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GOLDBACH-LINNIK TYPE PROBLEMS WITH ONE PRIME
SQUARE AND SIX PRIME CUBES

XUE HAN®

Abstract. Let p1,p2,---,pr be prime numbers. In this paper, we first show that when k1 > 49, any
sufficiently large odd integer can be represented as the sum of a prime square, six prime cubes and ki
powers of 2. Furthermore, we prove that for k2 > 73, every pair of sufficiently large odd integers can
be expressed as a pair of equations involving a prime square, six prime cubes and k2 powers of 2.
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1. INTRODUCTION

To advance research on the Goldbach conjecture, Linnik [1, 2] proved that every sufficiently large even integer
ny can be written as the sum of two primes and K7 powers of 2, specifically

K

n=pi+pa+y 2 (1.1)
h=1

Many researchers have focused on investigating the magnitude of K7, and the current best result is K; = 8, due
to Pintz and Ruzsa [3]. Such representation problems are referred to in the literature as the Goldbach-Linnik
problem.

The Goldbach—Linnik problem involving four prime squares was investigated by Liu, Liu and Zhan [4], who
proved that every sufficiently large even integer no can be expressed as the sum of four prime squares and Ko
powers of 2, namely

4 Ko
ng =Y pl4y 2% (1.2)
=1 h=1

The value of K5 has been considered in subsequent work, and the sharpest result to date is Ky = 31, due to
Hathi [5].
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2 X. HAN

In 2001, Liu and Liu [6] considered the problem of representing every sufficiently large even integer ns as the
sum of eight prime cubes and K3 powers of 2, namely

8 Ks
ns =Zp?+22”". (1.3)
=1

h=1

Subsequently, several scholars have improved the bound for K. Recently, Hu, Long and Wang [7] proved that
K3 = 27 is admissible.

Some other Goldbach-Linnik problems have been studied by many scholars (see [8-12], etec.). In particular,
relying on equations (1.2) and (1.3), Liu [13] showed that every sufficiently large integer N7 can be expressed
as the sum of a prime square, six prime cubes and finitely many powers of 2, namely

7 k1
Ni=pi+) pl+) 2™ (1.4)
=2 h=1

In this paper, we first give the value of k; by establishing the following theorem.
Theorem 1.1. For any integer ky > 49, the equation (1.4) is solvable for every sufficiently large odd integer Ny.

To establish Theorem 1.1, we combine the circle method with certain analytic techniques. We shall estimate
the sum of the singular series (see Lem. 3.1 below) by applying mathematical software to handle the heavy
computations. Additionally, we employ the mean value estimates for exponential sums (see Lem. 2.4 below)
and Holder’s inequality in the minor arcs, which optimizes the choice of A defined in (2.7) (see Lem. 2.3 below).
These treatments collectively contribute to the determination of the value of k.

On the other hand, Kong [14] considered the Goldbach-Linnik problem by investigating the simultaneous
representation of pairs of sufficiently large even integers. To be specific, Kong [14] demonstrated that every pair
of sufficiently large even integers By and By with By > B; > By can be written as the sums of two primes and
K, powers of 2, namely

By =pi+pa+ Yt 2, (1.5)
Ki op .
B2 = P3 +p4+§ hil2 h»

who showed that K4 = 63 is acceptable. Later, Kong and Liu [15] improved this result by proving Ky = 34.
Building upon the idea introduced by Kong [14], we further explore the simultaneous representation of every
pair of sufficiently large odd integers Ny and N3 satisfying N3 > Ny > N3 in the form

7 k v
No :p%+zﬁzp?+zgi12 ", (1.6)
N3 =p3+ >, 2gp0 + 252, 2.

Our second result provides the value of ko for which the above system of equations is solvable.
Theorem 1.2. For any integer ko > 73, the equations (1.6) are solvable for every pair of sufficiently large
positive odd integers No and N3 satisfying

N3 > Ny > Ns. (17)

In order to complete the proof of Theorem 1.2, we also employ the circle method, which naturally entails
dealing with some double integrals that we split into single integrals. This permits us to apply several results
derived in the proof of Theorem 1.1 to the proof of Theorem 1.2.
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Notation 1.3. Throughout this paper, p always stands for a prime, while k denotes an integer, with or without
subscripts. Seti=1,2,3,j=1,2,1=2,3 and e(x) = e*™*®. The letter € stands for an arbitrarily small positive

number, which may differ at each occurrence.

