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2k-TH POWER MEAN VALUE OF THE GENERALIZED CUBIC
GAUSS SUMS

YING WEI' AND TIANPING ZHANG 2*

Abstract. This paper establishes explicit evaluations of the 2k-th power mean for generalized cubic
Gauss sums. By exploiting analytic techniques and fundamental properties of classical Gauss sums, we
derive closed-form expressions for these means. Furthermore, we develop a computationally efficient
framework for analyzing higher-order moments of such sums.
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1. INTRODUCTION
1.1. Background

Let ¢ > 3 be a positive integer and any Dirichlet character ¥ mod ¢, the generalized Gauss sums G (n, s,; q)
are described as follows:

g(n,s,w;q>=§qu<u>e(”;‘s),

u=1
defining e (y) = e?™¥, i2 = —1, s is any positive integer and n is an integer with (n,q) = 1.

Clearly, these sums generalize the classical Gauss sums G (1,1,%;¢q). The classical Gauss sums and their
properties are greatly significant, as they are closely related to many problems in number theory. It is therefore
necessary to explore the properties of the sum G (1, 1,%; ¢) and other closely related sums.

The study of such sums has extensively continued for a considerable length of time, and many scholars have
contributed significant results in this area. Exponential sums, particularly Gauss sums, paly a important role
in analytic number theory, with their fundamental importance rooted in the estimates for individual sums as
well as the weighted sum of them.

For example, Weil [1] proved that when p > 3 is a prime, then

|g (na 3a¢§p)| < (5 - 1)p%
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In fact, Cochrane and Zheng [2] generalized this result and proved that when ¢ > 3 is any integer, then

G (n, 5,45 q)] < (s —1)¥(@ . g3,

where w (q) represents the number of distinct primes dividing g.

For the value s=2, Zhang [3] gave the following two results

1 vt 32 —6l+4(2)VI—1, if l=1mod4,
171wzdl|g(”’2’w’l)| _{ 302 — 61 — 1, if 1 =3 mod 4,
mo

and

1

1 > 16 (n,2,9;0)° = 101* — 251* — 41 — 1,1 = 3 mod 4,

1 mod [

where [ € P, P stand for the set of all primes and (%) stands for the Legendre symbol modulo [. In the following
sections, the letter [ always represents a prime number.

In 2021, Bag and Barman [4] proved the asymptotic formulae

> 192, w50 =100+ 0 (1)

Y mod [

and

316 (n,2,45 D) =350 + 0 (ﬁ) .

1 mod [

During the following two years, Bag, Rojas-Léon and Zhang [5, 6] proved

5716 (n.2,050)]"° = 1261° 4+ O (r)

7 mod [

and

3 manft = (H1 )iso (i),

1 mod

For s=3, Zhang and Liu [7] yielded

V5
D16 (13,40t =51° — 181 + 200 + 1+ IV =5V —AVE 4V
Y mod [

-1
where l=1mod3and V= > e (“73) is real-valued.

u=0
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In 2023, Liu and Meng [8] proved the k-th power mean value of one kind generalized cubic Gauss sums

G (n,3,9;1)

> Z (n,3,50)" = (=1 + (1= 1) Sk1 (1),

1 mod I n=0

where

Sp_1 () = le(A(n)—l)kfle (%),A(n) _ lle<"l“3)

n=1 u=1

and satisfies
Sk,1 (l) = —35’]@,2 (l) +3 (l - 1) Sk,3 (l) + (Tl + 3l — 1) Sk,4 (l) .

In 2024, Bag [9] investigated generalized cubic Gauss sums and proved the following results:

ST g3 ) = (1 -1)°

) mod 1

and

> WU%&M)\—5ﬁ+o(%>

7 mod [

where [ € P, [ = 1 mod 3.

There are a number of results about Gauss sums and their recursive properties, as shown in [10-12], [13],
[17]. In this paper, we will focus on the 2k-th power mean value of a certain type of generalized cubic Gauss
sums

2k

where ¥y = (?)

