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DIOPHANTINE APPROXIMATION WITH TWO SQUARES
AND THREE BIQUADRATES OF PRIMES

Yu Fu®, LiQun HuU", S1Qr Liu® AND L1 YANG

Abstract. Let A1, A2, A3, A4, A5 be nonzero real numbers, neither all positive nor all negative and
A1/A2 be an irrational number. Let V be a well-spaced sequence and § > 0. For arbitrary € > 0, we
show that the quantity of v € V with v < N making the inequality

])qpf + Xap3 4 A3ps + Aapi + Asps — v| <v®

unsolvable in primes pi,pz, ps, pa, ps does not exceed O(N7+207<),
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1. INTRODUCTION

Let Rs(N) stand for the number of representations of the positive integer n as the sum of two squares and s
biquadrates. In 1981, Hooley [1] established the standard expected asymptotic formula for Rs(N) when s > 5.
For the cases s < 4, however, suitable tools or approaches to derive the anticipated asymptotic formula for
Rs(N) are still lacking. We define E5(N) as the number of positive integers n < N for which the expected
asymptotic formula for Rs(N) breaks down. In 2014, Friedlander and Wooley [2] showed

E3(N) < N2t and E (N) < Nite,
Before long, Zhao [3] enhanced the results by
Es(N) < N5 and E4(N) < N&*<,

In 2020, Zhu [4] considered the corresponding Waring-Goldbach problem, i.e., every large enough integer n
satisfying some necessary conditions can be represented as

n = pi+p3 + p3 + i + pa. (1.1)
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Nevertheless, the resolution of this problem remains beyond current reach. Therefore, Zhu [4] established the
exceptional set of this problem. He proved E(N) < N 3+ where E(N) counts the positive integers n < N
that satisfy the necessary conditions yet fail to satisfy (1.1).

In this paper, we consider the Diophantine inequality based on such types of problem. We begin by mtroducmg
the definition of a well-spaced sequence: an increasing sequence of positive real numbers v; < vy < - - - is
well-spaced if there exist constants € > ¢ > 0 with

0<e<v41 —v, <€ 1=1,2,....

Let A1, A2, A3, A4, A5 be nonzero real numbers, neither all positive nor all negative and the ratio of at least two
numbers be irrational. In 2025, Liu, Zhang and Li [5] proved for arbitrary ¢ > 0, the quantity of v € V with
v < N making the inequality

|A1pT + Aop3 + Aspj + Aapi + Asps — v <v° (1.2)

unsolvable in prime variables p1,ps,ps,ps,ps does not exceed O(N B +204€) At present, we consider the
inequality (1.2) again by sieve method and refine the result. We prove the following theorem.

Theorem 1.1 Let A1, Ao, A3, Ay, A5 be nonzero real numbers, neither all positive nor all negative and the
ratio of A; /Ay be irrational. Let § > 0 and V be a well-spaced sequence. Then, for arbitrary £ > 0, the quantity
E(V,N,0) of v € V with v < N making the inequality

|ApT + Aop3 + Asp§ + Aapi + Asps — v <v°

unsolvable in primes py, ... ,ps does not exceed O(N 7+20+<),

Remark. In contrast to the results of Liu, Zhang and Li [5], we find that g < g—g. As an exceptional set, we
improve the previous result.

In order to demonstrate Theorem 1.1, we merge the circle approach from Davenport-Heilbronn [6] with the
sieve technique. We pay attention to the exceptional scenarios, employing a refined approximation of the integral
based on the efficient utilization of Hélder’s inequality, similarly in [7].

The paper is structured into several sections: Section 2 describes the preliminary knowledge for the demon-
stration of Theorem 1.1. Sections 3-5 partition the entire interval into three parts and respectively analyze the
major arc, the minor arc and the trivial arc. Ultimately, Section 6 concludes the demonstration of Theorem 1.1.

Notations. To keep the notation uniform, the letter p (regardless of whether there is a subscript or not)
denotes a prime number, € > 0 stands for a small enough number and its value may change in different situations.
We write €™ = ¢(x) and substitute L to log X.

2. PRELIMINARIES

Let 0 < ¢ < 1. In the following sections’ calculation, we need to take X = q% and ¢ = X9 for § > 0, where
q is the denominator of a/q satisfying a/q converges to A;/\2 as ¢ — oco. Denote

sin moo

Kofo) = ( )2,a¢o.

