

(−1)m

rm
W (p, r, 1).
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For m ≥ p+ 2, we have

S(−p,m, 2, r, 1)

=
1

p+ 1

p∑
ℓ=0

(
p+ 1

ℓ

)
B+

ℓ

(m−p−1+ℓ∑
i=1

(−1)m−p−1+ℓ−im− p+ ℓ− i

rm−p+ℓ−i+1
ζ(i)

+ (−1)m−p−1+ℓ+rm− p− 1 + ℓ

rm−p+ℓ
(ζ(1)−Hr) +

(−1)m−p−1+ℓ+r

rm−p−1+ℓ
(ζ(2)−H

(2)

r )

)
.

Proof. For p > 0, we can obtain that

∞∑
n=1

(−1)n+1H
(p)
n

nm(n+ r)2

=

∞∑
n=1

(−1)n+1H(p)
n

(
m∑
i=1

(−1)m−im− i+ 1

rm−i+2ni
+

(−1)mm

rm+1(n+ r)
+

(−1)m

rm(n+ r)2

)

=

m∑
i=1

(−1)m−im− i+ 1

rm−i+2

∞∑
n=1

(−1)n+1H
(p)
n

ni
+

(−1)mm

rm+1

∞∑
n=1

(−1)n+1H
(p)
n

n+ r

+
(−1)m

rm

∞∑
n=1

(−1)n+1H
(p)
n

(n+ r)2

=

m∑
i=1

(−1)m−im− i+ 1

rm−i+2
S+,−
p,i +

(−1)mm

rm+1
S(p, r, 1) +

(−1)m

rm
W (p, r, 1).

For m ≥ p+ 2, we have

∞∑
n=1

(−1)n+1H
(−p)
n

nm(n+ r)2
=

∞∑
n=1

(−1)n+1
∑n

ℓ=1 ℓ
p

nm(n+ r)2

=

∞∑
n=1

(−1)n+1 1
p+1

∑p
ℓ=0

(
p+1
ℓ

)
B+

ℓ np+1−ℓ

nm(n+ r)2

=
1

p+ 1

p∑
ℓ=0

(
p+ 1

ℓ

)
B+

ℓ

∞∑
n=1

(−1)n+1

nm−p−1+ℓ(n+ r)2
.

With the help of Lemma 2.8, we get the desired result.

4. Some lemmata on S0(p, s,m, t, r, i)

In this section, we develop closed form representations for S0(p, s,m, t, r, i)(i = 0, 1).

Lemma 4.1. Let p, s,m, t, r ∈ N with m ≥ s, then we have,

S0(p, s,m, t, r, 0) =

s−1∑
ℓ1=0

s−1−ℓ1∑
ℓ2=0

a(s, ℓ1, ℓ2)S(p− ℓ1,m− ℓ2, t, r, 0),

S0(p, s,m, t, r, 1) =

s−1∑
ℓ1=0

s−1−ℓ1∑
ℓ2=0

a(s, ℓ1, ℓ2)S(p− ℓ1,m− ℓ2, t, r, 1).
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Proof. By using Lemma 2.17, we have

S0(p, s,m, t, r, 0) =

∞∑
n=1

H
(p,s)
n

nm(n+ r)t

=

s−1∑
ℓ1=0

s−1−ℓ1∑
ℓ2=0

a(s, ℓ1, ℓ2)

∞∑
n=1

H
(p−ℓ1)
n

nm−ℓ2(n+ r)t

=

s−1∑
ℓ1=0

s−1−ℓ1∑
ℓ2=0

a(s, ℓ1, ℓ2)S(p− ℓ1,m− ℓ2, t, r, 0).

Thus we have proved the first formula. We omit the proof of the second formula since it is similar to that of
the first formula.

5. Some lemmata on T (p1, p2,m, t, r, i)

In the current section, we develop explicit formulas for T (p1, p2,m, t, r, i)(i = 0, 1. t = 1, 2).

