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GENERALIZED HYPERHARMONIC NUMBER SUMS WITH
SQUARED RECIPROCAL BINOMIAL COEFFICIENTS

RuseN L1*

Abstract. In the current paper, we prove that the sums in the title can be reduced as combinations
of classical (alternating) Euler sums, zeta values and generalized (alternating) harmonic numbers.
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1. INTRODUCTION

Throughout this paper, we use the notations N, Ny, Z and C to denote the sets of positive integers, nonnegative
integers, rational integers and complex numbers, respectively.

Many mathematicians are interested in the harmonic numbers and their many generalizations (see [1-19, 25]
and references therein). For example, Goldbach [20], p. 253 asked what can we say about the infinite sum

Sy %, can we obtain a formula for it? The answer is yes. Indeed, Euler [6] obtained the following remarkable

identity
oo H k—2
22_:177:‘:(k+2)§(k+1)fz_;C(kfn)C(nJrl), k=2,3--.

It is surprising that the Riemann zeta function ((s) appears in such expressions. From that time on, such type
of infinite series containing harmonic numbers and generalizations have been referred to as Euler sums. It is a
very difficult problem to give explicit expressions for general type Euler sums.

—(m)

We now recall some notations. Define the generalized alternating harmonic numbers H,, ~ as

— " o(=1)i-t

=

When p € Ny, ﬁiﬁp) is interpreted as the sum » 7 (—1)7~ 157
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The well-known Hurwitz zeta function is defined as

((s,a) = 2_%(714—1(1)3 (s € C,Re(s) > 1,a > 0),

where, Re(s) denotes the real part of the complex number s. When a = 1, {(s, 1) reduces to the Riemann zeta
function ((s). Define the alternating zeta function ((s) as

n 1

Z (1—27%)¢(s) (s €C,Re(s) > 0),

n=1

with (1) = log 2.
The generalized hyperharmonic numbers [5, 10, 15] are defined as

H,(lp”') = ZHJ(-p’Tfl) (n,p,r € N),

where HP'Y = >j—11/5 are the classical generalized harmonic numbers oy,

The parameter p in the classical harmonic numbers Hy, ) can be a negative integer. When p € Ny, H,(l_p ) is
interpreted as the sum > j—1J7. Note that, Hy, ) — B are the classical hyperharmonic numbers [21]. It is not
hard to see that the generalized hyperharmonic numbers give a unified extension of the classical hyperharmonic
numbers hg) and the classical generalized harmonic numbers H,(Ip ).

Bailey et al. [22] used a computer to study Euler sums. They could predict whether or not some infinite series
could be expressed as which given constants. But they did not give a mathematical proof.

The most effective method in the area of Euler sums is the contour integral representation approach, which
was developed by Flajolet and Salvy [6]. It is noteworthy that not only harmonic number sums but also some
hyperbolic sums can be evaluated by the contour integral representation approach.

It is natural to consider Euler sums of hyperharmonic numbers and generalized hyperharmonic numbers,
many mathematicians have worked in this area. For example, Mez6 and Dil [14] proved that

ZT mZT-I—l,mEN),

could be expressed as infinite series involving the Hurwitz zeta values. Five years later, Dil and Boyadzhiev [4]
generalized this result to multiple sums of the Hurwitz zeta values. Dil et al. [5] obtained similar results for
generalized hyperharmonic number Euler sums

e H’r(vaT)
Carnn (m) =) :

nm

n=1

The author [10] established a combinatorial identity for H,(Lp ™) and proved that (g (m) can be written as
linear combinations of harmonic number Euler sums. Can et al. [23] obtained a similar identity, but they used
a different method to give the recursive formula for the linear combination coeflicients.
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The author [8] introduced the notion of the generalized alternating hyperharmonic numbers

H7(lp,r,1) — Z(il)klelip,r—l,l) (Hr(tp,l,l) _ Hr(zp))’
k=1

and showed that generalized alternating hyperharmonic number Euler sums could be written as linear combi-
nations of classical (alternating) Euler sums. The author has worked out many works on generalized alternating
hyperharmonic numbers (see [8, 9, 12]).

Mathematicians are also interested in Euler sums with reciprocal binomial coefficients. In 2011, Sofo [16]

(o) (o)
showed that generalized harmonic number sums of types > -, % and > 7, % could be reduced to zeta
k

values and harmonic numbers. Four years later, Sofo [17] developed explicit formulas for alternating quadratic
harmonic number sums with reciprocal binomial coefficients

st n+1 n 2 n+1 )2
Z n+k') and Z n+k)
n=1 k

In 2016, Sofo [18, 19] developed identities, closed form formulas for alternating harmonic number sums of
types

i n+1H(2) o (—1)n+1H7(12) o0 (_1)n+1Hn i n+1H
— nJrk) — n(n;ﬂrk) — (n_;c_k)2 — n+k)

The author [11] proved that generalized hyperharmonic number sums with reciprocal binomial coefficients of
the following form

e Hr(lpas) i (71)n+1H7(lP13)
n=1 nm (n-l"c_k) 7 n=1 nm (n—l"c_k) ,

and

H(P1751)H(P2752 n+1H(P1,S1)H(;D27S2)

Z:: —n+k Z:: (n+k)

k k

could be written as combinations of classical (alternating) Euler sums, zeta values and generalized (alternating)
harmonic numbers.