As far as we know, the problem described above has not been studied in the existing literature. Thus, applying
the analytic approaches, the properties of Gauss sums, and the theory about trigonometric or exponential sums,
we derive a set of identities. That is, the results of our analysis are summarized below:

1.2. Our results
Theorem 1.1. Letl € P, [ =1 mod 3. Then

§¢2 (u)e (nlu3>

u=1

2
=312 -3,

-1

>

n=1

where 13(x) = (%) denotes the Legendre symbol modulo 1.
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Theorem 1.2. Letl € P, [ =1 mod 3. Then

-1

D

n=1

-1

4
> b (u) < > | =115 + (402 —11) 1> — 40?1,

u=1

where r is uniquely determined by 4l = r? + 27t> and r = 1 mod 3.
Theorem 1.3. Letl € P, [ =1 mod 3. Then

-1

6
Vo (u ( ) ‘ = 431" + (46r* — 43) 1P + (r* — 46r%) 1> — 1L
1

lzi

n=1

u=

Theorem 1.4. Letl € P, [ =1 mod 3. Then

-1
1

n=

8
-1 3
> i (u)e (”?) ‘ = 1711° + (360r® — 171) I* + (36r* — 360r%) I* — 36r*1%.
u=1

Remark. Firstly, primes where [ = 2 mod 3 were omitted from consideration, as the result in this scenario is
trivial. In this case, the variable v passes through a complete set of residues modulo I, u? does likewise. Thus,
given this situation, we can obtain the identities

gw (we ("l”g) = gw (u') e (mfg) = ng (e (5) =2 () B(¥)
and
-1

D

n=1

-1
Zw2 < ) Z|w2 | :lk+1—lk,

u=1

where B (¢) = Z ¥ (u) e (%) stands for the classical Gauss sums.

Moreover, in fact for any positive integer k, we can obtain corresponding results by our methods.

Example. To illustrate the validity of our formulas, we provide a numerical example with the prime [ = 1009
(satisfying | = 1 mod 3). The corresponding parameter r, determined by the relation 41 = 7?2 + 27t? and r =
1 mod 3, is found to be r = 1849. Substituting into the expressions in Theorems 1.1-1.4, we obtain:

1008 W3 2
D va(u (1009)

u=1

1008

D

n=1

= 3.051216 x 10,

4

1008 [1008 3
= 1.881074664 x 10'°
Z Z W2 (u <1009) x ’

1008 |1008 w3 6
= 1.352866152 x 10
2 Z vz (u (1009) S
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1008 |1008 i 8
S wa(we <) = 9.942068403 x 10'7.
L 1009

These numerical results are in excellent agreement with the theoretical formulas, further validating the
correctness of the theorems established in this paper.

2. SOME LEMMAS

This section provides some fundamental lemmas and their proofs. In addition, specific attributes of the Gauss
sums and theory of Dirichlet character sums are summarized in [14, 15].

Lemma 2.1. Let l € P, I =1 mod 3. Then, for an arbitrary third-order Dirichlet character s modulo 1, it
follows that:

B? (77[13) + B (Jg) =rl,

-1
where B (1) = Y ¢ (u)e (%) stands for the classical Gauss sums, and we adopt the same definition of r as in

u=1
Theorem 1.1.
Proof. See [12] or [16]. O

Lemma 2.2. Let l € P, I =1 mod 3. Then, for an arbitrary third-order Dirichlet character s modulo 1, it
follows that:

BS (¢3) + B (v3) = r?1* — 213
Proof. Based on Lemma 2.1 and B (13) B (¢3) = [, we can obtain
B° () + B (U3) = (B° () + B* (03))” = 2B° () B* () = 17 — 20°.

This proves Lemma 2.2. O

Lemma 2.3. Let l € P, I =1 mod 3. Then, for an arbitrary third-order Dirichlet character s modulo I, it
follows that:

B (¢3) + B (¢3) = 21° — 4r21° + r1*,
Proof. Based on Lemma 2.2 and B (13) B (¢3) = [, we can obtain
— — 2 —
B (y3) + B (3) = (B° (vs) + B° (¥5))" — 2B° (v5) B° (145)
= (P22 — 21%) — 218 = 25 — 42 4 1%,
The proof of Lemma 2.3 is completed. O
Lemma 2.4. Letl € P, [ =1 mod 3, then

s (2)B (1) B* ()

B (1213) = ]
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Proof. On one hand, we get

