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FIBONACCI DETERMINANTS. III

TAKAO KomATSUM2*® AND EMRAH KiLig?

In memory of Narakorn Rompurk Kanasri™

Abstract. There are many references to matrices or determinants that have Fibonacci numbers as
elements. In this paper, we find several determinants expressing the Fibonacci and related polynomials.
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1. INTRODUCTION
Let f, := fn(z) be the n-th Fibonacci polynomial, defined by

fn=xfn_1+ f_2 (n > 2) with fo=0 and fi=1. (1.1)

When z = 1, F, = f,(1) is the original Fibonacci number. In the first part of Fibonacci determinants in
[2], by applying the so-called Cameron’s operator, several determinantal expressions of Fibonacci numbers are
shown. This method is developped in [1] to obtain hypergeometric Bernoulli, Cauchy and Euler numbers with
some modifications are introduced and studied. In the second part of Fibonacci determinants in [3], some
determinantal expressions of fa, 1 and fa, are given as generalizations of Fy,41 and Fy, in [2]. In fact, more

general cases of Horadam-type numbers (polynomials) are considered, including w,, = wy, (u,v), which is defined
by

Wy = UWp—1 +VWp—a (N >2), wyg=0, w =1. (1.2)

In this paper as the third part of Fibonacci determinants, we give determinantal expressions of more general
sequences frnt+1 and fi, for any positive integer k. Namely, when k = 2, the results are reduced to those in [3].
Similarly, we give those of Horadam-type numbers (polynomials) as in (1.2). We also consider the corresponding
Lucas cases. As applications, we consider LU decomposition and use Trudi’s formula and inverse relations.

Keywords and phrases: Fibonacci polynomials, determinants, Lucas polynomials, Horadam polynomials, LU decomposition.
1
2
3

Institute of Mathematics, Henan Academy of Sciences, Zhengzhou 450046, China.
Department of Mathematics, Institute of Science, Tokyo 2-12-1 Ookayama, Meguro-ku, Tokyo 152-8551, Japan.
Department of Mathematics, TOBB Economics and Technology, University Ankara, Cankaya, Turkey.

* Corresponding author: komatsu@zstu.edu.cn

** Ms Narakorn Rompurk Kanasri in [1] passed away in a traffic accident on January 3, 2026. Rest in peace.

© The authors. Published by EDP Sciences, 2026

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


https://doi.org/10.1051/ita/2026007
https://www.rairo-ita.org
https://orcid.org/0000-0001-6204-5368
mailto:komatsu@zstu.edu.cn
https://creativecommons.org/licenses/by/4.0

2 T. KOMATSU AND E. KILIC

2. PRELIMINARIES

The sequence of Horadam numbers w,, = w,(u,v) is defined in (1.2), where u and v are often treated as
integers with (u,v) # (0,0). Nevertheless, similarly to the definition of Fibonacci polynomials in (1.1), we can
regard them as polynomials u := u(z) and v := v(z). Horadam studied these numbers in depth (see, e.g., [4-8]),
and in [9] they are called the bivariate Fibonacci polynomials by considering both u and v as variables.

The sequence of Horadam-Lucas numbers (polynomials) w,, = w,(u,v) is defined by

Wp = UWp—1 +Vwp—2 (M >2), wy=2, w;=u. (2.1)

When v =1 and u = z, f, = w,(z,1) and [,, = w,(x, 1) are Fibonacci polynomials and Lucas polynomials,
respectively [9]. When v = v =1, F,, = w,(1,1) and L,, = w,(1,1) are Fibonacci numbers and Lucas numbers,
respectively [10].

