
RAIRO-Theor. Inf. Appl. 60 (2026) 9 RAIRO - Theoretical Informatics and Applications
https://doi.org/10.1051/ita/2026010 www.rairo-ita.org

ON THE NUMBERS OF RAMANUJAN

Mehmet Cenkci1,* and Takao Komatsu2,3

Abstract. In Chapter 3 of his second notebook, Ramanujan defined numbers a (n, k) such that
a (2, 0) = 1 and for n ≥ 2, a (n+ 1, k) = (n− 1) a (n, k − 1) + (2n− 1− k) a (n, k) , where a (n, k) = 0
when k < 0 or k > n− 2. These numbers are expressed in terms of Stirling numbers of the first kind
and associated Stirling numbers of the second kind, and satisfy certain divisibility properties. In this
paper, we obtain further properties for a (n, k), including a new characterization of prime numbers. We
also derive several congruences for the numbers of Ramanujan modulo p2, some of which lead to new
conditions for a prime number to be a Wilson prime.
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Received December 9, 2025. Accepted February 16, 2026.

1. Introduction and statements of the results

In 1983, Berndt et al. [1] proved and explained all of the results set by Ramanujan in Chapter 3 of his
second notebook. They stated that the contents of this chapter could be interpreted combinatorially, although
no combinatorial problems were mentioned in it. One of the subjects in this discussion is the sequence of integers
a (n, k), where n and k are integers, which are called the numbers of Ramanujan by Howard [2]. These numbers
satisfy the initial condition a (2, 0) = 1 and the recursive formula

a (n+ 1, k) = (n− 1) a (n, k − 1) + (2n− 1− k) a (n, k) , (1.1)

where n ≥ 2. Moreover, a (n, k) = 0 when k < 0 or k > n− 2. These numbers occur as follows: Let a be a fixed
real number satisfying a > 1/e, and for real h, define x > 0 by xx = aaeh. Then the differential equation

(x+ h+ a log a)
dx

dh
= x (1.2)

produces

dx

dh

∣∣∣∣
h=0

=
1

1 + log a
= r,
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since x = a when h = 0. Expanding x = x (h) about the origin gives

x− a

a
=

∞∑
n=1

(−1)
n−1 An (r)

n!

(
h

a

)n

, (1.3)

where h is sufficiently small. Using the differential equation (1.2), a formula for the coefficients An (r) in (1.3)
is

An (r) = r (n− 2)An−1 (r) + r

n−1∑
k=1

(
n− 1

k

)
Ak (r)An−k (r) , (1.4)

where n ≥ 2. This formula is Entry 17 of Chapter 3 of Ramanujan’s second notebook. Now,

A1 (r) =
dx

dh

∣∣∣∣
h=0

= r,

and in general, it follows from (1.3) that

An (r) = (−a)
n−1 dnx

dhn

∣∣∣∣
h=0

(1.5)

for n ≥ 1. Inducting on n, the numbers a (n, k) occur as the coefficients in the sum

n−2∑
k=0

a (n, k)R2n−k−1 = (−x)
n−1 dnx

dhn
(1.6)

for n ≥ 2, where R = 1/ (1 + log x). Differentiating both sides of (1.6) with respect to h and comparing the
coefficients of R2n−k+1, Ramanujan obtained the recursive formula (1.1). Setting h = 0 in (1.6) and using (1.5),
it follows that

An (r) =

n−2∑
k=0

a (n, k) r2n−k−1

for n ≥ 2. It is also shown in [1] that

n−2∑
k=0

a (n, k) = An (1) = (n− 1)
n−1

. (1.7)

Some values of a (n, k) are given in the following table.
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a(n, k) for 2 ≤ n ≤ 10 and 0 ≤ k ≤ 8
H
HHHHn

k
0 1 2 3 4 5 6 7 8

2 1

3 3 1

4 15 10 2

5 105 105 40 6

6 945 1260 700 196 24

7 10 395 17 325 12 600 5068 1148 120

8 135 135 270 270 242 550 126 280 40 740 7848 720

9 2 027 025 4 729 725 5 045 040 3 213 210 1 332 100 363 660 61 416 5040

10 34 459 425 91 891 800 113 513 400 85 345 260 43 022 980 15 020 720 3 584 856 541 728 40 320

In [3], Howard and Hayashi gave congruences for a (n, k) (mod p), where p is a prime number. In particular,
they proved that

a (p, k) ≡ 0 (mod p) (k = 0, 1, . . . , p− 3) . (1.8)

This result and (1.7) surprisingly give a characterization of prime numbers based on the numbers of
Ramanujan.