T

For continuity, we let K,(0) = o2. Trivially, we get

K,(a) < min(o”,a|7?) (2.1)
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and
R, (t) = / K, (a)e(ta)da = max(0,0 — [). (2.2)
R
Let n > 0 be a fixed constant, taken sufficiently small. Define
1 1 1 1 1 1
HXANT (2N (N (BN () (X
)\1 ) )\1 ) 2 = )\2 ) )\2 y 17 — )\J ) )\J )

for j =3,4,5 and 2 = I; x - - - x I5. Next, we introduce the sieve function o~ (m) and g™ (m) from Harman and
Kumchev [8] (also in [9], Sect. 8). Write

I =

1, ifp|m=p>z,
p(m,z) = .
0, otherwise.

For the function g% (m), the relevant form is given by

otm) = o(m. X712 =3 4(m/p, p),

X1/7§pSX3/14

and the function ¢~ (m) is represented by the form

o~ (m) = ¢(m, X***) = X" o(m/p, =(p)),

X5/42§p§X1/4

)(5/281)71/27 1fp< X1/7,
2(p) = {1, if XM7T<p< XM,
X5/Mp=1 i > X3/14,

The characteristic function of primes, go(m), satisfies

0~ (m) < go(m) < o™ (m)

by the construction of o*(m). Let I’ be an interval satisfying I’ C I;, for i = 1,2. Therefore, we have

3" oF(m) =k |I'| L7+ O(X3L7?), (2.3)

mel’

where
k™ >09, kT <1.7

are both absolute constants. Therefore, the vector sieve provides

00(m1)oo(mz) > 0~ (m1)o™ (m2) + oF (m1)o™ (m2) — ot (m1)o™ (m2). (2.4)
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Moreover, we write

Si(a, 0) = Z o(m)e(m?a),

mely
Sa(a, 0) = Z o(m)e(m?a),
mels
Si(a) =Y logpe(pa),j = 3,4,5.
pel;

Define p C R be any measurable subset, let
I(o,v,p,01,00) = / S1( MA@, 01)S2( A2, 02)S3(A3a)Sa(Aga) S5 (Asa) Ky (a)e(—va)da.
[

Therefore, we set ¢ = 1,2 and j = 3,4, 5,

I(U7UaRa 00, QO)

= Z 00(m1)o0(m2) log p3 log ps log ps
m;€l;, pj€l;

X / Kq(@)e((Mpi + Aap3 + A3p3 + Aapi + Asps — v)a)da
R
= Z 00(m1)00(m2) log ps log ps log ps

m; €15, ijIj
x max(0,0 — [A\pf + Aaph + Asps + Aapi + Asps — v))
§0L5fﬁ(x),

where DN(x) represents the quantity of solutions to
|A1p? + Aop3 + Aspd + Aapd + Asph —v| <o
with (p1,p2, s, pa, p5) € Q. Recalling (2.4), we can obtain that
I(o,v,R, 00,00) > I(0,v,R, 07, 07) + I(0,v,R,07,07) — I(0,v,R, 0T, 0T). (2.5)

Hence, an estimation of the right-hand side of 2.5 is required. By employing a dichotomy of discussion, we
concentrate on those v for %X < v < X. Generally, we may consider the dyadic intervals 277X < v < 2'77X
for some natural number j and derive a suitable estimate for the exceptional set. Now, we partition the entire
interval into major arc 9, minor arc m and trivial arc t. Let

M = {—J‘;]‘)ﬂ m— (-G,-ﬁ?) U (A)?G) f=R\(MUm),

where M = Xé_a, G=0"2X1[3. Therefore,

1(0'7’07R7 01, 92) = I(O’,U,m, 01, QQ) + I(vaama 01, 92) + I(O',’U,f, 01, 92)
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3. THE MAJOR ARC

Now, we deal with the major arc. Firstly, we introduce some functions that will be used in the subsequent
proof. Write

n(a):/I e(t?a)dt,i = 1,2,

i

Tj(a):/I e(t*a)dt, j = 3,4,5.