Lemma 5.1 ([11], Lem. 6.3). Let p1, p2 ∈ N0 and m, r ∈ N. For p1, p2 > 0, we have

T (p1, p2,m, 1, r, 0)

=

m∑
i=2

(−1)m−i

rm−i+1
S+,+,+
p1,p2,i

+
(−1)m−1

rm
(
S+,+
p1,p2+1 + S+,+

p2,p1+1

)
− (−1)m−1

rm
ζ(p1 + p2 + 1) +

(−1)m−1

rm

r−1∑
b=1

S(p1, p2, 1, b, 0)

+
(−1)m−1

rm

(
r−1∑
b=1

S(p2, p1, 1, b, 0)−
r−1∑
b=1

S(0, p1 + p2 + 1, 1, b, 0)

)
.

For p1 > 0 and m ≥ p2 + 2, we have

T (p1,−p2,m, 1, r, 0)

=
1

p2 + 1

p2∑
ℓ=0

(
p2 + 1

ℓ

)
B+

ℓ S(p1,m− p2 − 1 + ℓ, 1, r, 0).

For m ≥ p1 + p2 + 3, we have

T (−p1,−p2,m, 1, r, 0) =
1

(p1 + 1)(p2 + 1)

p1∑
ℓ1=0

p2∑
ℓ2=0

(
p1 + 1

ℓ1

)(
p2 + 1

ℓ2

)
×B+

ℓ1
B+

ℓ2
S(0,m− p1 − p2 − 1 + ℓ1 + ℓ2, 1, r, 0).

Lemma 5.2 ([11], Lem. 6.5). Let p1, p2,m ∈ N0 and r ∈ N. For p1, p2 > 0, we have

T (p1, p2,m, 1, r, 1)

=

m∑
i=1

(−1)m−i

rm−i+1
S+,+,−
p1,p2,i

+
(−1)m+r

rm
(
S+,+,−
p1,p2,1

− S+,−
p1,p2+1 − S+,−

p2,p1+1

)



GENERALIZED HYPERHARMONIC NUMBER SUMS WITH SQUARED RECIPROCAL BINOMIAL COEFFICIENTS 15

+
(−1)m+r

rm
ζ(p1 + p2 + 1) +

r−1∑
j=1

(−1)r+m−j

rm
S(0, p1 + p2 + 1, 1, j, 1)

+

r−1∑
j=1

(−1)r+m−1−j

rm
(
S(p1, p2, 1, j, 1) + S(p2, p1, 1, j, 1)

)
.

For p1,m > 0 and m ≥ p2 + 1, we have

T (p1,−p2,m, 1, r, 1)

=
1

p2 + 1

p2∑
ℓ=0

(
p2 + 1

ℓ

)
B+

ℓ S(p1,m− p2 − 1 + ℓ, 1, r, 1).

For m > 0 and m ≥ p1 + p2 + 2, we have

T (−p1,−p2,m, 1, r, 1) =
1

(p1 + 1)(p2 + 1)

p1∑
ℓ1=0

p2∑
ℓ2=0

(
p1 + 1

ℓ1

)(
p2 + 1

ℓ2

)
×B+

ℓ1
B+

ℓ2
S(0,m− p1 − p2 − 1 + ℓ1 + ℓ2, 1, r, 1).

Lemma 5.3. Let p1, p2 ∈ N0 and m, r ∈ N. For p1, p2 > 0, we have

T (p1, p2,m, 2, r, 0)

=

m∑
i=2

(−1)m−im− i+ 1

rm−i+2
S+,+,+
p1,p2,i

+
(−1)m−1m

rm
T (p1, p2, r, 0)

+
(−1)m

rm
V (p1, p2, r, 0).

For p1 > 0 and m ≥ p2 + 2, we have

T (p1,−p2,m, 2, r, 0)

=
1

p2 + 1

p2∑
ℓ=0

(
p2 + 1

ℓ

)
B+

ℓ S(p1,m− p2 − 1 + ℓ, 2, r, 0).

For m ≥ p1 + p2 + 3, we have

T (−p1,−p2,m, 2, r, 0) =
1

(p1 + 1)(p2 + 1)

p1∑
ℓ1=0

p2∑
ℓ2=0

(
p1 + 1

ℓ1

)(
p2 + 1

ℓ2

)
×B+

ℓ1
B+

ℓ2
S(0,m− p1 − p2 − 1 + ℓ1 + ℓ2, 2, r, 0).