2. OUTLINE AND PRELIMINARY LEMMAS

Let
= 2 1T e N]
Pi:N'20 ) 1:N'20 ) L )
7 Q 7 J nggNj
and
o (as.0) = o € 0.1 o = 2| <
i \Aiyqi) = Q4 y b Ly — — s
qi Qi

we define the major arcs M; and the minor arcs >; as

Mi = U U Ml (ai, Q1) and >, = [0, 1]\M1
1<q;<P; 1<a;<gq;
(ai,qi)=1
Observe that M; (a4, ¢;) are pairwise disjoint. We further define
M = My x M3 = {(ag,ag) S [0, 1}2 g € My, a3 € Mg} and »' = [0, I]Q\MI.

For a sufficiently small positive constant ¢, we write

Ni 3 B %
U<W> o Vi=US

We shall estimate the sums

R(N,) = >,

Ni=pt+p+-+pj+2"1 442"
pI<N1,U1<p2,ps,pa<2U7,

V1 <ps,p6,p7<2V1
4<v, vk <Ly

(logp1) - - - (log pr),

which counts the weighted number of solutions to the equation (1.4) in (p1,--+ ,p7, V1, , Vi, );

R(No, N3) = E
szp%+pg...+pg+2“1 4g 22
Ny=pg+pg+-+p7s+271 4 42"k2
P <N2,Uz<p2,p3,pa<2U2,V2<ps,pe,p7<2V2

pa<N3,Us<pg,p10,p11<2U3,V3<p12,p13,p14<2V3
4<vy, vk, <L2

(logp1) - - - (log p14),

which counts the weighted number of solutions to the equations (1.6) in (p1,- -+ ,p14,v1, -+ , Vg, ). Let
flei) =Y (logple(aip®), S(ai)= Y (logp)e (aip®),
p2<N; U, <p<2U;

(2.1)

(2.3)

(2.4)

(2.6)
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T(a;) = Z (logp)e (aip3) , Gj(ag) = Z e(a;2%),

Vi<p<2V; 4<v<L;

Ei) = {Oél S [0, 1] : |G1(a1)| > )\Ll}, Eoy = {(Oég,ag) S [07 1]2 : |G2(042 + 043)| > )\LQ} .

By (2.2), (2.3), (2.5), (2.6) and orthogonality, we have

R(N,) / + / + / F(a1) 83 (@) T3 (1 )G (@ )e(—ar Ny )dan

1 >1NE1x >1\Eqx

R1(N1) + Ro(N7) + Rg(Ny),

[I>

R(Nz, Ny) = // // // F(02)S%(02)T%(a2) f (a3) S* (a)

>'NE2x  >'\Eax
X Tg(ag)ng (042 + 043) e (—OQNQ — 043N3) dasdas
£R; (N2, N3) 4+ Ry (N2, N3) 4+ Rg (N2, N3) .

We write
n) = A(n,q),
qg=1
where
1 an
Al ) = s Z Ca(a,q)C5(a, q)e ( )
(a q) 1
and for [ = 2,3,

- £

Lemma 2.1. For N1/2 <n; < Ny and N;/2 <n; < N; (1 =2,3), we have

F(@1)83 (1) T3 (a1)e(—arny )dan S(n1)J(n1) + O (NFL;l) ,

M, 1458

f(a)S3 () T3 (ar)e(—ayny)dey

_ 1 Fr-1
5 - 1458S(m)J(m)+O<Nl L; )

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)
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where S (n;) > 1 fori=1,2,3 and n; =1 (mod 2), while J (n;) is given by
1 _2
J(n;) = Z my 2 (mamsmamsmemsz) ™ 3 (2.12)
mi+-+mr=n;
m1<N;
U?<mz,M3,M4§(2U1)3
V2 <ms,me,m7<(2V;)3

