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THE k-FOLD DIVISOR FUNCTION OVER THE INTERSECTION
OF PIATETSKI-SHAPIRO SEQUENCES

VICTOR ZHENYU GUOY™ AND XUYAN WANG2*

Abstract. The average of the k-fold divisor function

di(n) = #{(a1,...,ar) € Z5¢ 1 a1---ar, = n}

oo

has been widely studied. The Piatetski-Shapiro sequences are of the form N° = (|n°|)5%; with ¢ >
1, ¢ € N. In this article, we estimate the average of the k-fold divisor function over the intersection of
Piatetski-Shapiro sequences.
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1. INTRODUCTION

In number theory, the study of divisor functions occupies a central position. The classical divisor function,
counting the number of positive divisors of an integer n, is given by d(n) = > dln 1. This notion admits a natural
extension to the k-fold divisor function, which enumerates k-tuples of positive integers whose product equals n:

di(n) = #{(a1,...,ax) €N":ay---a = n}.

Analytically, these functions are connected to the Riemann zeta function via the Dirichlet series identity

S g R > 1

n

When k = 2, one recovers the ordinary divisor function d(n). A classical result states that

> dr(n) = (1+0(1))zPs_1(logz),

n<r
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where Py_1(t) is a polynomial of degree k — 1 in ¢, explicitly given by

Pr_1(logz) = Risls 5 R (s)s L

This paper focuses on averages of divisor functions over special sparse sequences. A sequence of particular
interest in analytic number theory is the Piatetski-Shapiro sequence, parameterized by a real exponent ¢ > 1
not an integer. It is defined by taking integer parts of fractional powers:

o0

Ne=([n]),_;

where || denotes the floor function. When c¢ is non-integral, the sequence N¢ exhibits a sparse but structured
distribution among the integers.

In his pioneering work, Piatetski-Shapiro [1] established an analogue of the prime number theorem for these
sequences. He proved that for exponents ¢ in the interval (1,12/11),

1/c

#{ng:peNC}z(l—Fo(l))lOgX

as X — oo. (1.1)

This result can be viewed as an approximation to the famous unsolved problem concerning primes of the form
n? +1.

Subsequent research has substantially widened the admissible range for the exponent c¢. The strongest asymp-
totic result currently available, due to Rivat and Sargos [2], holds for 1 < ¢ < 2817/2426. When one relaxes
the requirement to a lower bound (rather than an asymptotic formula), Rivat and Wu [3] obtained the larger
interval 1 < ¢ < 243/205. A comprehensive survey of developments on primes in Piatetski-Shapiro sequences
can be found in [4].

For the average of di(n) over a single Piatetski-Shapiro sequence, Arkhipov, Saliba and Chubarikov [5]
obtained an asymptotic formula valid for 1 < ¢ < 8/7. Their result states

d /e 1 of £
> duln) = Quslog) + 0 ().

n<e

neN*®

where Q1 is a polynomial of degree k — 1. Lii and Zhai [6] later extended the admissible range to ¢ < 495/433.
In the special case k = 2, Wang and Zhang [7] proved the more precise asymptotic

Y
— _ oz
n§<z d(n) =2"logx + (2E — ¢)x” + O(logx) (1 <ec<6/5),

neN®

where E denotes Euler’s constant and v = 1/c.

A natural generalization is to consider primes (or divisor functions) over the intersection of several distinct
Piatetski-Shapiro sequences. For a d-tuple ¢ = (c1, ..., ¢q) with each ¢; > 1 not an integer and ¢; # ¢; (i # j),
define

Ne¢={n:n=|n{"] =--- = [ny] for some integers ny,...,nq}.

Set y; =1/¢j, 0; =1 —ry;, and 0 = §1 + - - - + 4. One expects that for some o4 such that o < oy, it follows that

#p <X :peN=(1+0(1) L (1.2)
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TABLE 1. Known ranges of o guaranteeing the asymptotic (1.2).

Authors Range of o
Leitmann [8] o< 5%
Sirota [9] o< 55
Zhai [10] 0 < g (d>3)
Baker [11] 0<5(d=23),0<5(d=4), 0 <k(d=5), 0d<35(d>6)
Guo, Guo and Jing [12] o< 20 (2<d<10),0< d%rl (d>11)

Previous works have established the asymptotic formula (1.2) under various conditions on the parameter o.
The following table summarizes the known admissible ranges; see Table 1.

Given the considerable attention devoted to the intersection of Piatetski-Shapiro sequences, it is natural to
investigate the average of the k-fold divisor function over this set. Our main result is the following asymptotic
formula.