Proof. For p1, p2 > 0, we can obtain that

∞∑
n=1

H
(p1)
n H

(p2)
n

nm(n+ r)2

=

∞∑
n=1

H(p1)
n H(p2)

n

( m∑
i=2

(−1)m−im− i+ 1

rm−i+2ni
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+
(−1)m−1m

rmn(n+ r)
+

(−1)m

rm(n+ r)2

)
=

m∑
i=2

(−1)m−im− i+ 1

rm−i+2

∞∑
n=1

H
(p1)
n H

(p2)
n

ni
+

(−1)m−1m

rm

∞∑
n=1

H
(p1)
n H

(p2)
n

n(n+ r)

+
(−1)m

rm

∞∑
n=1

H
(p1)
n H

(p2)
n

(n+ r)2

=

m∑
i=2

(−1)m−im− i+ 1

rm−i+2
S+,+,+
p1,p2,i

+
(−1)m−1m

rm
T (p1, p2, r, 0)

+
(−1)m

rm
V (p1, p2, r, 0).

For p1 > 0 and m ≥ p2 + 2, we have

∞∑
n=1

H
(p1)
n H

(−p2)
n

nm(n+ r)2
=

∞∑
n=1

H
(p1)
n

∑n
ℓ=1 ℓ

p2

nm(n+ r)2

=

∞∑
n=1

H
(p1)
n

1
p2+1

∑p2

ℓ=0

(
p2+1

ℓ

)
B+

ℓ np2+1−ℓ

nm(n+ r)2

=
1

p2 + 1

p2∑
ℓ=0

(
p2 + 1

ℓ

)
B+

ℓ

∞∑
n=1

H
(p1)
n

nm−p2−1+ℓ(n+ r)2

=
1

p2 + 1

p2∑
ℓ=0

(
p2 + 1

ℓ

)
B+

ℓ S(p1,m− p2 − 1 + ℓ, 2, r, 0).

For m ≥ p1 + p2 + 3, we have

∞∑
n=1

H
(−p1)
n H

(−p2)
n

nm(n+ r)2

=

∞∑
n=1

∑n
ℓ1=1 ℓ

p1
∑n

ℓ2=1 ℓ
p2

nm(n+ r)2

=

∞∑
n=1

1
p1+1

∑p1

ℓ1=0

(
p1+1
ℓ1

)
B+

ℓ1
np1+1−ℓ1 1

p2+1

∑p2

ℓ2=0

(
p2+1
ℓ2

)
B+

ℓ2
np2+1−ℓ2

nm(n+ r)2

=
1

(p1 + 1)(p2 + 1)

p1∑
ℓ1=0

p2∑
ℓ2=0

(
p1 + 1

ℓ1

)(
p2 + 1

ℓ2

)

×B+
ℓ1
B+

ℓ2

∞∑
n=1

1

nm−p1−p2−2+ℓ1+ℓ2(n+ r)2

=
1

(p1 + 1)(p2 + 1)

p1∑
ℓ1=0

p2∑
ℓ2=0

(
p1 + 1

ℓ1

)(
p2 + 1

ℓ2

)
×B+

ℓ1
B+

ℓ2
S(0,m− p1 − p2 − 1 + ℓ1 + ℓ2, 2, r, 0).
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Lemma 5.4. Let p1, p2,m ∈ N0 and r ∈ N. For p1, p2 > 0, we have

T (p1, p2,m, 2, r, 1)

=

m∑
i=1

(−1)m−im− i+ 1

rm−i+2
S+,+,−
p1,p2,i

+
(−1)mm

rm+1
T (p1, p2, r, 1)

+
(−1)m

rm
V (p1, p2, r, 1).

For p1,m > 0 and m ≥ p2 + 1, we have

T (p1,−p2,m, 2, r, 1)

=
1

p2 + 1

p2∑
ℓ=0

(
p2 + 1

ℓ

)
B+

ℓ S(p1,m− p2 − 1 + ℓ, 2, r, 1).