In this paper, we prove the following results: generalized hyperharmonic number sums with squared reciprocal
binomial coeflicients of the form

0 H7(z »5) > (_1)n+1H7(1p7S)
Z m (ntk\ 2’ Z m (k)2
(P S e (1

)

and

H(p1791)H(p27§2)

o0 (_
n+k‘) ’ Z

n=1 nm (")

1)n+1H7gP1781)H7(1P2782)

>

n=1
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could be written as combinations of classical (alternating) Euler sums, zeta values and generalized (alternating)
harmonic numbers. This is an continuation of the author’s previous work on generalized hyperharmonic number
sums [11], and this work improves Sofo’s result on harmonic number sums [19].

2. SOME NOTATIONS AND LEMMATA

In this section, we introduce some notations and lemmata which will be used in later sections. Following
Flajolet-Salvy’s notation [6], the classical harmonic number Euler sums can be written as

o0 H(P) e H(p)
+,+ — n += _1\yn—12™
S T Z nd ’ Spvq T Z( 1) na ’
n=1 n=1
LS ( ) oo ()
H
n R n—1 n
p’q Z nd ’ T Z(_l) nd ’
n=1 n=1
Gttt - H(m) GHt— = () tEP P
P17P27q Z ;thzaq = Z nd ’

n=1 n=1

The well-known Faulhaber’s formula states that the sum 1% 4+ 2% 4 ... + n* could be written as combinations
of Bernoulli numbers or Bernoulli polynomials.

n k
St Z(k’“)]ﬁ k+1=j (2.1)

J

1

= 531 Brr(n 1) = Bra (1)) [24], (2.2)

where B denotes Bernoulli numbers and By, (z) denotes Bernoulli polynomials. The Bernoulli numbers can be
determined by the recurrence formula

i:(kJrl) Bf =k+1 (k>0)

j=0

or by the generating function

1—e" Z +n" (2:3)

and Bernoulli polynomials B, (z) can be determined by the generating function

o0

tert tn
= ZBn(x)m.

n=0

Definition 2.1. For p € Z and m,t,r € N, define the quantities S(p, m,t,r,0) and S(p, m,t,r,1) as

oo Hép) 0 (_1)n+1Hr(LP)
S t,r,0):= _\ S t,r,1):= .
(p7 m7 ) T’ ) Z nm (n + T)t ) (p7 m, ) 7" ) Z nm (n + T)t

n=1 n=1
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Definition 2.2. For p,s,m,t,r € N, define the quantities So(p, s,m,t,r,0) and So(p,s,m,t,r, 1) as

00 7(Izoys) 00 n+1H(p s)
So(p, s,m,t,r,0) ::Zm, So(p, s, m,t,r, 1) : Z Ty
n=1 n=1

Definition 2.3. For pi,ps € Z and m,t,r € N, define the quantities
T(plap2a m, t7 T, O) and T(p17p27 m, t? T, 1) as

o g priee)
T(pl,p%mtro Z n—i—rt’

o0 7L+1H(pl)H(p2)
T(p17p27m t T, 1 Z Tlm TL+T‘)

Definition 2.4. For pq,s1,ps, s2,m,t,r € N, define the quantities

To(pla S1, P2, S2,M, t7 T, O) and To(pla S1,P2, S2,M, ta r, O) as

0 HT(LPLSl)HT(LP%Sz)

n™(n+r)t
n+1H(P1;51)H(P2,52)

To(p1, 51, p2, 52, m, t,7,0) :=

b

n=1

00
T <p17817p2a827m t T, 1 Z 7,Lm, n+7n)

Definition 2.5. For p,r € N, define the quantities S(p,r,0), S(p,r,1), W(p,r,0) and W(p,r,1) as

(71)n+1H7(1p)

—n(n+r) — n+r
i 2 > ( 1)n+1H7(lp)
W 770 = b W 77]‘ =
wr0:=3 o Wen D=3

Definition 2.6. For pq,ps,r € N, define the quantities T(p1,pe,7,0), T(p1,p2,7,1), V(p1,p2,7,0) and
V(plap%ra 1) as

1 n+1H7(1P1)H7(lP2)

0 (p1) ry(p2) S
Hy ' Hy —
T N T(p1,p2,7“, 1) = Z ( )

T(py,p2,7,0) =Y

)

— n(n+r) — n+r
H(m)H(pz) ~ (1 n+1HT(Lp1)H7(Lp2)
V(p17p277" 0 Z ) V(plap%ra 1) = Z ( ) (n+r)2
n=1 n=1

Lemma 2.7 ([19]). Let k € N, then we have

k
L o Aa(n) | Agelr)

(

where Ag 1 (r) = 2r? (]:)2 (Hr—1 — Hi—p) and Apo(r) =1? (k)z

r
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Lemma 2.8. Let r € N, then we have

1
xm(x +r)?
o m—i+11 m 1 11
= -yt 4+ (-1)"—"— 4+ (-1)"—=—
> ) s O
i m—it+11 om 1 11
= -yt 4+ (- =+ (1) "=
;( ) TTTL—1+2 .Z'l+( ) Tm.’L'(.T,‘+T>+( ) rm ($+7")
Proof. Let
1 _ e dy da
x’”(x—i—r)?_;xi+x+r+(:c+r)2’
N d d
:Z*+ ot e
box(z4r) (x4r)

I
N

3

Multiply both sides by ™ (z + r)?, and compare the coefficients on both sides, we have

mfim_i—"_]' m—1 T
ci = (1) Tm—itz do = (—1) >
dp = (-1) AL’ dy = (-1) e

Thus we get the desired result.
Lemma 2.9 ([16], Lem. 1.2). Let p,r € N, then we have

r—1 p

1 1 S DLany s P s i .