In fact, several fundamental formulas hold for Horadam numbers (polynomials) w, and Horadam-Lucas
numbers (polynomials) w,,, defined as (1.2) and (2.1), respectively, below. Let 6 = f(x) := “tvi—tav ”;'M‘” and ¢ =

. u—vu?+4v
p(x) = ==
Lemma 2.1 (see, e.g., [9, 10]). We have

B on — ¢n
) Wy = 0—o
) wp, = 0"+ o™
) WpWnp = W2p.
) Wpa1 + VW1 = W
(V) Wni1 +vwn_1 = (u? + 4v)w,.
)
)
)
)

(Vi) Wpg1wy_1 — w2 = (=1)"" "L
(vil) wpi1wn_1 — w2 = (—v)" " H(u? + 4v).
1) Wpygp = Wpp1Wg + VWWE_1.

Wntk = Wn1Wg + VWnpWe—1-
Concerning the last two identities, see, e.g., [9], Theorem 46.3.

2.1. Horadam polynomials

Theorem 2.2. Forn > 3 and k > 1, we have the n X n determinants:

wk:+1 _ka- 0 ... ... 0
Wk Wg+1 —VWg
Wr—1 Wi Wk+1
2
wy_
| T wk—
Wkn+1 = k
. Wi+1 —Wg 0
Wity Wiy
n—d n—5 Wg—1 Wi Wr4+1 —VWg
Wi, Wy,
Wiii o Wiy Wi, o w
w:—s w;—4 Wk k—1 k k+1
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and
W —VWg 0 0
Wg—-1 Wg41 —VWg
wi_y
wr W W41
3
Wk —1
— Wi —
Wkn = wi k-1
Wil —VWk 0
i e
wn73 wn—S Wg -1 Wi wk‘Jrl —VWg
wﬁ71 wﬁffﬁ w2
k—1 k—1 k—1
W _ w w
w£72 w£74 Wk k—1 k k+1

In order to prove Theorem 2.2, we need the following property.

Lemma 2.3. For positive integers n and k, we have

n—2
Wgn+1 = We+1Wk(n—1)+1 T vw,% Z U]wjk,lwk(nfjfz)ﬂ .
j=0
Proof. By Lemma 2.1 (viii), we have
Whn+1 = Wk+1Wh(n—1)41 T VWOEWk(n—1) - (2.2)
Hence, it is enough to prove that for n > 2
n—2 .
Wh(n—1) = Wk Z VW, We(n—j—2)+1 - (2.3)
j=0

When n = 2, the identity (2.3) is trivial as both sides are equal to wy. Assume that the identity (2.3) is valid
for this n. Then, by (2.2) again, we have

Win = Wk fr(n—1)4+1 T VWk—1Wk(n—1)
n—2
_ ji+1,,7+1
= Wk | Wg(n-1)+1 + E VW T W (n—j—2)+1
=0
n—1
_ Joyd )
= Wk E :” Wi 1Wk(n—j—1)+1>
Jj=0

which is the identity (2.3), where n is replaced by n + 1. By induction, the identity (2.3) is valid for all integers
n > 2. O

Proof of Theorem 2.2. When n = 1, the first result is clear because both sides are equal to wy41. Assume that
the determinant expressions for wg,+1 are valid up to n — 1. Expanding the right-hand side of the first equation
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along the first row repeatedly, we have

wk _vwk O DRI DRI 0
Wg—-1 W41 —VWg

wi

W Wy Wi+1

RHS = wg1wp(n—1)41 + vwg 0

wn—i} wn—s

k— k—

e Wi Wkl —VWg
Wy, Wy

n—2 n—4
Wr—1 We—1 . w w w
WS W e k—1 k k+1

2
= Wi1Wk(n—1)+1 T VWL Wg(n—2)+1

wk*l _ka 0 ... ... 0
2
Wr—1
Wk Wg+1 —VWg
3
Wg—1
5 5 w? Wk Wk+1
+ v wyg, . 0
n—3 n—6
Wy _1 Wy _1
w1 w7 W We+1 —VWg
k ko
wip o Wiy w wr W
w;—s w:—s k—1 k k+1

2 2,2
= Wk4+1Wk(n—1)+1 T VWi Wi(n—2)4+1 + VW WE—1Wk(n—3)+1

n—3
w
3.2 2 n—2. n—2 wij‘ —UWk
+ VTWEW)_ Wh(n—a)+1 - F O Wy ki
o3 WE+1
k

n—2

_ 2 j 0\J
= Wk41Wk(n—1)4+1 + VW, E v Wy, Wi(n—j—2)41
=0

= Wkn+1 = LHS.