For m > 0 and m ≥ p1 + p2 + 2, we have

T (−p1,−p2,m, 2, r, 1) =
1

(p1 + 1)(p2 + 1)

p1∑
ℓ1=0

p2∑
ℓ2=0

(
p1 + 1

ℓ1

)(
p2 + 1

ℓ2

)
×B+

ℓ1
B+

ℓ2
S(0,m− p1 − p2 − 1 + ℓ1 + ℓ2, 2, r, 1).

Proof. For p1, p2 > 0, we can obtain that

∞∑
n=1

(−1)n+1H
(p1)
n H

(p2)
n

nm(n+ r)2

=

∞∑
n=1

(−1)n+1H(p1)
n H(p2)

n

( m∑
i=1

(−1)m−im− i+ 1

rm−i+2ni
+

(−1)mm

rm+1(n+ r)

+
(−1)m

rm(n+ r)2

)
=

m∑
i=1

(−1)m−im− i+ 1

rm−i+2

∞∑
n=1

(−1)n+1H
(p1)
n H

(p2)
n

ni

+
(−1)mm

rm+1

∞∑
n=1

(−1)n+1H
(p1)
n H

(p2)
n

n+ r
+

(−1)m

rm

∞∑
n=1

(−1)n+1H
(p1)
n H

(p2)
n

(n+ r)2

=

m∑
i=1

(−1)m−im− i+ 1

rm−i+2
S+,+,−
p1,p2,i

+
(−1)mm

rm+1
T (p1, p2, r, 1)

+
(−1)m

rm
V (p1, p2, r, 1).

For p1,m > 0 and m ≥ p2 + 1, we have

∞∑
n=1

(−1)n+1H
(p1)
n H

(−p2)
n

nm(n+ r)2

=

∞∑
n=1

(−1)n+1H
(p1)
n

∑n
ℓ=1 ℓ

p2

nm(n+ r)2
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=

∞∑
n=1

(−1)n+1H
(p1)
n

1
p2+1

∑p2

ℓ=0

(
p2+1

ℓ

)
B+

ℓ np2+1−ℓ

nm(n+ r)2

=
1

p2 + 1

p2∑
ℓ=0

(
p2 + 1

ℓ

)
B+

ℓ

∞∑
n=1

(−1)n+1H
(p1)
n

nm−p2−1+ℓ(n+ r)2

=
1

p2 + 1

p2∑
ℓ=0

(
p2 + 1

ℓ

)
B+

ℓ S(p1,m− p2 − 1 + ℓ, 2, r, 1).

For m > 0 and m ≥ p1 + p2 + 2,, we have

∞∑
n=1

(−1)n+1H
(−p1)
n H

(−p2)
n

nm(n+ r)2

=

∞∑
n=1

(−1)n+1
∑n

ℓ1=1 ℓ
p1
∑n

ℓ2=1 ℓ
p2

nm(n+ r)2

=

∞∑
n=1

(−1)n+1 1
p1+1

∑p1

ℓ1=0

(
p1+1
ℓ1

)
B+

ℓ1
np1+1−ℓ1 1

p2+1

∑p2

ℓ2=0

(
p2+1
ℓ2

)
B+

ℓ2
np2+1−ℓ2

nm(n+ r)2

=
1

(p1 + 1)(p2 + 1)

p1∑
ℓ1=0

p2∑
ℓ2=0

(
p1 + 1

ℓ1

)(
p2 + 1

ℓ2

)

×B+
ℓ1
B+

ℓ2

∞∑
n=1

(−1)n+1

nm−p1−p2−2+ℓ1+ℓ2(n+ r)2

=
1

(p1 + 1)(p2 + 1)

p1∑
ℓ1=0

p2∑
ℓ2=0

(
p1 + 1

ℓ1

)(
p2 + 1

ℓ2

)
×B+

ℓ1
B+

ℓ2
S(0,m− p1 − p2 − 1 + ℓ1 + ℓ2, 2, r, 1).