Theorem 1.1. An odd integer n ≥ 3 is a prime number if and only if a (n, k) ≡ 0 (modn) for k = 0, 1, . . . , n−3.

This characterization of prime numbers might not be so practical when n is large. This is because of the fact
that the numbers of Ramanujan rapidly grow as the above table suggests. But, just like Wilson’s theorem, this
result is meaningful at least from a theoretical point of view. For instance, a condition for twin primes can be
stated as follows:

Corollary 1.2. For an odd integer n ≥ 5, if a pair (n− 2, n) consists of twin primes, then a (n, k) ≡
0 (modn (n− 2)) for k = 0, 1, . . . , n− 5.

The divisibility property (1.8) can also be taken with the context of Fermat, Wilson, and Lerch quotients,
defined respectively by

qp (a) =
ap−1 − 1

p
,

Wp =
(p− 1)! + 1

p
,

(see [4], pp. 216–217) and

Lp =
1

p

(
p−1∑
k=1

qp (k)−Wp

)
,

([5], Def. 1), where the latter follows from the celebrated Lerch’s congruence (cf. [6])

Wp ≡
p−1∑
k=1

qp (k) (mod p) .
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We define the integer

rp (k) =
a (p, k)

p
,

where p is an odd prime and k = 0, 1, . . . , p− 3, as the Ramanujan quotient. The Ramanujan quotient is closely
related to Fermat and Wilson quotients.

Theorem 1.3. For an odd prime p,

Wp ≡
p−2∑
k=1

(rp (k) + qp (k)) (mod p) .

A prime p is called a Wilson prime if Wp ≡ 0 (mod p). Thus, Theorem 1.3 implies that p is a Wilson prime if

p−2∑
k=1

rp (k) ≡ −
p−2∑
k=1

qp (k) (mod p) .

Sondow [5] called the prime numbers satisfying Lp ≡ 0 (mod p) Lerch primes, that is, p is a Lerch prime if

Wp ≡
p−1∑
k=1

qp (k)
(
mod p2

)
.

In analogy, we define the Lerch-Ramanujan quotient to be the integer

Rp =
1

p

(
p−2∑
k=1

(rp (k) + qp (k))−Wp

)
.

We then call a prime number a Lerch-Ramanujan prime if Rp ≡ 0 (mod p). Hence, by Theorem 1.3, p is a
Lerch-Ramanujan prime if

Wp ≡
p−2∑
k=1

(rp (k) + qp (k))
(
mod p2

)
.

Among several conjectures proposed by Howard and Hayashi [3], we confirm the validity of the following two
congruence statements concerning the coefficients a (n, 0) and a (n, 1).

Theorem 1.4. For an odd prime p and n ≥ p+3
2 , a (n, 0) ≡ p (mod 2p) .

Theorem 1.5. For an odd prime p and n ≥ p+3
2 ,

a (n, 1) ≡
{

0 (mod 2p) , if n is even,
p (mod 2p) , if n is odd,

except when p = 3 and n = 3, 4.

In [2] Howard obtained expressions for a (n, k) in terms of the Stirling numbers of the first kind and associated
Stirling numbers of the second kind. In particular, Theorems 1.4 and 1.5 follow from the relationships between
the numbers of Ramanujan and the associated Stirling numbers of the second kind.
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Howard and Hayashi obtained numerous results for the numbers of Ramanujan in [3] using (1.1) and (1.4).
For example, for an odd prime p, they proved modulo p that

a (p+ 1, p− 1) ≡ −1 a (p+ 2, p) ≡ 0
a (p+ 1, p− 2) ≡ 1 a (p+ 2, p− 1) ≡ −2
a (p+ 1, p− 3) ≡ 0 a (p+ 2, p− 2) ≡ 3
a (p+ 1, p− 4) ≡ 0 a (p+ 2, p− 3) ≡ 0

Using the expression involving Stirling numbers of the first kind, we extend these congruences to modulo p2.