Based on the estimate for trigonometric integrals (see [10]), we get
Si(a,07) < X2, Ti(a) < X> 'min(X,|al™Y),

Sl 0%) < X2, Th(a) < X2~ min(X, |a| ™),
Sj(@) < X7, Tj(a) < X7 min(X, |a|™Y), j = 3,4,5. (3.1)

[N

Then, we will pay attention to I(c,v,9, 0, 0") because the approach to estimate I(o,v, I, 0%, 07 ) an
I(o,v,9M, 0%, 0T) is similar. Let T = X ~!*15 ¢, Firstly, We examine the region 9= C 9 defined by IN= =
{a:|a| <T}. Therefore,

1(0-7 U? mE? 977 Q+)

= . S1(Ma, 07)S2(Moa, 07)Ss(Asa) Ss(As) S5 (Asr) Ky (a)e(—va)dar

K™ KT
.
+ % (S, 07) - %Tl(Aloz))Tz(Aza)Ts(Asa)T4(A4a)T5(A5a)K(,(a)e(_m)da
ME

+ e S1(Aa, 07)(Se(Mea, 0T) — %TQ()\20{))T3()\30[)T4()\4O[)T5()\5@)[{0-(06)6(7'0@)6[&

+ /gﬁs Sl(Ala; 97)52()\204’ Q+)(53(>\30z) — T3()\30&))S4()\4 alpha)s5()\50[)Kg(a)e(—fya)da

/DJTE T1 (M) Te (M) T3(A3a) Ty (M) Ts(Asa) Ky (o) e(—va)da

+ [ Si(he,07)S2(Aea, 07)S5(As) (Sa(Ma) — Ty(Aaa)) S5 (Asa) Ko (a)e(—va)da

M=
+ . S1( A1, 07)S2(Aaa, 07)S3(A3)Sa (M) (S5 (Asa) — Ts(As0)) Ky (a)e(—va)da
=J1+Jo+--+Js. (3.2)

Subsequently, we will demonstrate that J; > o2L2X1% and J; = o(UgL’2X%) for ¢ = 2,...,6. Since the
estimates for J5, Jg are similar to Jy, so we restrict our attention to estimate Ji,..., Js.
We first compute the lower bound for J;.

J1 = KJ7/€+L72/ - Ti (M) Ta(Aeo) Ts(Azo) Tu(Aa) T (As ) Ky () e(—var)dex
meE
:H7H+L72/RT1()\10[)T2()\20[)T3()\30[)T4()\406)T5(A5C¥)Kg(0[)e(_'l}0[)da

+0 (L_2 /oo |T1()qO[)TQ()\Qa)Tg()\3Oé)T4()\4Oz)T5()\504)| K[,(a)da) . (33)
T
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Combining (1.2), (3.1) with the foregoing result yields the satisfaction of the error term in (3.3) by

+oo
< ?L72X da < o’ L72X1X "1 = o(02L 72X 1). 3.4
T ab

We write
f) :/RTl()\la)Tg()\ga)Tg(Aga)T4()\4a)T5(Ag,a)Kg(a)e(—va)da

= / . /max(O, o — | At} 4 Aot + Asts + Mgty + Asts — v|)dty ... dts. (3.5)
Q

Thus, we can get
Ji =k KTLT2f(v) + 0(02L72X%).
Then by (2.3), we also have
Si(Me,07) — kLT T (Ma) < XZL72 (14 |o| X).
Combining this, we have
Jy = kTL71 /Em:(Sl(/\la,g_) — kLT Ty (M) To(Mo) Ts(A3a) Ty (M) Ts (As0) Ky () e(—va)da
< o’L7! /zm: |(S1(Me, 07) = KL Ty (M) | [ To(Aoe) T3 (Asa) Ty (Aaer) T5 (As )| dev

< oL} / ‘X%L’2(1+|Q\X)’ ITo (M) Ts(A3) Ta(Ma) T (As)| da
ME

< o203} / 1Ty (o) T (Mg ) Ty (M) Ts (As )| dar
0

oL 8xE /lx IT5(Aoa)Ts (As) Ta (M) T (As)| dex

X
L

+o?L8X S / | T3 (A20) T (Asa) Ta (M) Ts (Asar)| dar

X
r

+02L 73X / T (A2ct) T (As) Ty (Agc) Ts (Asar)| dax

X

T
+o?L 3} / 1] [T (Aa0) T (As) Th (Asa) T (As)| dar

X
< oL 3X4
= o(c2L72X1).