6. Some lemmata on T0(p1, s1, p2, s2,m, t, r, i)

In this section, we develop closed form representations for T0(p1, s1, p2, s2,m, t, r, i)(i = 0, 1). Here, T (p1 −
ℓ1, p2 − ℓ2,m− t1 − t2, 1, r, x) and T (p1 − ℓ1, p2 − ℓ2,m− t1 − t2, 2, r, x) (x = 0, 1) are defined in Definition 2.3
and expressed as in Lemma 5.1, 5.2, 5.3, 5.4, respectively. a(s, ℓ1, ℓ2) are expressed as in Lemma 2.17.

Lemma 6.1. Let s1, s2, p1, p2,m, t, r ∈ N with m ≥ s1 + s2 − 1, then we have

T0(p1, s1, p2, s2,m, t, r, 0) =

s1−1∑
ℓ1=0

s1−1−ℓ1∑
x1=0

s2−1∑
ℓ2=0

s2−1−ℓ2∑
x2=0

a(s1, ℓ1, x1)a(s2, ℓ2, x2)

× T (p1 − ℓ1, p2 − ℓ2,m− x1 − x2, t, r, 0),

T0(p1, s1, p2, s2,m, t, r, 1) =

s1−1∑
ℓ1=0

s1−1−ℓ1∑
x1=0

s2−1∑
ℓ2=0

s2−1−ℓ2∑
x2=0

a(s1, ℓ1, x1)a(s2, ℓ2, x2)

× T (p1 − ℓ1, p2 − ℓ2,m− x1 − x2, t, r, 1).
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Proof. By using Lemma 2.17, we have

T0(p1, s1, p2, s2,m, t, r, 0)

=

∞∑
n=1

H
(p1,s1)
n H

(p2,s2)
n

nm(n+ r)t

=

s1−1∑
ℓ1=0

s1−1−ℓ1∑
x1=0

s2−1∑
ℓ2=0

s2−1−ℓ2∑
x2=0

a(s1, ℓ1, x1)a(s2, ℓ2, x2)

∞∑
n=1

H
(p1−ℓ1)
n H

(p2−ℓ2)
n

nm−x1−x2(n+ r)t

=

s1−1∑
ℓ1=0

s1−1−ℓ1∑
x1=0

s2−1∑
ℓ2=0

s2−1−ℓ2∑
x2=0

a(s1, ℓ1, x1)a(s2, ℓ2, x2)

× T (p1 − ℓ1, p2 − ℓ2,m− x1 − x2, t, r, 0).

Thus we have proved the first formula. We omit the proof of the second formula since it is similar to that of
the first formula.

7. Main theorems

In this section, we prove our main theorems of this paper. More precisely, we prove the following two main
theorems.

Theorem 7.1. Let s, p,m, k ∈ N with m ≥ s, then we have,

∞∑
n=1

H
(p,s)
n

nm
(
n+k
k

)2 =

k∑
r=1

λ2,1(r)S0(p, s,m, 1, r, 0) + λ2,2(r)S0(p, s,m, 2, r, 0),

∞∑
n=1

(−1)n+1H
(p,s)
n

nm
(
n+k
k

)2 =

k∑
r=1

λ2,1(r)S0(p, s,m, 1, r, 1) + λ2,2(r)S0(p, s,m, 2, r, 1).

Here, S0(p, s,m, 1, r, i) and S0(p, s,m, 2, r, i) (i = 0, 1) are defined in Definition 2.2 and expressed as in
Lemma 4.1. λ2,1(r) and λ2,2(r) are expressed as in Lemma 2.7.

Proof. By using Lemma 2.7, we have

∞∑
n=1

H
(p,s)
n

nm
(
n+k
k

)2 =

∞∑
n=1

H
(p,s)
n

nm

k∑
r=1

(
λ2,1(r)

n+ r
+

λ2,2(r)

(n+ r)2

)

=

k∑
r=1

λ2,1(r)

∞∑
n=1

H
(p,s)
n

nm(n+ r)
+ λ2,2(r)

∞∑
n=1

H
(p,s)
n

nm(n+ r)2

=

k∑
r=1

λ2,1(r)S0(p, s,m, 1, r, 0) + λ2,2(r)S0(p, s,m, 2, r, 0) .