Theorem 1.6. For an odd prime p,

a (p+ 1, p− 1) ≡ −p+ pBp−1

(
mod p2

)
,

where Bn is the nth Bernoulli number.

We note that the famous congruence by Glaisher [7]

Wp ≡ Bp−1 − 1 +
1

p
(mod p)

implies that

a (p+ 1, p− 1) ≡ pWp − 1
(
mod p2

)
.

Thus, p is a Wilson prime if and only if a (p+ 1, p− 1) ≡ −1
(
mod p2

)
.

Theorem 1.7. For an odd prime p,

a (p+ 1, p− 2) ≡ −pBp−1

(
mod p2

)
.

Equivalently,

a (p+ 1, p− 2) ≡ 1− p− pWp

(
mod p2

)
,

and p is a Wilson prime if and only if a (p+ 1, p− 2) ≡ 1− p
(
mod p2

)
.

Theorem 1.8. For an odd prime p > 3,

a (p+ 1, p− 3) ≡ p

2
− 3pH

(2)
p−1Bp−1

(
mod p2

)
,

where H
(m)
n is the generalized harmonic number defined by

H(m)
n =

n∑
k=1

1

km
.

Since

H
(m)
p−1 ≡ 0 (mod p) when (p− 1) ∤ m (1.9)
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(see [8]),

a (p+ 1, p− 3) ≡ p

2
− 3pH

(2)
p−1Bp−1 ≡ p

2
− 3H

(2)
p−1 (pWp + p− 1) ≡ p

2
+ 3H

(2)
p−1

(
mod p2

)
.

Theorem 1.9. For a prime 3 < p ̸= 13,

a (p+ 1, p− 4) ≡ p

6
+ p

(
13H

(2)
p−1 − 8H

(3)
p−1

)
Bp−1

(
mod p2

)
.

By the similar argument as above,

a (p+ 1, p− 4) ≡ p

6
− 13H

(2)
p−1 + 8H

(3)
p−1

(
mod p2

)
.

Theorem 1.10. For an odd prime p,

a (p+ 2, p) ≡ −p
(
mod p2

)
.

Theorem 1.11. For an odd prime p,

a (p+ 2, p− 1) ≡ −2p+ 2pBp−1

(
mod p2

)
.

Equivalently,

a (p+ 2, p− 1) ≡ 2pWp − 2
(
mod p2

)
,

and p is a Wilson prime if and only if a (p+ 1, p− 2) ≡ −2
(
mod p2

)
.

Theorem 1.12. For an odd prime p,

a (p+ 2, p− 2) ≡ p− 3pBp−1

(
mod p2

)
.

Thus,

a (p+ 2, p− 2) ≡ 3− 2p− 3pWp

(
mod p2

)
,

and p is a Wilson prime if and only if a (p+ 2, p− 2) ≡ 3− 2p
(
mod p2

)
.

Theorem 1.13. For a prime p > 3,

a (p+ 2, p− 3) ≡ −2p− 12pH
(2)
p−1Bp−1

(
mod p2

)
.

Equivalently,

a (p+ 2, p− 3) ≡ −2p+ 12H
(2)
p−1

(
mod p2

)
.

In Section 2 we provide proofs of the results stated in this section.
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2. Proofs of the results

This section covers the proofs of the results stated in the previous section and some matters needed in the
proofs.

Proof of Theorem 1.1. If n = p is a prime number, then by Howard’s result (1.8), a (p, k) ≡ 0 (mod p) when
k = 0, 1, . . . , p− 3. Inversely, let a (n, k) ≡ 0 (modn) for k = 0, 1, . . . , n− 3 and odd n ≥ 3. Thus,

n−2∑
k=0

a (n, k) = a (n, n− 2) +

n−3∑
k=0

a (n, k) = (n− 2)! +

n−3∑
k=0

a (n, k) ≡ (n− 2)! (modn)

and by (1.7),

n−2∑
k=0

a (n, k) = (n− 1)
n−1 ≡ (−1)

n−1
= 1 (modn) .