Theorem 1.1. With the notation above, assume that o satisfies:
o For2< k<7,

200 1 1
329772k d+1)

a<min<

e Fork >8,

< min —290 71
7 a37d+1)”

Then we have

Y diu(n) = (7)) (1+O((log ) ™)) a! =7 Fyy(log ),

neNe
where Fy,_1(logx) is a polynomial of degree k — 1, explicitly given by

Fi_1(logz) = Res 2 '¢F(s+o0)s7

s=1—

2. PRELIMINARIES

2.1. Notation
We denote by |t] and {t} the integral part and the fractional part of ¢, respectively. Let

e(t)=e*™ and  {t}=t—|t].

We use notation of the form m ~ M as an abbreviation for M < m < 2M.

Throughout the paper, € always denotes an arbitrarily small positive constant, which may not be the same
at different occurrences. For given functions F and G, the notations F < G, G > F and F = O(G) are all
equivalent to the statement that the inequality |F| < C|G| holds with some constant C > 0.
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2.2. The characterization of numbers in the intersection of Piatetski-Shapiro sequences
For a given real ¢ with 1 < ¢ < 2, we denote by 1.(-) the characteristic function of numbers in the Piatetski-

Shapiro sequence AN¢, which is

1, if m € N,
lc(m):{o, if m ¢ Ne.

Lemma 2.1. Let f be an arithmetic function, and let 1 < cq,--- ,cq < 2 be real numbers and c; # ¢; for all
i # j. Denotey; = 1/c;j andoj =1—~; forj =1,--- ,d. Let x > 0 be a real number, L =logz, 1 <a < 1+L7!
and let

M:M<Clv"’ acd»fax): Z f(m)1c1(m)"']-Cd(m)'

r<m<ar

We have

M=71---fydx—<61+~~+5d><<1+o<z-1>> S fm)

r<m<ax
+ O( >
hezd\{0}
|hj|<Lx®i

S fm)e (ham™ + - + hgm™?)

r<m<ar

where h = (hy, -+, hq).
Proof. See Proposition 6.2 in [12]. O

2.3. Exponential sum estimate

The following lemmas are the key to Theorem 1.1. We first define the exponential sum

§= X 0 D ambpe (hi(mn) + -+ + ha(mn)?) |,

0<|h;|<z’ £ | m~Mn~N

where £ =logz, N > 1,M > 1, MN <z, |a,,| < z° and |b,| < 2 for any € > 0. If b, = 1 or b, = logn, we
call it a Type I sum and denote it as Sy; otherwise we call it as a Type II sum and denote it as Sy;. We first
have the following two lemmas.

Lemma 2.2. Assume that € > 0 is a sufficiently small real number, o < 1/(d+1) and M < 2%%/42720==_ Then

we have

S < a'e.
Proof. See Proposition 7.1 in [12]. O
Lemma 2.3. Assume that € > 0 is a sufficiently small real number, o < 1/(d + 1) and x'*77/20t¢ < M <
2172972 Then we have

S < e
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Proof. See Proposition 7.2 in [12]. O
Using a decomposition of k-fold divisor function and the above two lemmas, we have the following lemma.

Lemma 2.4. Let v;,0;, i =1,--- ,d be defined in Theorem 1.1. Define

5= %

hez\ {0}
|hi| < Ladi

Z di(n)e(hin™ + -+ + hgn'?)|.

n~xT

Assume that o be defined in Theorem 1.1 satisfying the following conditions

o If2<k<T,

290 1 1)

7 < min <3297’ 2% d+1

o Ifk>8,

emin (220 1
7 MA37°d+1)°

Then, we have the bound
S < a'E.

Proof. The proof proceeds by analyzing the inner sum. We apply the definition

di(n) = Z 1.

n=mi:...mg
We then apply a dyadic splitting argument to the variables my, ..., my. This decomposes S of the form

S= > 1> > e(ihi(ml...mk)%>

hezd\{0} Imi~My my~ My
‘hq‘,l<£m6i

)

where M - - - M, < x. Without loss of generality, we assume M7 < - -+ < M}, which implies My, > 2k We will
show that S can always be bounded by Lemma 2.2 and Lemma 2.3. We now consider the following three cases
based on the value of k and M.

Case I: When M, > z!3/42+20+¢ e define

N=Mg, M=M;---Mg_1, n=mp and m=mq-- -Mmg_1.