S(r0) = 6+ 1) + 1 3 I DS A IGG).
j=1 i=2

Lemma 2.10 ([11], Lem. 5.3). Let p,r € N, then we have

p
S(p.r1) = (~17S5 + (~17 Cp+ ) + Y (-~ E

j=1
rfl -7
+(_1)p+r—1<( )H(p) + Z
n=1
Lemma 2.11. Let p,r € N, then we have
W(p,r,0)
r—1 p . r—1 1
;D1 +1 . (_1)}0 p
=S —Cp+2) - Z(—l)p WC(Z) _ZWHk
k=1 i=2 k=1
r—1 (_1)1)
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Proof. By a change of counter, and with the help of Lemma 2.8, we have
W(p,r,0)

S

= (n+r)?

H(p) 0
(n+r—1)2 Z n—i—r—l)

1 n=1

3
I
-

M

n
oo

1
= ~1.0) - - -
Wip.r - 1,0) n;np(n—kr—l)z
o] r—1 oo
0,0)
Wip, EZ: p+2 kzlnlnpn—kk
it N p—i+11
_ qtt i
=5, — C(p+2)— Zz:l(z )P Ep—it2 i
k=1n= =
1 1 1
-1 p-1 P 2 1= —-_
+(=1) kl’n(n+k)+( )kp(n+k)2)
r—1 P . [ee]
_ gt ip—i+1 1
=5, C(p+2)z<2(1)p T 2 i
k=1 \i=2 n=1
= 1 R |
-1 p—1 P —1)P—
RS i O S )
v p—itl D
:S;§+ Clp+2) - Z( D Z kp—i+2 <()_Z fep+1 Hy,
k=1 i=2 k=1
r—1
(="
> @B
k=1
Thus we get the desired result.
Lemma 2.12. Let p,r € N, then we have
W(p,r1)
_ r—1 P p—it1-
= (-1)"Sys + (- )PIC(P‘FQ)‘FZ(_UT*PJ Z(_l)pﬂwdi)
=1 i=
Syt S L N (DT o )
F T - ) X e - 1)
j= j=

Proof. By a change of counter, and with the help of Lemma 2.8, we have

W(p,r,1)
n+1H(P)

oo
:Z n—l—r

n=1



n:l =
n+1
=-W(p
+nz:1n1’n+r—1)
L r—1 - n+1
= W T —J
W+ Sy S
= = P p—i+11
_ 1 1-j n+1
SURUERED SE ) WET O E I
j=1 n=1 =1
P 1 1
+ (=1)” —1)? .
( )Jp“nﬂ =1 (n+1)2)
= (& p—i—+1 1
= ()W L)+ Y-y J(ZH)” e U
j=1 =1 n=1
p - n+1 1 1 - n+1 1 )
+ P — + (1) — -1 -
P e S I S
Since
s n+1H(P)
wip =y T S F+2),
n=1

we get the desired result.

Note that, W (1,7,1) has already been obtained by Sofo [19].
Lemma 2.13 ([11], Lem. 6.2). For p1,p2,r € N, we have

T(plap2a T, O)

r—1
1 1 1
= ;S;rf;zﬂ + SZ;Z:;I‘Fl C(Pl +pt+1)+ - > S(p1,p2,1,b,0)
b=1

r—1 r—1
1 1
+ ; Zs(anpla lab70) - ; ZS(Ovpl +p2 + 17 17b? O)
b=1 b=1

Lemma 2.14 ([11], Lem. 6.4). For pi,ps,r € N, we have
T(pr,pa,m, 1) = (= ) (St = Spipatt = Sprpra1 + Clp1 +p2 +1))

+Z T - J plap2717j71)+S(p27p171aj71))

+Z TjSOpl—l—pg—&—l )
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Lemma 2.15. For r,pi,p2 € N, we have

V(p1,p2,7,0) = S;I,ZJ Sy bt ~ 5;2’pl+z+<(p1+p2+2)

- ZS<p17p27 277’70) + Z S(pQ;pla 271" 0)
i=1 =1
r—1

_ZS(Oapl + p2 +172a7’70)

i=1

Proof. By a change of counter, we have

V(p1,p2,7"7 0)
St H7(zp1)H7§Lp2)
= 72
— (n+r)
Z H(Pl) nl’l)(H(pQ) n%)
— (n+r—1)2
00 Hr(bpl) oo Hy(LPZ)
V(p1,p2,r ,0) Pt nP2(n+r—1)2 T;npl(rﬂ—r—l)?
1
+an1+p2 (n+r—1)2
r—1 oo (p1) r-l = (p2)
oy oy
=V 1,0) - i L2
(p17p27 ) ZZ np n+2 ZZ npl(n+i)2
i=1 n=1 1=1n=1
r—1 oo 1
+;nzl nP1+P2(n_|_@

Since

V(p17p27170) S[—; —;;_ SI—; -;2.:,_2 S+’p1+2 +C(p1 + D2 +2)

we get the desired result.