In the final calculations, we used Lemma 2.3. To prove the other identity, we see that the expansion of its
determinant is exactly the same as the identity (2.3), where n is replaced by n + 1. O
2.2. Fibonacci polynomials

By setting v = 1 and u = = in Theorem 2.2, we have the determinantal expressions of the Fibonacci
polynomials.

Corollary 2.4. Forn >3 and k > 1, we have the n X n determinants:

fosr —fr O 0
fe o Jkwmr —fe ;
fe=1 fr frmr

I fe

fkn+1 ==
fer1 —f 0

n—3 n—4
fkfl fkfl

=5 =s - 7’};1 Jk—1 fo fen

k k
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and

fe  —fe 0 0

flgfl Jev1 —Jx
fi_
I e fen

fi_
Fim = fr—1

\ ftxn —fr O
LI
fz,_ls fzq,_ls e ferr —Jk
fess Rl fia f fo f
f,?_2 f,?'_4 Fr k—1 k k+1
Remark. When k = 1 in Corollary 2.4, we have
r —1 0 0
1 z -1 :
fog1=1]0 0
: -1
0 0 1 T
and
1 -1 0 0 z —1 0 0
0 =z -1 1 z -1
fn =|0 0 = 0
: r -1 r -1
0 0 1 T 0 0 1 T

In fact, the second identity is essentially the same as the first one because the size of the first determinant is
n x n and the second one is (n — 1) x (n — 1).
When k = 2 in Corollary 2.4, we have

2 +1 —x 0 0
T 2 +1 —x
1 T 2 +1
font1 = 1
xT
2+ 1 —x 0
mn174 17}75 z x? +1 —x
Zn—3 4 % 1 x 22 +1
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and
T —x 0 0
1 224+1 -z
% x 241
f?n =
z,},‘l 2241 -z 0
- s x 22 +1
Zn—2 Z.'n.174 xnlfs s 1 xT $2 +1

There exist further different determinantal expressions of fx,+1 and fr,. An alternative representation is
given below. The proof proceeds by induction on n and the recurrence relation (2.3) with v =1 and u = z,
expanding along the first row.

Proposition 2.5. Forn > 1, we have

Jr+1 -1 0 0
I Jr+1 -1 :
Fonin = [ fr—1 I2 1
S 0
RIS -1
RR= RS - ffer B fen
and
fk -1 0 0
fefeer frenr -1 :
fo—| B B fen
: 0
F S (A i e o fen -1
S RRS RESS - SR fen

Remark. When k£ = 1 in Proposition 2.5, again we have

z —1 0 0
1 zz -1 :
fn+1 - 0 0
: r -1
0 0 1 T
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and
1 -1 0 0 z -1 0 0
0 =z -1 : 1 = -1 :
: r -1 : r -1
0 0 1 T 0 0 1 T

When k = 2 in Proposition 2.5, we have

2 +1 -1 0 0
x? 22 +1 —1
2
fong1 = T x - +1
" x? x? 2 0
1
x? x? 2 241
and
x -1 0 0
x x?+1 -1
fon=17% x? 2 +1
0
T x2 2 2 +1 -1
x 22 x? x? 2 +1

(see, [11], p. 4, [3], Prop. 1). See also related results on Hessenberg determinants [12, 17].

