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A DIOPHANTINE INEQUALITY WITH ONE PRIME OF THE FORM
p=m?+n?+1

YUKUN Liu AND JING HUANG®

Abstract. Let 1 <c< 388212}1 be fixed. Assume that N > 0 is a large enough number and € > 0 is

an arbitrarily small constant. This paper establish that the Diophantine inequality

lpi+---+ps— Nl <e

has a solution in prime numbers pi,- - ,ps, where s > 7 and s is a natural number and p; can be
expressed as p1 = m? + n? + 1 for some integers m, n.
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1. INTRODUCTION

The study of the Diophantine equation of prime solution is an old and important subject in number theory.
It involves the methods of dealing with the Diophantine equation and the exponential sum of prime variables,
which is of great significance to deepen the study of number theory. At all times and in all over the world,
many mathematicians have studied the related problems of Diophantine equation and achieved good results
([25-27]). The bourgain Gamburd Sarnak conjecture (BGS conjecture) asserts that a class of Diophantine
equations have enough prime solutions if and only if they have appropriate local solutions. Some problems of
Diophantine equation can be solved by exponential sum method (see [7]), which is also widely used in the study
of mathematical problems.

For the purposes of this analysis, we may assume that c is a non-integer greater than 1, and NV is an arbitrarily

large integer. The Diophantine inequality
Ipf +---+pS—N|<e (1.1)

is solvable in primes p1,--- ,ps, where € > 0 and p; satisfies p; = m? + n? + 1 with integers m and n. In 2022,
Dimitrov [8] showed that the problem of the Diophantine equation

Ip§ +p5 +p5 — N|<e
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with three prime numbers is solvable for 1 < ¢ < %. Furthermore, he investigated the cases of s =4 and 5
for the Diophantine equations under the same set of conditions. After that,Han and Zhang [9] proved that for

1831
1 < e < 155, then

pf +p5+ - +p5— Nl <e.
The above are respectively the cases when s = 3,4,5,6 in Diophantine equation
i +---+pi— Nl <k,
where p; = m? +n? 4+ 1. We extend s to the general case, filling the gap where no research has been conducted

for the situation when s > 7.
Moreover, Linnik [10] deduced the asymptotic formula as follows:

B x4(p) Y Y (loglog V)"
2 re-n=r]l (1 = 1>p) gy "¢ ( log V)17 ) ’

p<Y p>2

where 7(k) is a symbol of the count of integer solutions to the equation k = m?2 + n?, x4(k) stands for the
non-principal Dirichlet character modulo 4, and the value of

1 1

In this work, we extend the study to the Diophantine inequality (1.1) involving primes of a specific type, and
the main theorem is as follows.

300s+31
200s+64 7

Theorem 1.1. For a natural number s > 7 and ¢ satisfying 1 < ¢ < the inequality

Ipf +---+p5—N|<e

admits a solution in primes py,...,ps for all large enough real N, where the prime py can be represented in the
6
form m? 4+ n? + 1. The parameters are given by € = %, with Yo defined in (1.2).

Furthermore, we propose the following conjecture.

Conjecture 1.2. Suppose that ¢ € (1,¢') is fized with ¢ > 1. If N > 0 is sufficiently large and € > 0 is small
enough, then the following inequality

Ipf 4+ +p—N|<e

is solvable in primes py,...,ps of the formp; =m? +n? +1 (1 <i < s).

To better understand this article, we have established the following symbol explanations.

Notations. To clarify the proof of Theorem 1.1, we first fix some notations. We reserve p (with or without
subscripts) for primes and 7 for an arbitrarily small positive constant that may vary by occurrence. Additionally,

let 1 <c< 288212}1 be fixed. We shall employ ¢(n) to denote Euler’s totient function and A(n) for the von
M

Mangoldt function. The notation m ~ M means (5,
m = n(d).