Lemma 2.16. For py,p2,r € N, we have

R - z
Vipr,p2,m 1) = (1) (Spl P22 Opipate T Szj_z,p1+2 +Cp1+p2+ 2))
r—1

+ Z(_l)T—l—j (S(plap27 27j? 1) + S<p27p17 27j) 1))

j=1
r—1 )

+ ) (=180, p1 +p2 +1,2,5, 1)
j=1

Proof. By a change of counter, we have

V(plap2a T, 1)



10 R. LI

1)n+1H(p1)Hy(Lp2)

N n
_Z (n+r)2

& (_l)nH}zpl)Hr(Lpz) el (—1)"+1H7gp1) o (_1)n+1H7(LP2)
:Z (n+r—1)2 n(ntr—1)2 L nhi(ntr—1)2

- (="
+ 7;1 nP1+P2(n +r— 1)2
= _V(plaanr - 17 1) + S(p17p27277" - 17 1) + S(p2,p1,2,7’ - 1a 1)
- S(Oapl +p2 + 1,2,7"_ 171)

r—1
= (_l)r_lv(plvp% 11 ]-) + Z(_l)T_l_jS(plap% 27j7 1)
7j=1
r—1 ) r—1 )
+ Z(il)rilijs(p%pla 27j7 1) + Z(il)rijs(oapl +P2 + ]-7 2)j7 1) .
j=1 7j=1
Since
St n+1H(P1)H(P2)
V(p17p27 17 1 Z
n=1
> nH(Pl)H( & n+1H(P1)
5 S
3 <—1>”+1H£f2> (D
+ Zl np1+2 — np1tp2+2

S++7 +Slp2+2+Sp2P1+2 C(p1+p2+2)’

P1,p2,2
we get the desired result.

Lemma 2.17 ([10]). For r,n,p € N, we have

r—1r—1-m

H,(Lp’ Z Z (r,m,j) nJH(p m)

m=0 j=0

The coefficients a(r,m, j) satisfy the following recurrence relations:

r—1
a(r+1,r,0) = Zarmr— —1)
r—1— . .
a(nmd)( j+1 >B+

CL(’I"—‘,—Lm,E): ]+1 J_€_|_1 j—0+1

O<m<r—1,1<(<r—m),

r—1l—y
a(r+1,m,0) = Z > a(r,y,)D(r,m,j,y) (0<m <r—1),
y=0 j=maz{0,m—y—1}
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where
j .
1 <J+1)B (£+1)(_1)1+zm+y.

D(Tamajvy) Z 1
{=maz{0,m—y— 1} g+l m=y

j—

The initial value is given by a(1,0,0) =1

3. SOME LEMMATA ON S(p,m,t,r,i)
,i=0,1).

In this section, we develop closed form representations for S(p,m,t,r,i)(¢,4

Lemma 3.1 ([11], Lem. 5.2). Let p € Ng and m,r € N. For p > 0, we have

S 1 _ - (_1)m715++ (_1)77171 1
(p7m7 ’T70)_Z rm_i_;,_l D, + rm C(p"_ )

i=2
-1 m—1 r—1 p+1H p
L r)m (-1 j +Z L= ()
j=1 =2
For m > p+ 2, we have
S(=p,m,1,r,0)

1 p D+ 1 n m—p—1+¢ (_1)m—p—1+€—i ) (_1)m—p—2+€

:p+1 P) 0( ¢ )B(g z_; pm—pHi—i <@+ pm—p—1+¢ He ) -

Lemma 3.2 ([11], Lem. 5.4). Let p € Ny and m,r € N. For p > 0, we have

S(p,m,l,r 1)
(_1)m+r + (_1)m+r—17
Z: rm— l+1 p, + Spl rm C(p+1)
(71)7774 g p—j+r7 —(p— J+1) p+r—17 (p)
+ > (-1 COHH—y + (1) C(1)H,=
j=1

(—1)mtrtr r—1 H,

+ — —.
rm npP
n=1

Form > p+ 1, we have
—140 .
(71)m7p71+€717 )

(2)

é (p+ 1) - <m—:.§1 S
)m p—14+L+r .
@) - H») .

S(—p,m, 1,71
(—p )= |
(
rm—p— 1+4

11
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Lemma 3.3. Let p € Ny and m,r € N. For p > 0, we have

m

,,_-m—i—i—l -1 m—lm _ )m
S(p,m,2,r,0) = Z(—l) ' 1WS;%+ + %S(Pa 7,0) + ( m W(p,,0).
i=2
For m > p+ 2, we have
S(=p,m,2,r,0)
P m—p—1+~¢ .
— 1 p"'l B+ Z (_1)m7p71+571—m—p+£—2<(.)
- D + 1 Vi y4 ,rmfp+€7i+1 ¢
£=0 i=2

mopteM—P—1+1 (=ymor

ey o S @ - ).