3. HORADAM—LUCAS POLYNOMIALS

Theorem 3.1. Forn > 1 and k > 2, we have the n X n determinants:

Wh—1 — VW O PP “en O

Wk—2 Wg4+1 —VWg
W W1

Wy
w20k Wg—1 W
- _
Wkn—1 = Wi
0
n—3 n—4
Wg—2W,, w,,
s el Wy Wh1  —UW
k k
wi—awiTE Wiy wis) w wr W
w2_2 w;—4 wz,—s k—1 k k+1



8 T. KOMATSU AND E. KILIC
and

Wk — VW O P P 0

Wk—1 Wr4+1 —VWg
W WE41

wr,
w1y Wg—1 Wk
Wkn = w} -
: 0
-3 n—4
Wk—1Wp_4 Wi_1
w3 wh—° Wy wk‘+1 —VWg
Wi fwn72 wﬁfs w4
—1Wg_ g k—1 k—1
=2 n—4 n—5 e W1 W WE41
wy wy, wy
Proof of Theorem 3.1. Notice that
Wn4+m = Wm+1Wn + VW Wn—1 (31)

(see, e.g., [9], Thm. 46.7). The result is trivial for n = 1. Tt is also valid for n = 2 because by using (3.1) with
m=kandn=%k—1,

We—1 —VWg
Wi—2 Wr+1

W2k—1 = ‘

Assume that the determinant expressions are valid up to n — 1. Remember the determinant expression of w1
in Theorem 2.2. Expanding the right-hand side of the first equation along the first row repeatedly gives us

wk—Q _/ka O DR DR O
Wk—2Wk—1 _
wh Wk41 VW
‘*’k72wi71
Tw? W W41
RHS = w 1w (n—1)41 + vwg 0
n—3 n—>5
Wk —2Wy _q Wy 1
n—3 n—=06 Wy wk}Jrl —VWg
Wy, Wy,
w_2wyp 7 iy o w w w
“’;?72 w275 k—1 k k+1

Wr—1W(n—1)41 T Wr—2(VWR Wk (n—2)+1

7wk:71 p— DRI DRI
o VW 0 0
wi—l
w? Wg4+1  — VW
3
Wg—1 .
2, 2| wi Wi Vet '
+ v wyg,
0
n—3 n—6
W1 W1
n—3 =7 Wk Wg4+1 —VWg
Wi Wi
n—2 n—>5
W1 Wy —1 w w w
w:—2 w;—ﬁ k—1 k k+1

2
= Wk 1Wk(n—1)4+1 + Wk—2(VWEWE(n—2)+1 + V WEWE—1Wh(n—3)+1



FIBONACCI DETERMINANTS. III 9

n—3
w
3 2 n—2, n—2 wiié —UWk
+ VTWE W Wh(n—4)4+1 + -V wy, wi;—z
-1
n—2 Wr+1
Wi
n—2
_ j o1
= W 1Wk(n—1)41 T VWp_2Wk g VW Wi(n—j—2)41
j=0

= Wg—1Wk(n—1)41 T VWgk—2Wk(n—1) = Wkn—1 = LHS.

In the final steps, we used (2.3) and the identity (3.1) with n =k — 1 and m = k(n — 1).
The determinantal expression of wy, is different from that of wg,_1 in that the subscript of wy in the first
column is just increased by one, so expanding the determinant in the same way and using induction, we get

n—2

_ jond
RHS = wrwp(n—1)41 + "W 1wy E VW Wh(n—j—2)41
j=0

= WpWh(n—1)41 T VWk—1Wk(n—1) = Wkn = LHS.

3.1. Lucas polynomials
When v =1 and u = x in Theorem 3.1, we have the determinantal expressions of Lucas polynomials.

Corollary 3.2. Forn > 1 and k > 2, we have the n X n determinants:

Iy —f 0 . 0
l l—2 et —Jr '
“?7?“ e frt
le—2fi_y
lk:n—l — f;f fkfl fk
: 0
lk—zf;?:ls f,?:f _
R fe fevr —fr
lk*ka¥1 fk—l fkflr flc flc fk
f:'_2 fg—z; f]?—o —1 +1
and
I, N 0
l le—1 fetr —Jk :
wls s fe fen
lk71f2_1
lin=| — 72 Jfe—1 Tk
: 0
L n—3 n—4
atho ey fo e —f
1 fkfn72 :;7%,73 fn74
k=1Jg—1 k—1 k—1
fl:,fz fgfz; f’?fs fkfl fk fk+1
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Remark. When k£ = 2 in Corollary 3.2, for n > 1, we have the n X n determinants:

T —x 0 0
2 2’41 -z
% x 22 +1
lopn—1 =
zn2,4 2 +1 —x 0
23 = x 2 +1 -
zn—2 x7}74 zn175 1 X 1'2 + ].
and
x2+2 —T 0 0
T 2 +1 —x
1 T 2 +1
l2n = : .
wnlfs x? +1 —x 0
7 =3 x ?+1 -
Zn—3 xn174 ac"1*5 ce 1 xT :Z}2 +1

When k =2 and z = 1 in Corollary 3.2, we have determinant expressions of Lucas numbers. For n > 1, we
have the n x n determinants:

1 -1 0 0
2 2 -1
2 1 2
LG—l = : :
2 2 -1 0
2 1 1 2 -1
2 1 1 1 1 2
and
3 -1 0 0
1 2 -1
1 1 2
L2n = : .
1 2 -1 0
1 1 1 2 -1
1 1 1 1 1 2
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4. HESSENBERG MATRIX

We recall that a lower Hessenberg matrix has the form

h11 hio 0 tee e e 0
ha1 hao  haos 0 :
ha1 hsa  hss hss O

0

hnfl,l hn71,2 e e o hnfl,nfl hnfl,n
hnl hn2 e A c. hn,nfl hnn

and note the fact that a tridiagonal matrix is a special Hessenberg matrix. By considering this fact here, we
will present an interesting generalization of the first determinant equality given in Theorem 2.2.
Define the lower Hessenberg matrix M, (k) = M, (k,u,v) of order n as

_wk+1 7ka 0 ... ... .. 0 T
W W1 —VWg 0
Wh—_1 W Wrt1 —VWg 0
2
Wr—1
M,, (k;) = wr, Wi -1 Wi ,
3 2
Wk —1 Wi —1 . _
w? w, W1 © Wiyl —VWg 0
: : Wi W41 —VWg
n—2 n—3
W1 Wy —1 wi_, w W w
L w273 wff‘l w,, k—1 k k+1 ]

which arrangement of elements is the same as the determinant giving wgn41 in Theorem 2.2. Namely,
det Mn (k) = Wkn+1-

We give some special cases of the Hessenberg matrix M, (k,u,v). If we take k = v =1 and u = z, then we
get

fxz -1 0 0
1 = -1 0
My (L= | 9 1
0 z —1 0
1 r —1
| 0 0 1 T |

and so we already know that

det Mn (1,1‘7 1) = fn+1-
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We now generalize the above result and present one of our main results, namely
det M., (k) = win+1-
We define the Horadam—Lucas analogue of the matrix M, (k) denoted by T, (k) and we will show that
det T, (k) = Wkn+1,

where w,, is the nth Horadam—Lucas polynomial.

In this paper we shall derive the matrices L and U arising from the LU-decompositions of the matrices
M, (k) and T,, (k) as well as the inverse matrices L=! and U~! for the matrices M,, (k) and T}, (k). By the way,
one can formulate the inverses of the matrices M,, (k) and T}, (k) in closed form by using the matrices L~ and
U~! and their products. But here we can explicitly formulate the inverse matrices M, ! (k) and T, * (k). We
can also evaluate the determinants of the matrices M, (k) and T, (k) by using their LU-decompositions.

Then we have its LU-decomposition with the matrices U and L

Wik+1

— ifi=
(U) o o W(i—1)k+1
Isijsn = —vwy,  ifj=i+1,
0 otherwise
and
1 if 1 = j,
w il oy
k—1 ik e
(L)1<ij<n = ( ) i > g,
W Wjk+1
0 otherwise.
For example, if n = 5, then we have that
Wkl —VWk 0 0 0
0 L2kt gy, 0 0
0 WE)H Yokt 0
U= W2k+1 —UWk
Wak+1 _
0 0 0 wori1 wvwk
0 0 0 0 —2kil
W4k+1
and
1 0 0 0 0
Wi
W 1 0 0 0
k—1 Wk
L = Wit W2k 41 1 0 0
Wi —1 Wi —1 W2k W3k 1 0
WkWkt1  WEWokt1 fart1
Wi Wi _1W2k Wi 1 W3k wyap, 1
wiwe 41 wiwaki1 W f3k4+1 Wak+1
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We have the inverse matrices U~! and L~! as