M]. Congruences m = n (mod d) are abbreviated as
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Let e(u) = exp(2miu),

1 1
N\ ¢ Y2
(2) ’ (logY) g (4>10),
A—yi-c . (loglogY)® ~ log’Y
B ’ (logY)?o ~ e

Thas(u) =Y e(up)logp,

peJ
p=l(d)
T(u) = Ty 1yuy,v)(u), Pr= /Je(uyc)dy, P(u) = Py v (u),
blyxouw) = Y x(m)An)e(un),
ny<n<y
1 Y
E(y,u,d,a) = Z A(n)e(un®) — 7/ e(uz®)dz, 0 < p < 1.
uy<n(§)y w(d) ry
n=a(d

2. SKETCH OF PROOF

The proof of Theorem 1 combines mathematical methods such as sieve mathod and exponential sum. The
general idea is as follows:
Define the weighted sum

L(y) = > r(p1 — 1)logp; - - log ps.
Y <p1,,ps<Y
IS+ +pS—N|<e

where r(p; — 1) counts representations of p; — 1 as 22 + 2. By Linnik’s equation r(n) = 4 Zd|n X4(d), decompose
I'(Y) into three sums: I'1 (Y), I'y(Y), I's(Y). For integrals involving exponential sums, we estimate P 4.7(Y").
The Fourier transform of a smooth approximant ¥(y) to the interval [—¢,¢] is used to handle the inequality
condition. The associated exponential sums, like T} 4. 7 (u) and their integrals Py (u), are analyzed by partitioning

the frequency domain into major arcs (Ju| < A = Y3~¢), minor arcs (A < |u| < H = @) and trivial arcs
(lu] > H).

On the major arcs T'(u) is effectively approximated by P(u) (Lem. 3.3), yielding the crucial lower bound.
Bounds on the minor arcs rely on sophisticated estimates for Type I and Type IT exponential sums(Lems. 6.2,
6.3) and fourth-moment estimates(Lem. 6.5), combined with the Cauchy-Schwartz inequality.

I'3(Y) is reduced to sums over small divisors via the substitution d — %(m < D) and controlled using
sieve result related to the distribution of divisors (Lem. 3.13, 3.14). I'5(Y") is bounded using a counting argument
involving an auxiliary Diophantine inequality(Lem. 8.1) and Cauchy-Schwartz inequality. These results confirm
the existence of solutions as Y — oo. The specific threshold ¢ < gggzig}l emerges as the condition ensuring the
minor arc contributions are sufficiently dominated by the main term from the major arcs.

In this paper, we deal with the solvability problem of Diophantine inequality with s(s > 7) primes under
restricted conditions for the first time. Key innovations include the refined application of exponent pairs for
bounding exponential sums in the minor arcs and the optimized treatment of the divisor constraint within the

circle method framework.
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3. AUXILIARY LEMMAS

To prove Theorem 1.1, we will introduce the following lemmas as proof tools. First of all, we need to introduce
the Fourier transform of function 9(y).

Lemma 3.1. [11] One can construct a k-times continuously differentiable function 9(y) that attains 1 on
[—h+7, h—7], transitions to 0 outside [—h —~, h+ 7], and is strictly between 0 and 1 in the transition intervals,
i.€.

dy) =1 for |yl <h—r,

0<d(y) <1 for h—vy<l|y <h+7,

(y) =0 for |yl =h+r.

where h,v € R with 0 < v < % and k € N.Its Fourier transform

1@ - [ 7 d(y)e(—ay)dy,

— 00

k
1 1
|T(z)] < min | —,2h, — i .
| mlx| \ 27|z|y

In the sequel, the function ¥(y) is fixed as the one given by Lemma 3.1 with the choices h =
k = [logY]. Its Fourier transform, following the notation of the lemma, is denoted T'(x).
The following lemma presents the asymptotic formula for 3° ;- -y e(up®)logp.

satisfies

9e __ &
1—0,"/—1—0,and

Lemma 3.2 ([12], Lem. 14). Suppose 1 < ¢ < 3, ¢ # 2. For |u| < A, then we obtain

> e(upc)logp:/

uY <p<Y wY

Y Y
e(uy )dy + o (e(logY)l/E’> .