Proof. For p > 0, we can obtain that

(]2
S
’S\E
3
+7e
]
-

3
Il
-

3
Il
-

I
¢
5

N

\E
T
=

3

HE
_l_@
3|t

T

=

3
]
3
T
=
3
N——

_i( pymim =it < HY 1)m—1m§: HY
_7,:2 pm—i+2 — nt rm — n(n+r)
(_1)m > Hr(zp)
+ = (n+7)?
S m—itl . ()" (=)™
:Z(_l)m—z e 4 e S(p,r,0) + W(p,r,0).
=2

S v Y
m 2 m 2
n™(n+r) — nm(n+r)

o (P71 Bfnp 1t

ne
1
g
n™(n 4+ r)?
n=

1
Skl L) e ()2

With the help of Lemma 2.8, we get the desired result.

Lemma 3.4. Let p € Ny and m,r € N. For p > 0, we have
S(p,m,?,r, 1)
=Hm

rm

W(p,r1).

% mfirn’ii+ 1 +,— (71)mm
=D (D" S oy S ) +
=1
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For m > p+ 2, we have

S(fpvma 277/.7 1)

m—p—1+4
1 & p+1\ 4 Pl mep14p_im—p+Ll—i—
:p+1e_o( ‘ )Bf 2 e )

mep—ittqrM—P—1+L = — _1ym—p—1+Ll4r e

Proof. For p > 0, we can obtain that

(_1)n+1HT(LP)
n™(n +r)?

hgE

3
Il
-

m

(_1)n+1H'r(Lp) (Z(_l)mim _‘Z’ + 1 + (_1)mm + (_l)m )

— rm=if2pi - opmtl(n £r) o rm(n41)?

M

3
Il
-

m—im_i_’_l e (_1)n+1HT(lP) —1)m, 0 (_1)n+1H7(LP)
(_1) i Z ( )

M-

m—1i+2 7 m+1
=1 r n=1 n r n=1 n+r
—_1)m 0 -1 n+1H(P)
+ ( 7,73 Z( (2+T)2n
n=1
it g (=) (—m
= 1:1(‘1) =z it S ) £ D= Wipr 1),
For m > p + 2, we have
i n+1H( P) B i (— 1)n+1 Z?:l /P
— m(n+r)2 — n™(n 4+ r)?
_ i( D) o S (7)) B et
— n™(n +r)?
S () S e
p+ p+1 — nm—P—1+l(n 4 r)2

With the help of Lemma 2.8, we get the desired result.

4. SOME LEMMATA ON Sy(p,s,m,t,r,1)
In this section, we develop closed form representations for Sy(p, s, m,t,r,i)(i = 0,1).

Lemma 4.1. Let p,s,m,t,r € N with m > s, then we have,

s—1 s—1—41
SO(p7 S,m,t,?", O) = Z Z a(87€17€2)s(p - Ehm - é?at7r7 O)a
£1=0 45=0

s—1 s—1—4;

So(p,s,m,t,r,1) = Z Z (s,01,02)S(p — t1,m — Ly, t,1,1).

01=0 £2=0

13
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Proof. By using Lemma 2.17, we have

© H(P »S)
So(p, s,m,t,r,0) Z

n= 1
s—1 s—1—41 o) (p—£1)
Hy
= a(s, 1,0 _
2 2 ) 2 iy
s—1 s—1—41
= a(s,01,02)S(p — L1, m — la,t,7,0).
£1=0 £2=0

Thus we have proved the first formula. We omit the proof of the second formula since it is similar to that of
the first formula.

O

5. SOME LEMMATA ON T'(py, ps, m,t,7,17)

In the current section, we develop explicit formulas for T'(py,pa, m,t,7,4)(i = 0, 1.

t=1,2).
Lemma 5.1 ([11], Lem. 6.3). Let p1,p2 € Ny and m,r € N. For p1,ps > 0, we have
(p17p2am317r70)
- )" e, (D™ +,
Z pm— z+1 Sphpz, + rm (S;m ,p2+1 sz,p1+l)
=2
)m 1 (_1)77;—1 r—1
- 1)+ ——— S 1,b,0
rm C(pl +p2+ )+ rm b_Zl (plap27 s Uy )
(71)m71 r—1 r—1
+ T (Zs(p27p17 1ab50) - ZS(Oapl +p2 + 1717b70)> .
b=1 b=1
For p1 >0 and m > ps + 2, we have
T(plv_p27m,17/rvo)
1 P2 Do +1
= BfS(pi,m—ps—14+¢,1,7,0).
e ()i swum -, )
For m > p1 + ps + 3, we have
P1 b2
p1+1\ (p2+1
T(—p1,—p2,m,1,7,0
oot = o 2 3 () ()

x BZBZ;S(O,m—pl —p2— 1441+ £45,1,7,0).