Alternatively, we have

_ Y2 (=1) B(¢2) B (that)s)
B (3)
P2 (=1) B (¥2) B (Yat)s) B (¥3)

- : . (2.2)

Note that B2 (1)2) = 12 (—1) p, combining (1) and (2) we obtain

-
B yaps) = B ),

This verifies Lemma 2.4. ]

Lemma 2.5. Let [ € P, | = 1 mod 3, this yields

17 (r2—2l), if I=1mod 12,

3 3 o) —
B (a1)3) + B (¢2¢3) - { _il% (TQ — 21) , if I =7 mod 12,

where the symbol r here is identical to that introduced in Theorem 1.1.
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Proof. An application of Lemma 2.4 shows that

B® (1pa1p3) + B® (va21)3)
_ B (W) B° (¥s) . B® (w) B® (v'5)
a 3 3
_ B () (B° () + B (¢3))

13

B () [ (B () + B® (¥5))” — 2B (1) B* (v5)
- 5
B () (r202 — 20°)
- e
_{ 15 (r2—20), if I=1 mod 12,
T iz (P2 —20), if [=7 mod 12.

Thus, we have demonstrated Lemma 2.5. O

3. PROOF OF THEOREMS

We now finish the proof of Theorems 1.1-1.4 by applying Lemmas 2.1-2.5. Let [l € P, I = 1 mod 3, and we
write

A@):i%(u)e(f’).

Combining the following trigonometric identity
-1
n=0

with the characteristics of the Gauss sums, we can get

Aln) = ng (u)e (m;g) = :ij? (u*) e <n1;3)

-1
= > v () (1 v () + 5 () e ()
=3 (n) (B (12) + U5 (n) B (Yaths) + 13 (n) B (va1)3)) - (3.2)

First, we start with the proof of Theorem 1.1. For an arbitrary nonprincipal Dirichlet character ¥ modulo [,

-1
> 4 (n)=0. (3.3)
n=1
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Combining (3.2), (3.3) and Lemma 2.4, we may immediately get

-1 -1
STIAMP =3 B () + By (n) B (i) + o3 (n) B ($205) |

— (1= 1) B (@2)]* + (1 = 1) |B (thatis) > + (1 = 1) |B (255)|
=31(1—1)=30* -3l

This proves Theorem 1.1.
We now verify Theorem 1.2. Combining (3.2) and (3.3), we get

-1

-1
SN amt =Y |42 )|
n=1

n=1

(1= 1) |B? ($2) + 2B (12055) B (v255)
(1= 1) |B2 (o) + 2 () B (ths03) |

+ (1= 1) | B2 () + 2B (t2) B (tis)| - (3.4)
The classical Gauss sums’ properties immediately imply
|2 (2) + 2B ($2165) B (205)|” = |2 (—1) L+ 24 (—1) 1) = 912, (3.5)
Employing Lemma 2.2 and Lemma 2.4, we have
|B2 ($2103) + 2B (2) B (1255) |
BB G) | B @F ()8 () 2
sy 2B W) 15 )
a2y 2 (MZZ— 21%)
=17 4221 (3.6)
Similarly,
|B% (12103) + 2B () B (atis)|” = 12 + 2021 (3.7)

From (3.4)—(3.7), we can conclude
-1
S A ()" = 1105 + (40 — 11) 12 — 4971
n=1

The proof of Theorem 1.2 is completed.
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We now turn to verify Theorem 1.3. From (3.2) and (3.3), we have

-1

-1 -1
SAP =12 W) =3 e (n) A* ()]

n=1

= (1= 1) |B® (1ha) + B (that)s) + B (102103) + 6B (102) B (that03) B (12353 |
+ (L= 1)|3B2 (1h2) B (ha5) + 3B (1) B (thats) + 3B (varhs) B> (10205)|
+ (L= 1)|3B2 (1h2) B (tat0s) + 3B (1) B (o) + 3B (ah5) B (atis)|”.  (3.8)

Utilizing Lemma 2.5 and the known properties of the Gauss sums, we get

|B® (02) + B (parhs) + B (1h2th3) + 6B (1h2) B (12103) B (1h21)3) ‘2
— |B? (1h3) + 6B (1) s (—1) 1 + B3 (horis) + B (16203)|
= |78° (2) + B (¢mps) + B (4oady) |
- (n% FrE 213)2
= 2503 + 10r%1% + 711 (3.9)