To successfully obtain the result we desire, we need to prepare the upper bound estimation for the following
functions. According to [12], Lemma 7, [13], Lemma 6(i), [14], p. 178, [8], Lemma 22 and [15], Lemma 2.4, we
obtain the lemma as follows.

Lemma 3.3 ([12], Lem. 7[13, 14], Lemma 6 (i)[8], Lem. 22). Upper bound estimation:

A

/A T (u)|>du < Y2 ¢log?y, (3.1)
A

/A |P(u)]?du < Y?* “logY, (3.2)
n+1

/ |T(u)|?du < Y log® Y, (3.3)

H
/A T (u) 4|70 (u)|du < YA 4 Y24, (3.4)
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A 2—c 3
Y= ¢log’Y
/ (T () Pt < 08 L (3.5)
_A d
/ K () 2T (w)|du < Y log Y. (3.6)
A<|ul<H
where
K(uw) =Y > xal)Titjmamis, (u),
m<D j==+1
2|m
and (3.5) is uniform for | and J.
Besides, we also need the lower bound estimation in order to deduce our result.
Lemma 3.4. Lower bound estimation:
oo
/ Pe(u)Y (u)e(—Nu)du > eY57¢ (3.7)

In the analysis of T7, we introduce the following lemma to ensure that corresponding results can be obtained
1285447
across Y w0t < M < V8.

Lemma 3.5 ([16], Thm. 2). Assume that 9 and v are real numbers satisfying

viv—1)r—-2)00-1)(rv+9-2)v+9-3)(r+29-3)2v+9 —4) #0.

We have
Sr= Y a(m)y bl)e (FEZZ) ,
me~M I~L
where
F>0, M>1, L>1, |an| <1, b)) <1,
Then

gl a ) 1
Z[ < ((F12M41£29) 56 4 (F4M15£11) 20 4 (FQMLSEII) 16
+ MIiL A+ MLT + F ML) (ML),
Next, we will establish a number of inequalities[8], Lemma 18, [17], Lemma 8.17 and [18], Lemma 2.3 related
to the estimates in the text, and these results play an important role in the conclusions of this study.

Lemma 3.6 ([8], Lem. 18). For fited A > 0, then

Z max max |E(y,u,d,a)] < , (3.8)

- A
d<VY /(log Y)A+5 Y=Y (ad)=1 log” Y

where u| < A.
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If a(n) are complex numbers, the following inequality [17]

2

3 aln)| < <1+bQ“> 3 ( —g) 3 almaln +q) (3.9)

a<n<b lq|<Q a<n+q,n<b

holds for any integer Q > 0.

Suppose that (k,1) is a exponent pair with 0 < k < 5 <[ <1, then [18]

1
2
M

Yo e(Um®) < (UM MF 4+ T

M<Im<M!

(3.10)

where |U] > 0, M < M’ < 10M.
From [19], we can obtain the next lemma.

Lemma 3.7. Let F,(Y), for a constant w > 0, be defined as the number of primes p <Y by the condition that
p — 1 has a divisor in the interval. Then we obtain

> > xa(d)| <o M. (3.11)

logY
p<Y d|lp—1
VY (logY) “<d<VY (log V)

Y (loglog V)3

FuY) <o Tog Y)1+2% 7

(3.12)

where ¥ is defined by (1.2).