Now, by Wilson’s theorem, the result follows. Here we use the identity a (n, n− 2) = (n− 2)!, which follows
from repeated application of the recurrence (1.1) and is proved explicitly later in this section.

Proof of Corollary 1.2. By (1.1),

a (n, k) = (n− 2) a (n− 1, k − 1) + (2n− k − 3) a (n− 1, k)

and

a (n− 1, k) = (n− 3) a (n− 2, k − 1) + (2n− k − 7) a (n− 2, k) .

Inserting second equality into the first,

a (n, k) = (n− 2) (n− 3) a (n− 2, k − 2)

+ ((n− 2) (2n− k − 6) + (n− 3) (2n− k − 3)) a (n− 2, k − 1) (2.1)

+ (2n− k − 3) (2n− k − 7) a (n− 2, k) .

For an odd integer n ≥ 5, let n and n− 2 be twin primes. Then, by Theorem 1.1,

a (n, k) ≡ 0 (modn) , k = 0, 1, . . . , n− 3

and

a (n− 2, k) ≡ 0 (modn− 2) , k = 0, 1, . . . , n− 5,

so

a (n− 2, k − 1) ≡ 0 (modn− 2) , k = 0, 1, . . . , n− 4. (2.2)

It then follows from (2.1) for k = 0, 1, . . . , n− 5 that

a (n, k) ≡ (n− 3) (2n− k − 3) a (n− 2, k − 1) ≡ (1− k) a (n− 2, k − 1) (modn− 2) .



8 M. CENKCI AND T. KOMATSU

Since a (n, k) = 0 for k < 0, we obtain from (2.2) that

a (n, k) ≡ 0 (modn− 2) , k = 0, 1, . . . , n− 5.

Therefore, by the Chinese Remainder Theorem,

a (n, k) ≡ 0 (modn (n− 2)) , k = 0, 1, . . . , n− 5,

provided that n and n− 2 are primes.

Proof of Theorem 1.3. By (1.7),

p−2∑
k=0

rp (k) =
1

p

p−2∑
k=0

a (p, k) =
1

p
(p− 1)

p−1
=

(p− 1)
p−1 − 1

p
+

1

p
= qp (p− 1) +

1

p
. (2.3)

Lerch’s congruence implies that

Wp ≡
p−1∑
k=1

qp (k) = qp (p− 1) +

p−2∑
k=1

qp (k) (mod p) .

Thus, (2.3) gives

Wp ≡ −1

p
+

p−2∑
k=0

rp (k) +

p−2∑
k=1

qp (k) (mod p) .

Since

qp (0) = −1

p
,

the result follows.

The (unsigned) Stirling numbers of the first kind, s (n, k), which count the permutation of n elements that
are product of k disjoint cycles, may be defined by means of the generating function

[− log (1− x)]
k
= k!

∞∑
n=k

s (n, k)
xn

n!
.

It follows from this definition that

s (n, k) = (n− 1) s (n− 1, k) + s (n− 1, k − 1)

with

s (n, 0) = 0 if n > 0

s (n, n) = 1

s (n, 1) = (n− 1)! if n > 0

s (n, k) = 0 if k > n or k < 0.
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We also note that

s (n, 2) = (n− 1)!Hn−1 and s (n, 3) =
1

2
(n− 1)!

(
H2

n−1 −H
(2)
n−1

)
,

where Hn is the nth harmonic number and H
(m)
n is the generalized harmonic number defined by

H(m)
n =

n∑
k=1

1

km
.

Stirling numbers of the second kind, S (n, k), which are the number of ways to partition a set of n elements
into k non-empty subsets, may be defined by means of the generating function

(ex − 1)
k
= k!

∞∑
n=k

S (n, k)
xn

n!
.

It follows from this definition that

S (n, k) = S (n− 1, k − 1) + kS (n− 1, k) .