Lemma 5.2 ([11], Lem. 6.5). Let p1,p2,m € Ny and r € N. For p1,ps > 0, we have

T(pl,pg,m 1,7,1)

Z ++, + (_1)m+r (S+ = SJr, SJr* )
: rm— 1+1 1017172 i rm

P1,p2,1 p1,p2+1 p2,p1+1
i=1
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r—1 ;
(-1 (~1yrm .
2+ )+ Y SO pi + P2+ 1,1,51)
i=1

T_l 'rer 1—j

+ (S(plap2alaj7 1)+S(p27p1717]51))

' M

Jj=1
For pi1,m >0 and m > ps + 1, we have
T(p17_p27m717r71)

L i<p2+1>3+5( 14+06,1,71)
= ¢ P1,m —Pp2 — s L, Ty ).
p2+1z:0 ¢

Form >0 and m > p1 + p2 + 2, we have

- = (P11 (p2+1
om0 ()
xBZB;;S(O,m—pl—p2—1+él+€2,1,r,1)-
Lemma 5.3. Let p1,ps € Ng and m,r € N. For pi,p2 > 0, we have

T(p17p27 m, 27 T, O)

m .
meim =i+l oy (D)™ Im
=Sy g U g,
=2
—1)m™
+ ( 7’”2 V(p17p27r70)'

For p1 >0 and m > ps + 2, we have
T(p17 *p27m,277", O)

1 K (p+1 L
:p2+12 / B/ S(p1,m —p2 —1+4,2,7,0).
=0

For m > p1 + ps + 3, we have

D& o410\ 2+ 1
T(—pl,—pg,m,Z,r,O) (p1+]_ p2+1 ZZ( )( 62 )

=045,=0
X BZBZZS(O,m*pl —pa—1+0+45,2,7,0).

Proof. For p1,ps > 0, we can obtain that

> H’r(zpl ) H'r(L;DQ)
>

m 2
—in (n+r)
S (p2) - m—i+1
= S (S0
n=1 1=2

15
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CULSIER)
rmn(n+r)  rm(n+4r)?

“ m—i+1 e HPVHP) (1) S HEPYHP?)

Z rm7i+2 ni + rm

=2 n=1

1)m > H(PI)H( p2)

rm (n+41)?

n=1

<.

nn+r)

n=1

+

i+l , DM
Wspl pavi T TT(phpz, r,0)

G

_1)771,
rm

I
i agE

7

+ V(pl,pQ,T, O)

For p; > 0 and m > ps + 2, we have

= Hv(Lpl)Hr(fpg) B o0 HT(Lpl)Z?:lgm

nm(n47r)2 n™(n 4+ r)?

n=1

) (p1) _1 pz p2+1\ p+, pat+1—4
Han patl ( )Be”

nm(n +7)?

_ 1 p2+1\ 51 HP
_p2+lz_:< 1 >B z:nm_l’?_l"’e(n-l-7")2

1 & 1
(pQZ' )BZS(pl,m—pg —14+4,2,7,0).

For m > py + po + 3, we have

o0 H'r(zipl)Hfr(Lin)
2
— n™(n+r)
Z Z[l 1€ Z[ *l
n™(n 4+ r)?
+1\ p+ ¢ +1\ 1-¢
i ;D1+1 Zl=0 (Pll )B nPrte 1p2+1 Zéz O(I)QZQ )sznPZJr :

n™(n +r)?

pP1 P2
p1+1\ [p2+1
) p2+1 ZZ( )( 2 )

1
nm—p1—p2—2+£1+{2 (TL + 7‘)2

xBZBZ;
n=1
ol p1+ 1\ [p2+1

T+ D)2 +1) p2+1 ZZ_MZ_O< )< 2 )
X By BfS(0,m —p1 —py — 1441 + £5,2,7,0).
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Lemma 5.4. Let p1,p2,m € Ny and r € N. For p1,ps > 0, we have

T(pl,pg,m 2 r, 1)

- i+l -, (=D)"m
Z Wspl ,P2,% WT(phan'f'?l)
)
(p17p277' 1)

For py,m >0 and m > ps 4+ 1, we have

T(ph —Db2,Mm, 27 T, ]-)

! i<p2+1>B+S(p m—pe—1+4,2,r1)
- Vi 1 - P2 s 4y by L)
p2+1€:0 /

Form >0 and m > p1 + p2 + 2, we have

N s (p1 1 2+ 1
T(—pi.=pam.2n1) = g ZZ( )( 6 )
X B B S(0,m —p1 —pa — 1+ £1 + £2,2,7,1).
Proof. For pi,ps > 0, we can obtain that

(_1)n+1H7(Lp1)H7(Ip2)
n™(n+r)?

M8

3
Il
-

m

_m—it+1l  (=1)™m
_1)yr 1 g (p1) fr(p2) —_1)m im _Z :
( ) n n Z( ) rm—i+2pi + T.erl(n + ’l”')

M

n=1 i=1
_1)ym
I
rm(n+r)
- m im—i+1 oo (_1)n+1H7gp1)HT(LP2)
- Z(_l) Fm—it2 Z ni
i=1 n=1
N (71)mm i (71)n+1HT(LIJ1)HT(Lp2 Z n+1H(101)H(;U2
pmtl — n+r — )?
S moim—i+1l oy (=1)"m
= (" s S g L2, 1)
i=1
—1)m
+ ( 7"72 V(pl»PQ»T»1)~

For p;,m > 0 and m > py + 1, we have

00 (_1)n+1HT(LP1)HT(L—P2)
Z nm(n + 7“)2

Sz
o n™(n + )2

17
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(B e S () B

:ngl n™(n 4+ r)?
1

_ i P2t 1\ oo i (—1)mH EPY
Copa+1 prd 14 ¢ nm—P2—1+l(n 4 )2

n=1

1 p2 p2+1 N
- +1Z p B/ S(p1,m—ps—1+4+¢,2,r,1).
D2 —o

For m > 0 and m > p1 + p2 + 2,, we have

(—1)"+1H,(1_p1)H7(L_p2)