4. PREPARATION FOR THE PROOF OF THE THEOREM 1.1

Before proving Theorem 1.1, we first consider the following summation

L(y) = > r(p1 —1)logp; - - log ps.
Y <p1,ps<Y
|pi+--+pi—N|<e

By Lemma 3.1, let

Lo(Y) = > r(p = D)Y@+ +pS— N)logp; - -logps.
X <p1,pa<Y

then, we get
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Using the well-known identity

") =43 xald),
d|n

we can transform I'g(Y) into
Lo(Y) =41 (Y) + oY) +Ts(Y)), (4.2)

where

ry(y)= Z Z Xa(d) | 9 (pf + -+ +pi— N)logp; ---logps, (4.3)

L <p1,,ps<Y \ dlp1—1
d<D

LY)= Y > xa(d) [ 9@+ +p = N)logps - -log ps, (4.4)

X <py,ps<Y | dlp1—1
D<d<¥

LY)= Y D xald) |9+ + S — N)logps - log ps. (4.5)

%<p17“'7ps§Y d|p171
d>%

Assume that [ and d are positive integers with (I,d) =1, and let J C (%, Y] be an interval. Define

Pas(Y)= > d@i+--+p;—N)logp: ---logp,. (4.6)
L <p2,,ps<Y

p1=l(d)
p1€J

When J = (¥,Y], we simply write P, 4(Y).

5. THE EsTIMATIONS OF I';(Y) AND I['3(Y)

We shall estimate the sums I';(Y) and I's(Y) by studying the sum P, 4,7(Y). Using the inverse Fourier
transform, we derive

Pas(V)= Y dogpiclogp [ T@e(@f 44 55— N du
Y <po,e ps<Y e

p1=1(d)
p1€J

= /_00 Y (u)T5(u) Ty .7 (w)e(— Nu)du.
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The sum P, 4.;(Y") is decomposed by partitioning into major, minor, and trivial arcs.
1 2 3
Prag(Y) = Pl(,d);J(Y> + Pl(,d);J(Y) + Pl(,d);J(Y),

where

L0 = [ @I @) (e~ Nu)du.
|u|>H

Firstly, we consider Pl(? ;(Y) and set formulas

=T(u = u = P(u = Py (u)
Tl_T( )7 TQ_ﬂ,d;J( )7 Pl P( )7 P2 SD(d) )
then we set
L sl —Nu)du
VsV = o [ TP B e~ Nud
1 > s—1
uy(Vd) = o /_ X(@P )Py (we(=Nu)du.

We all know that

Ti Ty =P Py + (Ty — Po) Pt + To(Ty — PP 2 + ThTo(Th — P) P2
+ TETo(Ty — PP + TP To(Ty — PP -
+ T To(Ty — PP+ T3 To(Ty — PPy + T 2To(Ty — P).
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Combining (3.5), (5.2), (5.6) and (5

.5), applying Lemmas 3.1, 3.2, Cauchy-Schwarz inequality and the trivial

bounds of T'(u) and P(u), we obtain

P (V) = Wa (Y, d)

:/|u<A T(U)Ts—l(U)Tl,d;J(u)e(_NU)du_/

Y (u)P*~ (u) Py (u)e(—Nu)du
lul<A

Py(u)

:/MA T (u) (ﬂ)d;J(u)— 2 )Ps_l(u)e(—Nu)du

[ X T ) (@) ~ Plu) P w)e(-Nudu
Jlul<A

/|u|<A
s
Jlul<A
/|u|<A

+

w)Th,a;7 (u) (T'(u) = P(u)) P*~*(u)e(~Nu)du
(@) Ty.a.0 () (T(w) = P(u)) P~ (w)e(~Nu)du - - -

w)T*~*(u) Ty a.5 (u) (T(w) — P(u)) P(u)*e(—Nu)du
(5.7)