It is known that S (n, k) is a polynomial in n of degree 2k, which can be written as

S (n, n− k) =

k∑
j=0

b (2k − j, k − j)

(
n

2k − j

)
,

where b (n, k) is the associated Stirling number of the second kind ([9], pp. 221–222, [10], pp. 76–78). A generating
function for these numbers is

(ex − x− 1)
k
= k!

∞∑
n=k

b (n, k)
xn

n!
.

This equation implies

b (n, k) = kb (n− 1, k) + (n− 1) b (n− 2, k − 1) (2.4)

with

b (0, 0) = 1

b (n, 0) = 0 if n > 0

b (n, 1) = 1 if n > 1

b (n, k) = 0 if 2k > n or k < 0.

In [11] Howard obtained that if n− k = (p− 1)w, then

b (n, k) ≡
(
w − 1

k − 1

)
(mod p) ,
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and if n− k = (p− 1)w + v, where 1 ≤ v ≤ p− 2, then

b (n, k) ≡
p−1−v∑
m=0

(
w

k −m

)
b (m+ v,m) (mod p) . (2.5)

Using (2.5) and special values of b (n, k), it is easy to deduce that

b (n, k) ≡
(

w

k − 1

)
(mod p) , (n− k = (p− 1)w + 1).

In particular,

b (n, k) ≡
(
n− k − 1

k − 1

)
(mod 2) . (2.6)

The congruence (2.6) follows directly from Howard’s congruences for the associated Stirling numbers [11].
It follows from (2.4) that

b (2n, n) = 1 · 3 · 5 · · · · · (2n− 1) .

Since

a (n, 0) = (2n− 3) a (n− 1, 0) = (2n− 3) (2n− 5) a (n− 2, 0)

= · · ·
= 1 · 3 · 5 · · · · · (2n− 3)

by (1.1),

a (n, 0) = b (2n− 2, n− 1) (2.7)

for n ≥ 2. Moreover,

b (2n− 1, n− 1) = (n− 1) b (2n− 2, n− 1) + (2n− 2) b (2n− 3, n− 2)

= (n− 1) a (n, 0) + (2n− 2) b (2n− 3, n− 2)

with b (3, 1) = 1. Comparing this with

a (n, 1) = (n− 2) a (n− 1, 0) + (2n− 4) a (n− 1, 1) ,

we find that

a (n, 1) = b (2n− 3, n− 2) (2.8)

for n ≥ 3.

Proof of Theorem 1.4. (2.7) and (2.6) give

a (n, 0) ≡ 1 (mod 2) .
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On the other hand, since a (n, 0) = 1 · 3 · 5 · · · · · (2n− 3), n ≥ p+3
2 implies that a (n, 0) ≡ 0 (mod p). Thus, by

the Chinese Remainder Theorem,

a (n, 0) ≡ p (mod 2p)

provided that n ≥ p+3
2 .

Proof of Theorem 1.5. Let p ≥ 5 and n ≥ p+3
2 . (2.8) and (2.6) give

a (n, 1) ≡
(
n− 2

n− 3

)
= n− 2 ≡ n (mod 2) ,

which is equivalent to

a (n, 1) ≡
{

0 (mod 2) , if n is even,
1 (mod 2) , if n is odd.

On the other hand, a (n, 1) = 1 · 3 · 5 · · · · · (2n− 3) n−2
3 , so n ≥ p+3

2 implies that a (n, 1) ≡ 0 (mod p). Thus, by
the Chinese Remainder Theorem, the result follows. Now, let p = 3 and n ≥ 4. When n ≥ 6, 2n− 3 ≥ 9; thus

a (n, 1) = 1 · 3 · 5 · · · · · (2n− 3)
n− 2

3
≡ 0 (mod 3) ,

and the result follows in this case. The facts a (4, 1) = 10 and a (5, 1) = 105 ≡ 3 (mod 6) complete the proof.