Employing Lemma 2.2 and Lemma 2.4, then

(20h3) + 3B (1b2) B (habs) + 3B (tatbs) B (1paih5) |
+ 31pg (—1) 1B (21)3) |2

2

2) B! (V)

w
< |
w
—~
[N}
N—
o)
w
~|
RS2

2 6 6 (],
o <5l2+ (B° (s) + B wg)))
= 9% + 1871, (3.10)
Similarly,

382 (2) B (¥213) + 3B (¥2) B (¢hath3) + 3B (¢2t)5) B (Wp?,)y2 =9I* + 187212 (3.11)

From (3.8)—(3.11), we obtain
-1
DA M)[° = 431"+ (46r° — 43) I° + (" — 46r%) 1* — .
n=1

With this identity, we have now proven Theorem 1.3.
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Theorem 1.4 is proved as follows. Applying the same technique, we arrive at

-1 -1
Sl = 4t ()
n=1 nel

= (1= 1) [B* (¢2) + 4B (¢2) B? (a1)3) + 4B (1p2) B (1ha1)3)
+ 6% (o1p3) B? (a1p3) + 1282 (1h2) B (Vat)s) B (vathy) |2
+ (1= 1) |B* (Yat03) + 4B° (1h2) B (V203) + 4B (at)3) B (1hat)s)
+ 6B (1h2) B (Ya1)3) + 12B (02) B (1h2v3) B (v21)3) |?
+ (I = 1) |B* (W21p3) + 4B (12) B (ath3) + 4B (21p3) B (v21)3)
+ 682 (1h2) B (12103) + 128 (12) B (12105) B (¥a21)3) |°.

From Lemmas 2.2-2.5, then
B (2) + 4B (1p2) B® (1h2103) + 4B (1h2) B (a1bs) + 6B (a13) B? (1))
+ 128 (2) B (a1b3) B (205) |2
= [190% + 4B (1) (B° (¥2t3) + B® (¢21)3))
— (19% + 41 (r* = 21))?
= 121* + 88r21% + 167412

| 2

and

B (tha1hs) + 4B° (12) B (vath3) + 4B (1haths) B (21)s) + 6B (1h2) B (v21)3)
+ 128 (12) B (121)3) B? (Yats) |2

= |B* (¢2003) + 4B° (1p2) B (Y21)3) + 42 (—1) 1B (2h3) + 687 (1p2) B? (21)3)
+ 128 (¥2) Y2 (1) 1B (t2t)3) |

= |B* (Vathy) +4B° (v2) B ($2103) + 4B% (102) B? (Yatis) + 6B” (2) B (Y2443)
+ 1283 (2) B (¥a1)3) |?

= |B* (21B3) + 16B% (12) B (23) + 1082 (1) B (a¢33)|

U3 (2) B* (¥2) B® (13) . 16405 (2) B* (1p2) B? (1)3) n 1095 (2) B* (¥2) B* (¢3) i
4 l 2

2

+ 16195 (2) B? (1h3) + 105 (2) B* (1)5)

10 (B™2 (v3) + B (¢3))
l2

¥ (2) B° (¢s)
l2

= 3571* + 1761 (B° (v3) + B® (v5)) +
= 2514 4+ 1361212 + 101412,
Similarly,
B (1h2103) + 4B (1p2) B (thaths) + 4B (1harbs) B (2tdg) + 682 (1h2) B? (v21)5)

+12B (1) B (Vaih3) B (hais) |2
= 250* + 1367213 + 10r*12.

(3.12)

(3.13)

(3.14)

(3.15)
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From (3.12)—(3.15) we can obtain
-1
D A m)[F =1710° + (360r% — 171) I* + (36r* — 360r7) I* — 36r*1%.
n=1

This proves Theorem 1.4. Thus, we complete the demonstrations of all our theorems.

CONCLUSIONS

This study establishes three main theorems for the 2k-th power mean value of generalized cubic Gauss
sums. These findings provide closed-form evaluations of these sums, advancing the study of exponential sums
in analytic number theory.
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