+ / W) T3 (u) Ty, 4.7 (w) (T'(u) — P(u)) P(u)e(—Nu)du
lul<A

[ T ) () (Ta) = Plw) e(~Nu)du
Jlul<A
Py (u)

od) ) /M [Pl du

Y
— P(u)|*d
de(log Y)1/5 /u|<A| (w)["du
Y
— T(u 2du
G |, T

Ti,a;,5(u) —

<eY* ™3 max
Jul<A

+eys2

+eys2

eyt [ P@IT
<eY* 1 ¢logY ‘rrllax Ty,a.0(u) — ];]((dz;) d;i:;;m.
Besides, by [20], p. 71, we get
yl-c

Pj(u) < min (Y,

— Yl—c
> ,  P(u) < min (,Y) )
|ul |ul

Combining the above expression with Lemma 3.1, we have

Gas(Y,d) —0y(Y,d) < —— /A 1) 1P ()] Y () du

o(d)
<< €Y87SC /’OO % << €Y5786
o(d) Ja us T AsTlp(d)’
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S0
€YS sc
By the definition of A, (5.7) and (5.8), we can get
Pl
= PU) (V) =W (Y, d) + Wa (Y, d) — Wy (Y, d) + Wy (Y, d) (5.9)
1 Pj(u) gys—¢
_ s—1—c o J
=v;(Y,d)+ O <€Y longgll?é Ty,a.0(u) () ) +O(d€(10gy)1/6> .

For Pl(z);J(Y)7 the trivial estimates of T(Y") and T} 4.5 (u), together with (5.4) and Lemma 3.1, yield

YologY [©1/( k \" YelogY / k \* 1
P® (v ————:/ - d - 1
l’d?‘]( ) < d n U\ 2myu v kd 2myH < d (5.10)

Based on the above preparation, we deal with the upper bound of the sum I'3(Y") now. From (4.5), (4.6) and

DRUCED SR L DRV D DR

d|p1—1 mlp1—1 Jj=%1 mlp;—1
>3 m<(p1—1) m<(p1—1)2

—1 .
plnL =J (4)

we have

= Z Z X4(3) Pr4jmams,, (Y),

m<D j=%1
2|m

with Jp, = (max{1+my, ¥}, Y]. It follows from (5.1) that

T(v) = 1§V (V) + T (v) + T (1), (5.11)
where
PP = 3 3 XaG)I P g, (V) = 1,23, (5.12)
73|<D] +1

We first consider I‘é )( Y), from (5.9) with [ = 1 + jm,d = 4m, J = J,, and (5.12) with ¢ = 1, then we obtain

* s—1—c ey ¢
Fél)(Y) =I"+0 (€Y 1 logYEl) + 0 <€(10gY)1/622) 5 (513)

where

= > WY, 4m) > xali),

m<D Jj==1
2|m

Py, (u)

G| (5.14)

T1+jm4mJ ( )

Y= E max
\u|<A
m<
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It is clear that
I'"=0 and ;< logY.

Combining (5.14) with (3.8) in Lemma 3.8, we derive

SN S
1S llogv)a—s

By (5.13), (5.15) and (5.16), we can get

gys—¢

1
r{(y) < T

11

(5.15)

(5.16)

(5.17)

We now estimate ng)(Y). Applying (5.3) with | =14 jm,d = 4m, J = J,,, and (5.12) with ¢ = 2, we obtain

r@(y) = / T ()T~ (u) K (w)e(— Nuw)du,
A<|u|<H
K (u) is the same as the definition of K (u) in Lemma 3.3.
Lemma 5.1. Suppose
A<|ul<H, la(m)<m?’, L>Y%H, LMxY.