In [2] Howard obtained expressions for the numbers of Ramanujan and the Stirling numbers. By (1.1) and
the fact that a (n, k) = 0 when k > n− 2,

a (n, n− 2) = (n− 2) a (n− 1, n− 3) = (n− 2) (n− 3) a (n− 2, n− 4)

= · · · = (n− 2)!a (2, 0) = (n− 2)!

since a (2, 0) = 1. Therefore,

a (n, n− 2) = s (n− 1, 1) . (2.9)

More generally, Howard proved that

a (n, n− k) =

k−1∑
t=1

Pk,t (n) s (n− 1, t) (2.10)

for k ≥ 2, where Pk,t (n) is a certain polynomial in n of degree k − 1− t. Using (2.10), it follows that

Pk,k−1 (n) = (k − 1)!

Pk,k−2 (n) = n (k − 2)! + (k − 2) (k − 2)!− s (k, 2) ,

and

P2,1 (n) = 1, P3,1 (n) = n− 2, P4,1 (n) =

(
n− 1

2

)
,
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P5,1 (n) =

(
n

3

)
, P6,1 (n) =

(
n+ 1

4

)
.

The Bernoulli numbers Bn may be defined by means of the generating function

t

et − 1
=

∞∑
n=0

Bn
tn

n!
.

First few Bernoulli numbers are B0 = 1, B1 = − 1
2 , B2 = 1

6 , B3 = 0, B4 = − 1
30 , and B2n+1 = 0 for n ≥

1. The Bernoulli numbers are rational numbers whose denominators are explicitly determined by the von
Staudt-Clausen theorem, which states that

B2n = A2n −
∑

(p−1)|2n

1

p
,

where A2n is an integer and the sum is taken over all primes with (p− 1) |2n. This result can be equivalently
stated as

pB2n ≡
{

0 (mod p) , if (p− 1) ∤ 2n,
−1 (mod p) , if (p− 1) |2n.

In particular, for an odd prime p,

p2Bp−1 ≡ −p
(
mod p2

)
. (2.11)

Proof of Theorem 1.6. Writing n = p+ 1 in (2.9) gives a (p+ 1, p− 1) = s (p, 1) = (p− 1)!. Since

(p− 1)! ≡ −p+ pBp−1

(
mod p2

)
, (2.12)

(cf. [7]), the result follows.

Proof of Theorem 1.7. Writing k = 3 in (2.10) gives

a (n, n− 3) =

2∑
t=1

P3,t (n) s (n− 1, t) = P3,1 (n) s (n− 1, 1) + P3,2 (n) s (n− 1, 2) .

Since P3,1 (n) = n−2, P3,2 (n) = (3− 1)! = 2, s (n− 1, 1) = (n− 2)!, and s (n− 1, 2) = (n− 2)!Hn−2, we obtain

a (n, n− 3) = (n− 2) (n− 2)! + 2 (n− 2)!Hn−2. (2.13)

Letting n = p+ 1 for an odd prime p in the last equation yields

a (p+ 1, p− 2) = (p− 1) (p− 1)! + 2 (p− 1)!Hp−1.

Since Hp−1 ≡ 0
(
mod p2

)
by Wolstenholme’s theorem, (2.12) implies

a (p+ 1, p− 2) ≡ p2Bp−1 − pBp−1 + p
(
mod p2

)
,

and (2.11) completes the proof.
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Proof of Theorem 1.8. For an odd prime p > 3, we write n = p+ 1 and k = 4 in (2.10) to obtain

a (p+ 1, p− 3) = P4,1 (p+ 1) s (p, 1) + P4,2 (p+ 1) s (p, 2) + P4,3 (p+ 1) s (p, 3) .

Since

P4,1 (p+ 1) =

(
p

2

)
, P4,2 (p+ 1) = 2p− 5, P4,3 (p+ 1) = 6,

and

s (p, 1) = (p− 1)!, s (p, 2) = (p− 1)!Hp−1, s (p, 3) =
1

2
(p− 1)!

(
H2

p−1 −H
(2)
p−1

)
,

we find by Wolstenholme’s theorem and (2.11) that

a (p+ 1, p− 3) ≡ −p

2
(pBp−1 − p)− 3H

(2)
p−1 (pBp−1 − p) ≡ p

2
− 3pH

(2)
p−1Bp−1

(
mod p2

)
,

as desired.