Thus we have proved the first formula. We omit the proof of the second formula since it is similar to that of
the first formula.
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Theorem 7.2. Let s1, s2, p1, p2,m, k ∈ N with m ≥ s1 + s2 − 1, then we have

∞∑
n=1

H
(p1,s1)
n H

(p2,s2)
n

nm
(
n+k
k

)2 =

k∑
r=1

λ2,1(r)T0(p1, s1, p2, s2,m, 1, r, 0)

+ λ2,2(r)T0(p1, s1, p2, s2,m, 2, r, 0),

∞∑
n=1

(−1)n+1H
(p1,s1)
n H

(p2,s2)
n

nm
(
n+k
k

)2 =

k∑
r=1

λ2,1(r)T0(p1, s1, p2, s2,m, 1, r, 1)

+ λ2,2(r)T0(p1, s1, p2, s2,m, 2, r, 1).

Here, T0(p1, s1, p2, s2,m, 1, r, x) and T0(p1, s1, p2, s2,m, 2, r, x) (x = 0, 1) are defined in Definition 2.4 and
expressed as in Lemma 6.1.

Proof. By using Lemma 2.7, we have

∞∑
n=1

H
(p1,s1)
n H

(p2,s2)
n

nm
(
n+k
k

)2
=

∞∑
n=1

H
(p1,s1)
n H

(p2,s2)
n

nm

k∑
r=1

(
λ2,1(r)

n+ r
+

λ2,2(r)

(n+ r)2

)

=

k∑
r=1

λ2,1(r)

∞∑
n=1

H
(p1,s1)
n H

(p2,s2)
n

nm(n+ r)
+ λ2,2(r)

∞∑
n=1

H
(p1,s1)
n H

(p2,s2)
n

nm(n+ r)2

=

k∑
r=1

λ2,1(r)T0(p1, s1, p2, s2,m, 1, r, 0)

+ λ2,2(r)T0(p1, s1, p2, s2,m, 2, r, 0) .

Thus we have proved the first formula. We omit the proof of the second formula since it is similar to that of
the first formula.

If we want to calculate the explicit values of the series

∞∑
n=1

H
(p,s)
n

nm
(
n+k
k

)2 ,

∞∑
n=1

(−1)n+1H
(p,s)
n

nm
(
n+k
k

)2 ,

and

∞∑
n=1

H
(p1,s1)
n H

(p2,s2)
n

nm
(
n+k
k

)2 ,

∞∑
n=1

(−1)n+1H
(p1,s1)
n H

(p2,s2)
n

nm
(
n+k
k

)2 ,

we should use all the lemmas in this paper. The calculations should be carried out in the following manner:
(1) The series in main theorems can be expressed as S0(p, s,m, t, r, i) sums by Lemma 4.1 or
T0(p1, s1, p2, s2,m, t, r, i) sums by Lemma 6.1.
(2) T0(p1, s1, p2, s2,m, t, r, i) sums can be expressed as T (p1, p2,m, t, r, i) sums by Lemmas 5.1, 5.2, 5.3 and 5.4.
(3) T (p1, p2,m, t, r, i) sums can be expressed as T (p1, p2, r, i) sums by Lemmas 2.13, 2.14, V (p1, p2, r, i) sums
by Lemmas 2.15, 2.16 and S(p,m, t, r, i) sums by Lemmas 3.1–3.4.
(4) T (p1, p2, r, i), V (p1, p2, r, i) sums can be expressed as S(p,m, t, r, i) sums by Lemmas 3.1–3.4.
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(5) S0(p, s,m, t, r, i) sums can be expressed as S(p,m, t, r, i) sums by Lemmas 3.1–3.4.
(6) S(p,m, t, r, i) sums can be expressed as S(p, r, i) sums by Lemmas 2.9, 2.10, and W (p, r, i) sums by Lemmas
2.11, 2.12.