Let

Ty = Z a(m)Ze(umclc),

m~M I~L

then
Ty < Voestn,

Proof. For M <« Y41520§;++14474, we apply (3.10) with the exponent pair (%, %) (see [21]) to obtain

T < Y" Z Ze(umclc)
m~M |~ L
1
Y YeLThiLh ¢ ——
< 3 (et

< Vst
1285447 13
For Y #50s+1421 « M <« Y 25, by Lemma 3.5, we can get

24545
Tr < Y25sis +n

(5.18)

(5.19)

(5.20)
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We prove this lemma from (5.19) and (5.20). O

Lemma 5.2. Suppose that
A<lul <H, [pO)] <1, |a(m)|<m’, Y5 <LLYS, LMXY.
Let

Trr= Y a(m)y_ b(l)e(umI),

m~M I~L

then
Ty, < Y3sas+m,
Proof. An application of Cauchy-Schwarz inequality and (3.9) with Q = Y3 gives

|T[[| < Y" 74‘@ Z Z

1<q<QI~L

> e(f(l,m,q)

m~M

)

where f(I,m,q) = um®((l + q)¢ — 1¢). Applying (3.10) with the exponent pair (%, %), we can get

2

cll 1
Ty <Y —+— > Z(IUI(JY )T M5 + |u|qyc_1>

1<q<Ql~£

Y2 Y 1 7 c—1 2 2
<YM (Q + o (’Ha QsY & M3L+ AV Llog Q))

24s+5

< YRt
This completes the proof. O
Lemma 5.3. Let A < |u| < H. We obtain
T(u) < Y Sts
Proof. Tt is sufficient to establish the bound

= > Al ) < YEA,

> Y <n<y

Define
1 1 12 1
A=Y%, B=Y3, Z:|:Y25}+§.

By [22], Lemma 3, the sum T*(u) can be expressed as a combination of O (log10 Y') sums, each belonging to
one of the following types.



Type I:

with

Type II:

with
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Z a(m) Z e(um®l®),

m~M I~L

L>Z, LMxY, l|a(m)<m".

Z a(m) Z b(l)e(um®l®),

m~M I~L

ALK B, LMxY, |a(m)|<m", b)) <"

Applying Lemmas 5.1 and 5.2 to these sums yields

T*(u) < Y 56557,

thus completing the proof of the lemma.

Lemma 5.4. We obtain

/ T (w) B Y (w) | du < Y "2005r60 e+,
A<|u|<H

13

Proof. For a function ¢ (z) continuous on [—H, H], an argument analogous to Lemma 19 in Dimitrov [19] applied
to the integral fA<‘u|<H T (u)(u)du yields that

Choosing

2

<Y?27¢t" max u / u)|du
< AS‘ulgﬂlw( )l A ()]

2
4 yrE / lob(u)du | .
A<|ul<H

/ T(u)y(u)du
A<|ul<H

Vi (u) = T(w)|T(w) | T (u)],
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from (5.21), (3.4), Lemmas 3.1 and 5.3, we can get

[ mwrr@i= [ T
A<|ul<H

A<|u|<H

<Y1-5+n <A513§H ¢(u)>2 </A<|u<H |T(u)|4|'r(u)|du>

Ly b / () [ ()
A<|ul<H

1
2

123s+34 9 3
LY eds et Ly s A
1235+34

<Y 25sts ot

Next, we repeat the above process three times, then we can get

/ [7(w) B|7 (u)|du < 500555 —4,
A<lul<H

The lemma is proved. O

Considering Lemmas 5.3 and 5.4, we apply the Cauchy—Schwarz inequality to (5.18) and (3.6), then we can
get

ol
[N

) < max [T(w)]* ( o |K<u>|2|r<u>|du>

( / |T<u>8|r<u>du>
A<|ul<H (5.22)

SYS_C
logY "

<
Then, we deal with T (V). By (5.10) with I = 1+ jm,d = 4m, J = J,, and (5.12) with i = 3, we derive