Therefore, we get

Jo = o(c2L72X ). (3.6)
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In the same way, we can easily get
Js = o(c®L72X 7). (3.7)
Following the similar argument in [5], we obtain
J; = o(c®L72X%),i=4,5,6. (3.8)
Combining (3.2)—(3.8), we get
I(o,v,M%, 07, 0") =k kTL72f(v) + 0(c2L72X 1), (3.9)
Moreover, in a similar way, we can obtain
I(o,0, M=, 0", 07) =k kTL72f(v) + o(azL_2X%) (3.10)
and
I(o,0, M=, 0", 0") =k kTL72f(v) + O(UQL_QX%). (3.11)
By [5], Lemma 3.2, for any v € [, X], we obtain
f)>o*X7, (3.12)
We write
Aa) = S1(Ma, 07)S2(Maa, 01) + S1( A1, 07)Sa(Aear, 07) — S1 (M, 01)S2(Aoar, o) (3.13)

Thus from (3.9)—(3.13), we obtain

e A(a)S5(A30)S4(Ag0) S5 (As0) Ky () e(—va)da

=k kT +rTeT —wTRT) fv) + O(O’QL_QX%)
> 02L 72X 1, (3.14)
According to (2.4) and noting that KTk~ + k= kT — kTkT > 0, we confirm that the coefficient of f(v) in (3.14)

is positive. Moreover, what we still need to address is 9t \ 9=, before that, we should introduce some Lemmas.

Lemma 3.1. Leta € R and exista € Z, ¢ €N, (a, q) =1 and |a —a/q| < ¢~2. Let k > 2 be an integer. Thus,
for arbitrary € > 0, we have

1 1 q 41—k
k 1+ 4
1;;N(logp)e(om ) < N E<§ + izt aE) (3.15)
<p<
Proof. The Lemma is from Harman [11]. O

Corollary 3.2. Assume that X H5—c < o < X1 and k > 4. Then

1—k

Sp(Aa) < X+~ 5 (3.16)
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], a=11in (3.15), so that (3.16) can be deduced from (3.15).

Lemma 3.3. We have

/ [S2(ha)2da < 1.
|

al<x~3

Proof. This Lemma is from Ge and Zhao [12]. Although the definition of S;(Ajc) and S(A2a) exists sieve

function go(m), we can also use the similar argument in [12] to get this Lemma.

Then by Cauchy’s inequality, we conclude that

[ 1510007820000, 0%)Sa(hae)Si(Msa) S5 s | Ko a)da
M\IM=

2

< 0% |S5(As0)| 1S4 (Aa)] S5 (Asr)] (/

al<X
X(/ : ‘52(/\204a9+)|2da)
la|<X™3

< 2 X i tx3
= o(c®L2X1).

. |S1(Arex, Q_)’2 da)

Therefore, by similar argument, we can get

/m\w | A() S5 (A30) S1(Asar) S5 (As0r)| Ko (a)dar < 02X 32553 = o(o2L 72X H).

Combining (3.14) and (3.17), we have

/m A()S5(A30)Sa (M) S5 (As0) Ko (@)e(—va)da > 02 X T L2,

4. THE MINOR ARC

We now turn to calculate the minor arc. Note that

/ | A(0) S5(As0) Sa (A1) Ss (Asa)|? Ko (a)dar
< / 151 (M@, 07) 82 (Aacr, 0%) S5(A52) S5(A10) S5 (A50) 2 Ko (a)da
4 / 151 (M@, 0+)S2(Aaa, 07) S5(A3) S1(A1) S5 (M) [2 Ko (a)da

+/ |S1(Arey, 07)S2 (Ao, g+)53()\3a)54()\4a)55()\5a)|2 K, (a)da.

O

(3.17)

(3.18)
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From Li and Wang [13], the sieve functions can be explicitly written as a finite collection of summations of the
form

> frgs,

m=rs

where either X7 < r < Xi1 or fr=landr>X 7. Otherwise, f,,gs are dominated by the divisor function.
Generally, we write

Si(a) = Z ame(m?a), i =1,2,

mel;

where a,, is one or the other: o™ (m) or ¢~ (m). Evidently, it suffices to consider the integral
/ 151 (M) S2(A2) S3(A30) Sa(Aar) S5 (As0r)|* Koy (a)dar.
m

We write
m; = {a em:|S1(\Ma)| < X%Jr%}
and
my = {a cm:|Sa(Mea)| < X%+%} .
Lemma 4.1. For j = 1,2, we have

/ 1S;(Nja) [ [Ss(Asa)[* Ko (a)da < o X 1FE.
R

Proof. The Lemma is essentially Ge and Zhao [12], Lemma 2.8 or Qu and Zeng [7], Lemma 6.3. O