Example 7.3. We now provide some illustrative examples. When s = 3, p = 3,m = 3, k = 1, we have

∞∑
n=1

H
(3,3)
n

n3
(
n+1
1

)2 =
1

2
ζ(3)2 +

1

2
ζ(6)− 2ζ(2)ζ(3) +

7

4
ζ(5) + 5ζ(4)− 5ζ(3) +

3

2
ζ(2),

∞∑
n=1

(−1)n+1H
(3,3)
n

n3
(
n+1
1

)2 = S+,−
3,3 + S+,−

3,1 +
3

2
S+,−
2,2 +

1

2
S+,−
1,3 +

27

32
ζ(5)− 21

16
ζ(2)ζ(3)

− 61

16
ζ(3) +

5

2
ζ(2) log 2 +

3

4
ζ(2)− 9

4
log2 2.

Remark 7.4. Generalized hyperharmonic number sums

∞∑
n=1

H
(p,s)
n

nm
(
n+k
k

)2 and

∞∑
n=1

(−1)n+1H
(p,s)
n

nm
(
n+k
k

)2
can be reduced to (alternating) Euler sums and zeta values. When p = s = 1, m = 0, 1, Theorem 7.1 will reduce
to Sofo’s results [19] on

∞∑
n=1

Hn

nm
(
n+k
k

)2 and

∞∑
n=1

(−1)n+1Hn

nm
(
n+k
k

)2 (m = 0, 1) .

Remark 7.5. Generalized hyperharmonic number sums

∞∑
n=1

H
(p1,s1)
n H

(p2,s2)
n

nm
(
n+k
k

)2 and

∞∑
n=1

(−1)n+1H
(p1,s1)
n H

(p2,s2)
n

nm
(
n+k
k

)2
can be reduced to (alternating) Euler sums and zeta values.

Remark 7.6. Generalized hyperharmonic number sums

∞∑
n=1

H
(p1,s1)
n H

(p2,s2)
n · · ·H(pt,st)

n

nm
(
n+k
k

)2 and

∞∑
n=1

(−1)n+1H
(p1,s1)
n H

(p2,s2)
n · · ·H(pt,st)

n

nm
(
n+k
k

)2
can be computed in a similar manner. These sums can be reduced to (alternating) Euler sums and zeta values.

8. Concluding remarks

In this paper, we have established explicit formulas for four different types of generalized hyperharmonic
number sums with squared reciprocal binomial coefficients. Actually, these results can be extended to more
higher powers sums. Using a similar method that described after Theorem 7.2, we can obtained similar results:
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generalized hyperharmonic number sums with high powers reciprocal binomial coefficients

∞∑
n=1

H
(p,s)
n

nm
(
n+k
k

)ℓ , ∞∑
n=1

(−1)n+1H
(p,s)
n

nm
(
n+k
k

)ℓ ,

and

∞∑
n=1

H
(p1,s1)
n H

(p2,s2)
n

nm
(
n+k
k

)ℓ ,

∞∑
n=1

(−1)n+1H
(p1,s1)
n H

(p2,s2)
n

nm
(
n+k
k

)ℓ
can be expressed in terms of classical (alternating) Euler sums, zeta values and generalized (alternating)
harmonic numbers.

Generalized hyperharmonic number sums

∞∑
n=1

H
(p1,s1)
n H

(p2,s2)
n · · ·H(pt,st)

n

nm
(
n+k
k

)ℓ and

∞∑
n=1

(−1)n+1H
(p1,s1)
n H

(p2,s2)
n · · ·H(pt,st)

n

nm
(
n+k
k

)ℓ
can be computed in a similar manner. These sums can be can be reduced to (alternating) Euler sums and zeta
values.

We propose three problems for further considerations.

Problem 8.1. The classical (alternating) Euler sums can be regarded as special multiple zeta values. Can
we find explicit formulas for expressing the generalized hyperharmonic number sums in terms of multiple zeta
values?

Problem 8.2. There are many q-analogues of harmonic numbers. Can we find q-analogue generalized
hyperharmonic numbers and study their q-series?

Problem 8.3. Sofo not only gave explicit formulas for some special harmonic number sums, but also obtained
integral representations for these series with the help of hypergeometric functions. Can we find integral rep-
resentations for generalized hyperharmonic numbers? The author has already made some progress on this
problem.
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[14] I. Mező and A. Dil, Hyperharmonic series involving Hurwitz zeta function. J. Number Theory 130 (2010) 360–369.
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