1
)<y — <log. (5.23)

m<d

Putting (5.11), (5.17), (5.22) and (5.23) together, we can get

€Y876
I's(Y . .24
3(Y) < Tog Y (5.24)
Next, we now establish a lower bound for the sum I'1 (Y). From (4.3), (4.6) and (5.1), we can derive
I1(Y) =10 () + 12 () + 17 (), (5.25)

where
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For Fgl)(Y), analogous to (5.13), we obtain

i) =e() Yy ?(Sl)) Lo <5ys—c> |

=D logY

with

From Lemma 3.4, we have
U(Y)>eYs e

As shown in [23],

so, we can get

By (5.26), we obtain the lower bound
r{(y) > ey

For I‘f)(Y), an estimate analogous to (5.22) gives

€Y37C

(2)
1 ( )<< 1 %

As for I‘gg) (Y), reasoning similar to that in (5.23) leads to

1
rw) <y 5 <log.
d<D

Substituting the bounds (5.27), (5.28) and (5.29) into (5.25), we conclude that
['(Y)>»ey* -

6. THE ESTIMATE OF I'y(Y)

15

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

This section is devoted to establishing an upper bound for the sum I';(Y'). We begin by presenting a lemma

that pertains to the number of solutions to the Diophantine inequality (1.1) in s — 1 variables.
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Lemma 6.1. Consider 1 < ¢ < 3, ¢ # 2, and a large enough positive number No. Define Bo(Ng) as the number
of solutions to the Diophantine inequality

Ipf + -+ D51 —No| <e

in primes p1,- - ,Ps—1 48 bounded above by
sNb:l !
BO(NO) < S_l
log® " Np
Proof. Define
B(Yo) = Z logpy - - - logps—1, (6.1)

Y,
2 <p1,,ps—1<Yo
[Py +--4pS_1—No|<e

with

Yo = (?) . (6.2)

By Lemma 3.1 for kg = [log Yo], ho = %5 and v = £, we obtain a kg times continuously differentiable function

Jo(y), its Fourier transform and the bound which satisfies the conditions we choose. The bounds allow

1 5¢ 1 [ 2k \™
T <min|—,—,— . .
| °‘x)'—mm<m|’ o (7o) ) (03

By combining (6.1), the definition of ¥y(y) and the inverse Fourier transformation formula we obtain

B(Yp) < > B0 (p§ + -+ +pS_1 — No)logpy - --logps—1

%<1)1:“‘7Ps—1SYO (64)

/oo Yo (u)T5 ™ (w)e (—Nou) du = By (Yo) + B2 (Yo) + Bs (Yo),

— 00

where
Tou)= > e(up)logp, (6.5)
?<PSY0
log Y)“e
Ag = %, A > 10, (66)
Yg

Bl(Yo):/|<A Yo (u)T5 ™ (u)e(—Nou)du,

Ba(v) = [, oy TS el Now), (6.7)
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By(Yy) = / Yo ()T (u)e( = Now)du. (6.8)
t]>H
We begin by estimating B;(Yp). Define

Ya,(Yo) = / To(u)Ig_l(u)e(fNou)du,

Jul<Ag
¥(Yy) = /OO To(u)Pos_l(u)e(—Nou)du,

— 00

From (6.3) and [20], p. 71, it follows that

»(Yp) :/ B To(t)Pos_l(u)e(—Nou)du—l—/ B To(u) Py~ (u)e(—Nou)du
lu|<Yy € |u|>Y, ¢

YS*SC
< / eYy du +/ 0 du, (6.9)
lu|<Yy © lul>Y, ¢ U
< 8%‘97176.
Using (6.3), Lemmas 3.2 and 3.3, together with the trivial bounds of Tp(u) and Py(u), we obtain
Bu) —ving () < [ (15700 = B @] o] o
u|<Ag
<e [ [Tw - Aol ({Tofw)l' 2 + 1 Po(w)| ") d
|u|<Ao
(6.10)
< EL/ / |T0(u)|s_2du+/ | Po(u)]° 2 du
ellog¥o) lul<Ao lul<Ao
EY057176
< e(lOgYO)l/G ’
By (6.6) and [20], p. 71 we can get
Yi Yol < [ 1Po(w)"= [ To(w)[d = o du
900~ va,0)| < [ IR ol < ——iemy [
0 0 0
(6.11)