Now we estimate the intervals over my, my. Combining Hua’s Lemma, Holder’s inequality with Lemma 4.1,
we obtain

/ |S1 ()\10()52 ()\204)53()\304)54()\40[)55(/\50() |2 KU (Oé)dOé

2

< <sup Sl(/\la)|)2(/R|Sg()\goz)|2|53(/\3a)|4KU(a)doz>

([ 182(X20)|* Ko (@)dex 1S4(M) | K, (o) da
R A R

><</RS5(/\50¢)|16K0(04)d04>8

< oXFtatitstite
< oXTite (4.1)

1
3 8
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Similarly, we have

/ |Sl (/\10&)52 ()\20[)53()\30[)54()\40[)35()\56!) |2 Kg (Oé)dOé

< (s 1520000 )( 18100 Sa(2a0)]* K)o

: (/R [S1 (M) Ka(oz)da) ' (/R 1S4 (\ga)|'6 Kg(a)da> 1
g </]R 55(/\5a)|16K6(06)d04>§

< oXitatititite
<L oXTite,

[N

(4.2)
Thus, combining (4.1) and (4.2), we obtain

/ 191 (A2) S (Aaa) S5 (Asa) Sa(As0)Ss (Asa) % Ky (a)dar < o X e, (4.3)
where 1 = 1, 2.

Write m* = m \ (m; Umz). We will use some specific techniques from Harman [9] to derive the upper bound
of the integral m*. Obviously, for any a € m*,

1S1 (A1) > X 75 [Sy(Nsa)| > X735,
We divide m* into disjoint set S(%1,%2,y), such that for o € S(%¥1,%2,y), we have

T < |S1()\10Z)‘ <2%, T < ‘SQ()\QO[” <2%,, y< |Oé‘ < 2y,

where T = 2’“1X%+%, T, =2k2 X715 and Yy = 2TX*§*E, ki1, ko, r are non-negative integers. Then we should
introduce a crucial Lemma:

Lemma 4.2. Suppose that X% > T; > X3 1115, |Si(\i@)| > %5, i =1,2. Then there exist integers a;,g;
satisfying (a;,q;) = 1 and

X 4 Xl+§ 4
T >7 |qz')\i04—ai|<<X_1< g 4)~

i
Proof. The proof is similar as [14], Lemma 1. O
We define ajag # 0, otherwise we assume that there exist o € 9. In addition, we partition S(%7, %2, y) into
sets S(T1,%2,y, Q1, Q2) with Q; < ¢; <29;. Since

1 as
A2qiy= — 12 = (Mo —ar)—
2

as
— (o Aoy —
Yo (g2 20 — a2)

)\20[ ’
then it follows from Lemma 4.2 that

1
a2q1 )\* — ai1q2
2

< XPriegrigt « XTT e
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. 3
Recalling that ¢ = X 7. Thus

A1
aqi— —a

241 Ao 1492
We also can get

=o(q™ ).
lasg| < yQ1Qs.

1
n—

Therefore, if |azq:| took W different values, we could prove that there exist some n satisfying
2

s

W
If ¢ is taken adequately large, this conflicts with the condition that a/q is a convergent to A; /A, unless

W< yQ1Qz.

q

Since d(n) < n° where d(n) is the divisor function, any fixed value of |azqi| can arise from at most O(X¢)

distinct choices of as and ¢;. Therefore, each set in S(%1, %2, y, Q1, Q2) consists of O(W X*¢) length intervals

. —1y—14e xz+e\* 1 y—14e Xate\1
< min (Q1 X ( T ; @ X %
X1+3e
< T
T30 Q5

Let £ represent the set S(%1,%s,y, Q1, Q2). Note that

B X1+3e
/da <yq 1919,
e

1 1
TIT307 Q3
1 1
< yq—1X1+%5Q12 922

EERS
Integrating over the set £, we obtain

/2 151 (A1) S5 (A00) S (Asr) Sa (As) S5 (As ) 2 Ko (@) der

< min(aZ,y‘z)‘S?T%X% (/ da)
£

~1xl+3e02 02
< ayilff‘ng% ¥a Q9

T

X3+i
g=X7, Q1 < (

4 1,e\4
Xzta
‘Il ) ) QQ <<( ) ’

pP

11
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we can confirm that
/ |51(Ala)Sg()\ga)Sg(/\ga)S4()\4a)S5()\5a)|2 KO-(OZ)dOz < JXSJF%*%JF%.
£
Hence, we can get