In this case we find that

5= Z Z Zambne(hl(mn)“+-~-+hd(mn)w) :

hezd\{o0} Im~M n~N
|hi|< Lz’
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where b, = 1 and

Uy = Z 1< 25,

miMmp_1=m
Hence in this case S is a sum of Type I and M < 22%/42=20—¢_ From Lemma 2.2, we have
S <l

provided that o < 1/(d + 1).
Case II: For 2 < k <7 and /% < M;, < 213/42+20+¢ e define

N=Mg,, M=M;---Mg_1, n=mp and m=mq---Mg_1.
Hence S is still a sum of Type I and moreover is also a sum of Type II by the definition. Note that
g29/42-20—¢  \r < 117k,

To make our Type I and Type II sum estimate useful, we have that

1170

{1—;<1—2m
29 2
20 <E_ g.

It follows that

< min (ﬂ i)
7 3297 2k )"

Hence from Lemma 2.2 and Lemma 2.3, we have

S <zt~
provided that
< mi (290 1 1 )
o<min(——, —, ——.
329772k’ d+1

Case III: For k > 8 and z'/% < M, < x13/42+20+¢ it implies that M; < z13/42+20+¢ holds for all i =
1,2,--- ,k — 1. Suppose that [ is the first positive integer satisfying the condition x2°, which gives that [ > 2.
Thus

$20’ < Ml . Ml _ J\41 . ’Ml—lMl < x2ax13/42+20'+6 _ $13/42+4a+5.
Define

N=DM---M, M=Mi1---My, n=mq---m; and m=miq1-- M.
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Thus S is a Type II sum of the form

S= 3 | S anbae(hi(mn) 4 + ha(mn)™)

hGZd\{O} m~M n~N

[hi|< Lz’
where
oy, = Z l<«z® and b, = Z 1< 2.
myp--mpEp=m my--mp=n
Thus from Lemma 2.3, we have
S < at—®
if
1170 29 1
— < — -4 _—
20 <42 o and U<d+1
It follows that
< mi ( 290 1 )
o<min|-——,——).
4137 d+1

Hence we finish the proof of this key lemma.

3. PROOF OF THEOREM 1.1
Define £ = logx. By Lemma 2.1, for 1 < a < 1+ £~! we have that
Do din)= D di(n)le(n)--1e,(n)

r<n<ar r<n<axr

neN®

:71...7dx—0<(1+0(£—1)) > di(n)

r<n<ar
- O( >

hezd\{0}
|hj|<Lax®i

> di(n)e (han™ + -+ + hgn?)

r<n<ar

))

Take k = UZEZJ + 1 to make sure that

a*r < 1.
Hence we deduce that

k
> di(n) =) > di(n).

n<a:c 7=l g g<nga= 1 2
neN neN©



8 V. Z. GUO AND X. WANG
By (3.1), we arrive at

k
IBEACEDS (vl-~-w<a‘jx)‘“<<1+0(£—1>) Y. diln)

nsz J=1 a Jz<n<a itz

neN*®
+0< >

Z di(n)e (han™ + -+ 4 hqn?)

)

hez\{o} a—iz<n<a— ity
|hj|<L(a=3z)%

=51+ 0(S2),

where
k .
S1=77(l+0(L Z > (a2)dk(n)
j=0a=Jjz<n<a—itlx
and
k .
Sz = Z(a‘ﬁx)_” Z Z dp(n)e (hin™ + - 4 hqn'?) |.
Jj=1 hczd\{0} a—iz<n<a—itly

|hjl<L(a=iz)%
With standard methods, it follows that

k
S1=y-v(l+0(L Z Z (n™7 + (a72)"7 —n"7)dy(n)

j=la-Jdz<n<a itlzx

k
=m--vl+0(L de U+O<Z Z ((a™72)~7 n")dk(n)>

n<x Jj=la-Jdz<n<a—Jitlz

Note that for a7z < n < a7z,
(a2)7 —n"7 < (aVz)"7 — (a2) 7 < (aPx) (1 —a %) < L aPa)7C.
Hence we have that

512(’71 )1+O de

n<e
= (71---7) (1 + O((logz)™"))z' =7 Fj_1 (log z)
where Fj_1(logz) is a polynomial of degree k — 1, which can be calculated as
Fip_1(logz) = Blef 2571k (s +o)s7H

by a similar calculation in [13], Chapter 13.
Next we turn to estimate S3. By lemma 2.4, under the conditions of o, we have

> S d(me(hun™ ot han™) | < (aTa)
hez\{o} a"Jz<n<a= Ity
Ihy|<L(a=i2)’s
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Hence we deduce that

k
Sy <Y (a7 ) TE
j=1

Recall that k = Uzgﬂ + 1, it follows that

Sg < xl—a‘—e.

Hence we finish the proof of Theorem 1.1.
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