Proof of Theorem 1.9. For an odd prime p > 3, we write n = p+ 1 and k = 5 in (2.10) to obtain

a (p+ 1, p− 4) = P5,1 (p+ 1) s (p, 1) + P5,2 (p+ 1) s (p, 2) + P5,3 (p+ 1) s (p, 3) + P5,4 (p+ 1) s (p, 4) .

Since

P5,1 (p+ 1) =

(
p+ 1

3

)
, P5,2 (p+ 1) = (p− 1) (p− 3) , P5,3 (p+ 1) = 6p− 26, P5,4 (p+ 1) = 24,

and

s (p, 1) = (p− 1)!, s (p, 2) = (p− 1)!Hp−1, s (p, 3) =
1

2
(p− 1)!

(
H2

p−1 −H
(2)
p−1

)
,

s (p, 4) = − (p− 1)!

3!

(
H3

p−1 − 3Hp−1H
(2)
p−1 + 2H

(3)
p−1

)
,

we find by Wolstenholme’s theorem, (1.9), (2.12) and (2.11) that

a (p+ 1, p− 4) ≡ p

6
+
(
13H

(2)
p−1 − 8H

(3)
p−1

)
pBp−1

(
mod p2

)
,

which is the desired result.

Proof of Theorem 1.10. Writing n = p+ 2 in (2.9) gives

a (p+ 2, p) = s (p+ 1, 1) = p! = p (p− 1)!.

The result then follows by (2.12) and (2.11).

Proof of Theorem 1.11. Writing n = p+ 2 for an odd prime p in (2.13) gives

a (p+ 2, p− 1) = p (p!) + 2 (p!)Hp = p (p!) + 2 (p!)Hp−1 + 2 (p− 1)!.
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Now, Wolstenholme’s theorem and (2.12) yield the result.

Proof of Theorem 1.12. For an odd prime p, we write n = p+ 2 and k = 4 in (2.10) to obtain

a (p+ 2, p− 2) = P4,1 (p+ 2) s (p+ 1, 1) + P4,2 (p+ 2) s (p+ 1, 2) + P4,3 (p+ 2) s (p+ 1, 3) .

Since

P4,1 (p+ 2) =

(
p+ 1

2

)
, P4,2 (p+ 2) = 2p− 3, P4,3 (p+ 2) = 6,

and

s (p+ 1, 1) = p!, s (p+ 1, 2) = p!Hp, s (p+ 1, 3) =
p!

2

(
H2

p −H(2)
p

)
,

we find that

a (p+ 2, p− 2) =
(p+ 1) p

2
(p!) + (2p− 3) (p!)

(
Hp−1 +

1

p

)
+ 3 (p!)

((
Hp−1 +

1

p

)2

−
(
H

(2)
p−1 +

1

p2

))

=
(p+ 1) p

2
(p!) + (2p− 3) (p!)Hp−1 + (2p− 3) (p− 1)!

+ 3 (p!)H2
p−1 + 6 (p− 1)!Hp−1 − 3 (p!)H

(2)
p−1.

Now, for p ≥ 3, Hp−1 ≡ 0 (mod p) and for p > 3, Hp−1 ≡ H
(2)
p−1 ≡ 0

(
mod p2

)
. Thus, for p > 3,

a (p+ 2, p− 2) ≡ (2p− 3) (p− 1)! ≡ p− 3pBp−1

(
mod p2

)
by (2.12) and (2.11). Note that a (5, 1) = 105, 3− pB2 = 3

2 , and 105 ≡ 6 ≡ 3
2 (mod 9).

Proof of Theorem 1.13. For an odd prime p > 3, we let n = p+ 2 and k = 5 in (2.10) to obtain

a (p+ 2, p− 3) = P5,1 (p+ 2) s (p+ 1, 1) + P5,2 (p+ 2) s (p+ 1, 2)

+ P5,3 (p+ 2) s (p+ 1, 3) + P5,4 (p+ 2) s (p+ 1, 4) .