/ 151 (A1) S2(A2) S3(A30) S (M) Ss(As0) | Ky (a)da < (log X )Po X35 7+3

< o X Tite

Combining (4.3) and (4.4), we obtain
/ 151 (A1) S2(A2) S3(A30) S (Asct) S5 (Ase) | Ky (a)dar < o X Tite,
Finally, we can get
[ 188505018 0ua) S50 Kola)da < oX

5. THE TRIVIAL ARC

For convenience and based on the argument in Sec. 4, we still substitute S;(a) for S;(a, o%),

Combining Holder’s inequality with (1.2), we can get

[ ‘Sl (/\104)52(/\20&)53 ()\301)54()\40[)55 ()\50[)‘ Kg(a)doz

< </{|51(>\104)4K<r(04)dl(34>411 (/t|S2(/\2a)|4 Ka(a)da)i
HS </{|Sj()\j04)|6 Kg(a)da) ’

j=

(B (S

INT
|

n=[G]
1
5 00 n B
H Z / i |5j()\j04)|6da
2
Jj=3 \n=[G] n ‘O‘|

Applying Hua’s Lemma in the above formula, we obtain

/t |Sl (/\10[)52 (/\20[)53 ()\30[)54()\40[)55()\50[)| KU (Oz)dOl

< (i nl) (f 1|51<A1a>|4da)}‘ (/ 1|52<A2a>|4da)}1

n=[G]

(4.4)

i=1,2.
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r:[ (f 1 Sjuja)Pda)é

< G lxstite
< o2Xite,

Therefore, we can get
G=o02X3I3,
and we obtain

/t |A()S5(A300)S1 (A1) S5(A50)| Ko ()da < o X 1475, (5.1)

6. COMPLETION OF THE DEMONSTRATION

Finally, we finalize the demonstration of Theorem 1.1. Let £(V, N, §) be the set of v € V with v < N making
the inequality (1.2) unsolvable in primes ps,. .., ps. For any set 8 C [0, N, define

E(B)=E(V,N,0)NB, E(B)=|E(B)|. (6.1)
We denote by ¥ the closed interval [NV N ]. Trivially,
IE(V,N,8)| < E(F) + E([0,N?]) < E(W) + N7,

so it is crucial to get the upper bound estimate of E(¥). Let Y = [£X, X], so we have £(Y) =E(V,N,6)NY
and E(Y) = |£(Y)|. By a splitting argument, we focus on the estimate of E(Y") for any X € ¥. Consequently,
we only need to consider those v € Y N'V. From (2.6), we can conclude that I(o,v,R, 0o, 00) = 0. Then by (2.7),
we can get

1(0.7 v? R, 977 Q+) + 1(0-7 U’ R7 QJF’ Qi) - 1(0-7 U7R’ g+7 Q+) S 0'
By (3.18) and (5.1), we obtain
3 / A(0)S5(A30)S1 () S5 (As) Ko (@)e(—va)da| > 02 L-2X B(Y). (6.2)
veg(y)’™
Combining (2.2), (4.5) and applying Cauchy’s inequality, we get

Z Aa)S3(A30)S4(Ag0) S5 (As0) Ko () e(—va)da

veg(y)’™

[N

< ([ 14(@)8s00)S1(0m0) 5250 Ko ()
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e(—aw)

><< /
R veE(Y)

3
< <0X?‘Z+5) ( Z max(0,0 — |v; — Ug))

v1,v2€E(Y)

A;(a)da)

1
2

1

< o(E(Y))? (X+) ’ (6.3)

Then combining (6.2), (6.3) and taking ¢ = X %, we get
E(Y) < o 2X7te « X712+ (6.4)

Ultimately, we apply the dyadic argument. Let V represent a well-spaced sequence, v; € V for i = 1,2,---. From
(6.1), (6.4) and the meaning of £(V, N, ), we can infer that E(V, N, d) = |E(V, N, d)| and

E(V,N,0) < E(W) + N7
< > E(l27"N,2'7FN) + N7
1<k<log N
< Z (21*’“N)%+25+5+Ng
1<k<log N
< N3 +20+e

The irrationality of the ratio A;/\y implies that there exist infinitely many integer pairs ¢,a. Then we get
X = q% — 400, as ¢ — +00. In conclusion, the demonstration of Theorem 1.1 is concluded.
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