< € < €Y08717C
YD A2 T Tlog Yo

Combining (6.9), (6.10) and (6.11) with the equality

B1(Yo) = B1(Yo) — ¥, (Yo) + ¥4, (Yo) — ¥(Yo) + 9 (Yo),
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we conclude that

By (Yy) < eYy— 1. (6.12)

We now estimate Bz (Y)). Define

B;(YO):/A o Yo (u)T5 ™ (u)e(—Nou)du. (6.13)

Using (6.2), (6.3) and partial integration, we have

" 1 Yo (t)T5* (u)
Bi(Yy) = —— 270 AR —N,
5(Yo) e N N de(—Nou)
Yo(t)T5 " (we(=Now) [ 1 / - (6.14)
== — Now)d (To(u)T?
271N, A, 2miNg Aogugne( ou)d (To(u)Ty™ (u))

< 5%57176 + Y076|.Q|,

where

0= /A o N (o) ).

Now, considering the curve
Lo: z=g(u) =To(wIg ' (u), ¢'(u)#0, Ao<u<H,

since g(u) is holomorphic and ¢'(u) # 0 on u € [Ag, H], the inverse g~ (t) exists for ¢ € ['g. By (6.3), we have
0= / e(—Nog™'(t)) dt < / |dt| < (lg(Ao)| + [g(H)]) < eYg™ " (6.15)
F() 1—‘0

Combining (6.7), (6.13), (6.14) and (6.15), we obtain
By(Yp) < Yyt (6.16)

We now estimate B3(Yp). By the definition of €, (6.3), (6.5) and (6.8), it follows that

1 ([ 2k \ ™ ko \ ™
Bs(Y, ys! (=) 4 DA 1. 6.17
3( 0)<< 0 /H U <7ru€> v o <7—l€ < ( )

Substituting the bounds (6.12), (6.16) and (6.17) into (6.4) yields
B(Yy) < eYg™ e,

together with (6.1) and (6.2), this implies

which completes the proof of the lemma. O
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A prime p in the interval (%,Y] belongs to F(Y) if p — 1 has a divisor in (D, %).Then by (4.4) and the
inequality zy < 2 + y? we can get

2 2s
I;(Y) < log™Y E g Xa(d) E xa(?)
YT <p1, - ,p2s<Y d|p1—1 tlpst1—1
|p+---+pS—N|<e D<d<¥% D<t<%
PSprttps —N|<e

< log®Y > > xald)

X <pr,e p2s<Y dlp1—1
[p§+-+p—N|<e |D<d<%
Pop++p5, —N|<e
Ps+1EF(Y)

The contribution from terms with p; = psy1 is O (Y25_3+5), leading to

N2(Y) < Zlog? Y + Y2s—3+e, (6.18)

where

E= > 1)) xa@)] Y > L

L <pi<Y d|1’1*£ L <pep1<Y L <po, ps,psya, p2s <Y
D<d<y Ps+1E€F(Y) [py+-+pi—N|<e
Ps+17P1 [pS 41+ +p5,—N|<e

Applying Lemma 6.1, we obtain

Y237272c
where
2
E = Z x4(d) and =y = Z 1.
L <p<y | dlp-1 LT <p<y
D<d<¥ pEF(Y)
From (3.11) and (3.12), it follows that
Y (loglog V)" Y (loglog V)3
= —_— d = — . 6.20
1< logY an 2 < (log Y')1+200 (6:20)

By the definition of ¢, (6.18), (6.19) and (6.20), we can get

Y ¢(loglogY)® = eYs~¢
(log Y)%o ~ loglogY’

(YY) < (6.21)
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7. PROOF OF THEOREM 1.1

Combining (4.1), (4.2), (5.24), (5.30) and (6.21), we derive

(YY) > ey,

which yields

INY)—so00 as Y — oo.

We have now established Theorem 1.1.
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