Since

P5,1 (p+ 2) =

(
p+ 2

3

)
, P5,2 (p+ 2) = p (p− 2) , P5,3 (p+ 2) = 6p− 20, P5,4 (p+ 2) = 24,

and

s (p+ 1, 1) = p!, s (p+ 1, 2) = p!Hp, s (p+ 1, 3) =
p!

2

(
H2

p −H(2)
p

)
,

s (p+ 1, 4) = −p!

3!

(
H3

p − 3HpH
(2)
p + 2H(3)

p

)
,
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we find that

a (p+ 2, p− 3) =
(p+ 2) (p+ 1) p

6
(p!) + p (p− 2) (p!)Hp−1 + p (p− 2) (p− 1)!

− (3p− 10) (p!)H2
p−1 − (6p− 20) (p− 1)!Hp−1 + (3p− 10) (p!)H

(2)
p−1

+ 4 (p!)

(
H3

p−1 +
3H2

p−1

p
− 3Hp−1H

(2)
p−1 −

3H
(2)
p−1

p
+ 2H

(3)
p−1

)
.

Now, by Wolstenholme’s theorem, (1.9), (2.12) and (2.11) we obtain

a (p+ 2, p− 3) ≡ 2p− 12pH
(2)
p−1Bp−1

(
mod p2

)
,

which is the desired result.

Acknowledgments

The authors are grateful to the anonymous referees for very careful reading of this paper, and for many valuable, detailed
and constructive suggestions.

Funding

No funding was received to support this study.

Conflicts of interest

The authors declare that there are no conflicts of interest regarding the publication of this paper.

Data availability statement

No data were used to support this study.

Author contribution statement

The two authors contributed equally to this article.

References

[1] B.C. Berndt, R.J. Evans and B.M. Wilson, Ramanujan’s second notebook (Chapter 3). Adv. Math. 49 (1983)
123–169.

[2] F.T. Howard, Explicit formulas for numbers of Ramanujan. Fibonacci Quart. 24 (1986) 168–175.

[3] F.T. Howard and E.K. Hayashi, Congruences for numbers of Ramanujan. Fibonacci Quart. 27 (1989) 61–69.

[4] P. Ribenboim, My Numbers, My Friends. Popular Lectures on Numbers Theory, Springer-Verlag, New York (2000).

[5] J. Sondow, Lerch quotients, Lerch primes, Fermat-Wilson quotients, and the Wieferich-non-Wilson primes 2, 3,
14 771, in Combinatorial and Additive Number Theory, Springer Proc. Math. Stat., edited by M.B. Nathanson 101
(2014) 243–255.

[6] M. Lerch, Zur Theorie des Fermatschen Quotienten ap−1−1
p

= q (a). Math. Ann. 60 (1905) 471–490.

[7] J.W.L. Glaisher, On the residues of the sums of products of the first p− 1 numbers and their powers, to modulus
p2 or p3. Quart. J. Math. 31 (1899/1900) 321–353.

[8] I.M. Gessel, Wolstenholme revisited. Amer. Math. Monthly 105(7) (1998) 657–658.

[9] L. Comtet, Advanced Combinatorics. Riedel, Dordrech, Boston (1974).

[10] J. Riordan, An Introduction to Combinatorial Analysis. Wiley, New York (1958).

[11] F.T. Howard, Congruences for the Stirling numbers and associated Stirling numbers. Acta Arith. 55 (1990) 29–41.



16 M. CENKCI AND T. KOMATSU

Please help to maintain this journal in open access!

This journal is currently published in open access under the Subscribe to Open model
(S2O). We are thankful to our subscribers and supporters for making it possible to publish
this journal in open access in the current year, free of charge for authors and readers.

Check with your library that it subscribes to the journal, or consider making a personal
donation to the S2O programme by contacting subscribers@edpsciences.org.

More information, including a list of supporters and financial transparency reports,
is available at https://edpsciences.org/en/subscribe-to-open-s2o.

mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o

	On the numbers of Ramanujan
	1 Introduction and statements of the results
	2 Proofs of the results

	References