1 if 1 = j,
) (—1)"+ ik iti>
P — i—j—1 b
1sijsn w}c / W(i—1)k+1
0 otherwise

and

(U'wk)j_iw(ifl)lwrl

1 if j >4
(U™ N<ij<n = W41 ’
otherwise.
When n = 5, we have
[ 1 Vwy, v wj v3wd viwg
W41 W2k+41 W3k+1 2w42k+1 3w%k+1
0 W41 VWEWE41 V Wy W41 V Wy W41
[]_1 e ng+1 m;ﬂiﬁ+1 v2$§fu+1
0 O 2k+4+1 kW2k+41 e W2k+1
W3k+1 %4k+1 mﬁ”%+1
3k+1 kW3k+1
0 0 0 Wak+1 $5k+1
4k+1
i 0 0 0 = |
and
i 1 0 0 0 0 7
W
— 1 0 0 0
Wr+1
b W2k 1 0 0
—1 -
L™ = Wak+1 Wak+1
1 Wk _ wsg 1 0
WEW3k+1 WEW3k+1 W3k+1
1 _ wog W3k _ Wik
2 2
L W, W4k41 WpWhk+1  WEW4k+1 W4k+1 J

4.1. Explicit formula for the inverse matrix

We mentioned before that the inverse matrix M, ! (k) could be derived by using M, ! (k) = UL~ in closed
form. But as we mentioned before, we will present an explicit formula for the inverse matrix M ! (k) in the

following result.

Theorem 4.1. For n > 2, the inverse matriz M, (k) of order n is given by

(Mn_l (k)) 1<i,5<n

_ wy, " { (—1)“”_' oD g —iyry i D>
Wnt1 VI T W (1) 41 Wh(n—5)+1 if j = .



14 T. KOMATSU AND E. KILIC

For example, when n = 5, it has the form

2,,,2 3,,3 4,.4
W4k+1 VWEW3k+1 V"W W2k+1 V"W W41 VW
2,1,2,,,2 3,,3
— W4k We+4+1W3k+1 VWEpWE41Wok+1 v wkwk.H VWL Wk 41
1 vhwg _ wopwgp 2 2,2
M5—1 (k) Usfk- e w2k+1 VWEWE41W2k+1 VWL W2Ek41
w v w 4,2 W3 W
Shtl | —to2k g W Wk — W3k1Wh+1  VWEW3k+1
12° 4
v vow v iw
wl —Tg% T —Wak Wak+1

5. APPLICATIONS BY TRUDI’S FORMULA

The forms of determinant expressions in Theorem 2.2 remind us Trudi’s formula [13], Vol. 3, p. 214, [14], and
the case ap = 1 of this formula is known as Brioschi’s formula [13], Vol. 3, pp. 208—-209, [15].

Lemma 5.1. For a positive integer n, we have

ay agp 0 cee 0
a2 ay

0

An—1 Tt ar o aop

Gnp Gnp—1 T az ai

ti+ee it e
=2 1 ") (ag)r T e -l
ety

t1+2tg+-Fntp=n
t1,t2,.0 tn >0

t 4t t !
where ( 1t+ _‘; n) = % are the multinomial coefficients.
1y-+-5ln

By applying Lemma 5.1 to the identity of wg,41 in Theorem 2.2, we have the following.