WK

— n™(n 4+ r)?
S e e

— n™(n 4+ r)?

o nt+1_1 +1\ p+ ¢ +1\ p+ ¢
:Z (=) pitl Zl=0 (plﬂl )B e 1pz+1 222 o(mez )B np2timh

— n™(n + )32
_ ii(}h“r‘l)(})g—f—l)

(p1+ D2 +1) f= A=) £y

o0 n+1
+ g+ (=1)
x B, By, L == 20T (n 4 72

~ (1) p2+ ii<p1“)<p2€jl)

X By BfS(0,m—p1 —py — 146+ £5,2,7,1).

6. SOME LEMMATA ON Ty(p1, $1, P2, S2, m, t,7,1)

In this section, we develop closed form representations for Ty (p1, $1,p2, S2, m, t,7,1)(i = 0,1). Here, T'(p; —
by, pg —ba,m —t1 —to, 1,7, 2) and T'(py — €1, p2 — ba,m —t1 — t2,2,7,2) (x =0, 1) are defined in Definition 2.3
and expressed as in Lemma 5.1, 5.2, 5.3, 5.4, respectively. a(s, {1, {2) are expressed as in Lemma 2.17.

Lemma 6.1. Let s1,s2,p1,p2,m,t,r € N with m > s1 + so — 1, then we have

S1— 1€1 1— [152 15‘2 1— 22

To(p1, 51,02, 52,m,6,1,0) = > > >~ Y~ a(sy, by, x1)a(ss, b, 72)

Z10110520I20

X T(p1 —l1,p2 — ba,m — 1 — x9,t,7,0),

S1— 151 1— 5152 132 1— 22

To(p1751,p2,82,m7t,r 1 Z Z Z Z 81751,1‘1 (82752,1’2)

€1 0 z1=0 52—0 x2=0

X T(p1 — L1, p2 — la,m — x1 — x2,t,7,1).
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Proof. By using Lemma 2.17, we have

TO(pla S1,P2,S2,Mm, t7 T, O)
o0 Hy(Lpl’Sl)Hﬁlp%SQ)

— nm(nJrr)t
s1 —1—0y s5—180—1—L5 00 (p1—21) ry(p2—~2)
H, Hy
Z Z Z a(s1, 41, z1)a(sz, b2, x2) Z W72 (0 4 1!
01=0 1=0 43=0 z2=0 n=1
—1s1—1— —1 82—1—62
Z Z a(sy, 01, x1)a(s2, 2, x2)

T(P1 —417]92 —ly,m — a1 — x2,t,7,0).

X?\

Thus we have proved the first formula. We omit the proof of the second formula since it is similar to that of

the first formula. O

7. MAIN THEOREMS

In this section, we prove our main theorems of this paper. More precisely, we prove the following two main

theorems.

Theorem 7.1. Let s,p,m,k € N with m > s, then we have,

o0 H(P s) k

z n+k) Z)\g 1(r)So(p, s, m, 1,7,0) + X2 2(1)So(p, 5, m, 2,7,0),
n=1T"N nm r=1

> n+1H(p ,5) k

g n+k) ;)\2,1(7")50(17,5»7”;1,7”,1)+)\2,2(T)SO(Pa3am72aTa1)~

Here, So(p,s,m,1,r,i) and So(p,s,m,2,r,i) (i = 0,1) are defined in Definition 2.2 and expressed as in
Lemma 4.1. Aa1(r) and A2 2(r) are expressed as in Lemma 2.7.

Proof. By using Lemma 2.7, we have

X HPY S HPY L (Aaar) | Aaalr
E: n+k2:§: m §:<2_1|_()+(2_i())2>
ot nm( ; ) - " N nET n—+r
k 00 (p,s) o (p,s)
o Hy
= g A E —— + A E _
ot 271(T) — nm(n+r) + 272(71) — nm(n_’_T)Q

—Z)\Ql SO p,sm,l,r0)+)\22( )SO(]),S,WZ,Q,T,O).

Thus we have proved the first formula. We omit the proof of the second formula since it is similar to that of

the first formula. O
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Theorem 7.2. Let s1,s2,p1,p2,m, k € N with m > s1 + s — 1, then we have

> pl Sl)H(P2 52) k
g W - Z >\2,1(T)T0(p17 S1,P2, S2,M, 1,T, 0)

r=1
+ >\2,2(7‘)T0(p1, S1,P2,S52,M, 2a T, 0)7
n+1H(P1 G1)]_](1’2 92) k

0o
nz;l (1) =

+ A2,2(7")1—‘0(pla S1,P2, 82, 2a T, 1)

2,1 (r)To(p1s 51, D2, 52, M, 1,7, 1)

Here, To(p1,s1,p2, 82, m, 1, r,2) and Ty(p1,s1,p2,82,m,2,7,x) (x = 0,1) are defined in Definition 2.4 and
expressed as in Lemma 6.1.