Proposition 5.2. Forn > 1, we have

ti+ o+t

_ n—ty—-—t n—t1—Ty  Th

Wgnt1 = E v "wk+1wk W1
tyenitn

t142to+ +ntp=n
t1,to,..., tn, >0

where T, = > 5 (i — 2)t;.
When v = v = 1 in Proposition 5.2, we have the following Fibonacci expression.
Corollary 5.3. Forn > 1, we have
_ 2 B N Y S T
Fns1 = > ( . >Fk1+1F 1= T T

t1+2to+--+ntp=n
t1,to,..., tn >0

Remark. If k = 2 in Corollary 5.3, we have

tl 4+ 4+ tn .
F2n+1 = E < ¢ p 21
t1+2to+-+ntp=n 1y---5Uln

t1,t,..., tn >0

([3], Cor. 3).
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Proof of Proposition 5.2. By Lemma 5.1, we have

Wkn+1

t et
- ¥ VT (gl
tyeotn

t142tg4-Fntn=n
t1,to,.. tn >0

t
2 ty 3 ts n—2 n
ts W1 W _q Wy
X W1\ 7, w2 | T3
k k U}k

_ Z (t1 Fo gt tn> ittt nftlfzz":2(i72)tiwkzg’/lZQ(ifﬂti .

t14+2to4-Fntn=n
t,to,...,tn >0

6. APPLICATIONS OF THE INVERSION FORMULA

One basic inversion formula is explained as follows (see, e.g., [16]).

Lemma 6.1. For two sequences {ay, tn>0 and {8y }n>0 with ag = Bo = 1, we have forn >1

B 1 0 --- 0

B2 b1 1
Oy = 0
ﬁnfl 51 1

Bn Bn1 - P2 B
Aand Z(_l)n_kakﬁnfk =0

k=0
i 1 o --- 0
(%) (&3] 1
= [ = 0
Ay —1 (6751 1
Qo Qp—1 -+ Q2 O

To apply the determinant expression of fr,+1 in Theorem 2.2, we need a different inversion formula ([3],
Lem. 7). When ¢ = a1 = 81 and d = 1, it is reduced to Lemma 6.1.

Lemma 6.2. Let ¢ and d be some constants or polynomials. Then, for n > 2, we have

c d 0 - 0

ﬁg C d
W= 0
6n—1 C d
Bn Bn-1 B2 c
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C
1 a2
dn—l
Un—1
Qp

1 0
c 1
Qp—1

Q2

n—2
Qp — CQp—1 + Z(*l)nikdnikilakﬂn—k =0 (Oéo = ]-)
k=0

0

Finally, we can get the determinant whose entries are odd Horadam polynomials. It is interesting to see that
even as the size increases, the absolute value of the determinant remains the same.

Proposition 6.3. Forn > 2, we have

W41

W2k +1

Wg(n—1)+1
Wkn+1

1 0
Wh+1 1
Wk(n—1)4+1

W41
W2k+1

0
1

W41

(—v)"*lw,%w,::f )

When v = v = 1 in Proposition 6.3, we can get the determinants whose entries are odd Fibonacci numbers.

Corollary 6.4. For n > 2, we have

Fipa

Fopqn

Fk(n—1)+1
Frnt1

Proof of Proposition 6.3. Set o, = Wgn+1, Bn

1 0
Fip1 1

Frin—1)+1

0
| = coEE
Frpia 1
Fort1 Fra
"2/ (n > 2), ¢ = w41 and d = —vwy, in Lemma 6.2.

= wk)*

Then, by the determinantal expression of wg,+1 in Theorem 2.2, we have

W41 1
wz:f 1 W2k+1 W41
_3 = 71 .
wyy (—vwg)™
Wr(n—1)+1
Wkn+1 Wk(n—1)+1

We+1
W2k+1

0
1

W41
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7. FINAL COMMENTS

For k > 2, the indices kn and kn + 1 do not cover the entire set of positive integers. However, for Horadam
numbers (polynomials) w,,, by Lemma 2.1 (viii), we have the identity

Wkn+m = Wkn+1Wm + VWgn Wi —1 3

which shows that the values wg,, and wg,+1 are fundamental, since all Horadam numbers (polynomials) can be
obtained as linear combinations of them. It is similar for Horadam—Lucas numbers (polynomials) w,, because of
Lemma 2.1 (ix).
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