Proof. By using Lemma 2.7, we have

H(p1,81)H(p2782)

=y

B i Hr(lpl,m)H?(lpz,Sz) zk: ()\271(7") n /\2,2(7‘) )
- m 2
‘ n —\n+r (n+r)

Hy

M

k o0 H(Phsl) H(Pmsz) 0 (p1,51) H(p2 s2)
n n
Z 2 1(T) Z nm(n + ’/‘) + 2’2(T) Z nm(n + 7“)

r=1 n=1

Thus we have proved the first formula. We omit the proof of the second formula since it is similar to that of
the first formula. O

If we want to calculate the explicit values of the series

> &

n=1

j25))

. Hy
&

n+1H(p ,8)

b

n+k)

and

H(p1,81)H(p2,82)

o0 o0
DL Z

n+1H(P1;51)H(P2;32)
+k\2

nm ("7
we should use all the lemmas in this paper. The calculations should be carried out in the following manner:
(1) The series in main theorems can be expressed as Sy(p,s,m,t,r,i) sums by Lemma 4.1 or
To(p1, s1, 2, S2,m, t,r, 1) sums by Lemma 6.1.
(2) To(p1, $1, D2, S2,m, t,T,1) sums can be expressed as T'(p1, p2, m,t,r, i) sums by Lemmas 5.1, 5.2, 5.3 and 5.4.
(3) T(p1,p2,m,t,r,i) sums can be expressed as T(pi,po,r,i) sums by Lemmas 2.13, 2.14, V(py,pa,7,4) sums

by Lemmas 2.15, 2.16 and S(p, m,t,r,i) sums by Lemmas 3.1-3.4.
(4) T(p1,p2,r,1), V(p1,pe,r,i) sums can be expressed as S(p, m,t,r, i) sums by Lemmas 3.1-3.4.

)
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(5) So(p, s, m,t,r,i) sums can be expressed as S(p, m,¢,r,7) sums by Lemmas 3.1-3.4.
(6) S(p,m,t,r i) sums can be expressed as S(p, r,¢) sums by Lemmas 2.9, 2.10, and W (p, r,4) sums by Lemmas
2.11, 2.12.

Example 7.3. We now provide some illustrative examples. When s = 3,p = 3,m = 3,k = 1, we have

0 3,3)
S = SE + 5C(6) — 20(2)CE) + 10(6) +5¢(4) ~ 5¢(3) + 5¢(2),

GO

—

n=

oo
(—nmHtEEY . N 27 21
; I I ST+ 5 SHT + 35005) - T6C2)C3)
61 5 3 9. 5
- — —((2)log2 + —((2) — —log” 2.
LC(3) + SC(2)log2 + 7¢(2) — - log
Remark 7.4. Generalized hyperharmonic number sums
e HT(vaS) o n+1H(P )

can be reduced to (alternating) Euler sums and zeta values. When p = s = 1, m = 0, 1, Theorem 7.1 will reduce
to Sofo’s results [19] on

Remark 7.5. Generalized hyperharmonic number sums

H(l)hél)H(I)z,éz) n+1H(P1751)H(P2752)

ka) and Z

n+k
(")

can be reduced to (alternating) Euler sums and zeta values.

Remark 7.6. Generalized hyperharmonic number sums

00 (p1,51) r7(p2,52) (pt,st) oo n+1 r7(P1,51) p7(p2,82) (pe,st)
Hy Hy - Hpy, (=)™t Hy Hy < Hy
Z m n4ky2 and Z m (n+k 2
n=1 nm (") n=1 (")

can be computed in a similar manner. These sums can be reduced to (alternating) Euler sums and zeta values.

8. CONCLUDING REMARKS

In this paper, we have established explicit formulas for four different types of generalized hyperharmonic
number sums with squared reciprocal binomial coefficients. Actually, these results can be extended to more
higher powers sums. Using a similar method that described after Theorem 7.2, we can obtained similar results:
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generalized hyperharmonic number sums with high powers reciprocal binomial coefficients

i 7(p ,8) i n+1 H(p s)
oyt nm n;lc-k ot n+k)

and

H(p1,51)H(P2752

oo
nm ("+k Z::

n+1H(P1,81)H(p2,52)
n+k L
(")
can be expressed in terms of classical (alternating) Euler sums, zeta values and generalized (alternating)

harmonic numbers.
Generalized hyperharmonic number sums

ooH(
2

>

n=1

pl,Sl)H(P2,82) H’I(Lpt78t) and i (_
()

can be computed in a similar manner. These sums can be can be reduced to (alternating) Euler sums and zeta
values.
We propose three problems for further considerations.

1)"+1H7(lp1’81)H7(1p2’82) o Hﬁmm)

(1)

Problem 8.1. The classical (alternating) Euler sums can be regarded as special multiple zeta values. Can
we find explicit formulas for expressing the generalized hyperharmonic number sums in terms of multiple zeta
values?

Problem 8.2. There are many g-analogues of harmonic numbers. Can we find g-analogue generalized
hyperharmonic numbers and study their g-series?

Problem 8.3. Sofo not only gave explicit formulas for some special harmonic number sums, but also obtained
integral representations for these series with the help of hypergeometric functions. Can we find integral rep-
resentations for generalized hyperharmonic numbers? The author has already made some progress on this
problem.
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