4 4
with N < J(n;) < NP

Proof. This lemma follows from a standard analysis using the circle method for enlarged major arcs (see [16, 17],
etc.). Hence, we omit the proof. O

Lemma 2.2. For (1 — »)N; <n; < N,;, we have

4
3

J(ng) > 2.06491N,

3.
Proof. The domain over which the sum J(n;) is taken can be expressed as

my SN’L? Ui3<m27m3am4§8Ui3) }
’

D: {(ml,"' ’m7)2 ‘/13 <m57m67m7 S8V;3

with mqy = n; —mg — --- — my. Let
D* — {(m1,~- ) m; < 0.813Ni,3Ui3 § ma, mg < 5UZ, , }
Uy <my <6U7, V2 < ms, mg, my <8V,
For (mq,--- ,mz7) € D*, it follows from (1 — »)N; < n; < N; that
1<mi=n; —mg—---—my <0.813N;.
Hence D* is contained in D, so we obtain
In) > > my ® (mamsmamsmemy)~ 3

(ma,-+ ,m7)€D*

>(0.813N;)" 2 Z (mamsz) ™5 Z my

U2 <my,ms<5US U2 <ma<6U3

X Z (msmemy) ™5

V3 <ms,mg,m7<8V?

>(0.813N;)"23(55 — 1)2(65 — 1)UPV;?

Wi

>2.06491N;7

where the sum ), m™¢ is well approximated by the corresponding integral f; r~dx. O

Lemma 2.3. Let meas(E;y) be the Lebesgue measure of E;x. We have

2 _19—20

meas (E;\) < N; °

with A = 0.83372.
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Proof. This lemma follows from Lemma 5 and (3.10) in [18]. O

Lemma 2.4. We have

1
/ 152(0)T% ()| das < N3T°, (2.13)
0
2/ \Naby, , te
|f*(e;)S%(ay)|da; < N2, (2.14)
>
1 13
/ |S% () T*(v;)|day; < 0.134694091N,° (2.15)
0
1 4 2 9.2
324 x 101 x 1.620767  8log2\ (1 + €)x

Proof. By (5.6) and (5.9) in [19], we can get the estimate (2.13). The proof of the estimate (2.14) is analogous
to that of (4.12) in [20]. The estimates (2.15) and (2.16) can be found in Lemma 3.6 in [21] and Lemma 2.3 in
[22], respectively. O

3. PROOF OF THEOREM 1.1

Lemma 3.1. Let O(Ny, k1) ={n1 >2:n; = Ny — 2" —2%2 — ... — 2} with ky > 30. Then for Ny =1
(mod 2), we have

> S(m) > 1.97501L5. (3.1)

n1€0(N1,k1)
n1=1 (mod 2)

Proof. By (2.11), we obtain that A(n;,p) is multiplicative and when v > 2,

A(ng, p”) = 0.
Then
S(ni) = [T+ A(ni,p)). (3.2)
p>2
For p = 2, we have
1+ A(n;,2) =0,

if n; =0 (mod 2), and

1+ A(ni,2) = 2, (3.3)



GOLDBACH-LINNIK TYPE PROBLEMS WITH ONE PRIME SQUARE AND SIX PRIME CUBES 7

if n; =1 (mod 2).
For p € [3,200], with the aid of mathematical software, we compute miny<y,<p,(1 + A(n;,p)) and present the
following table.

1+ 1+ 1+ 1+

P A(ni, p) P A(ni,p) P A(ni, p) P A(ns,p)
p=3 >0.984375 p=43 >0.999084 | p =101 >0.999999 | p =163 | >0.999988
p=>5 >0.999755 p=47 >0.999999 | p =103 >0.999965 | p = 167 >0.999999
p="7 >(0.473958 p=2>53 >0.999999 | p =107 >0.999999 | p =173 >0.999999
p=11 >0.999999 p=>59 >0.999999 | p =109 >0.999968 | p =179 | >0.999999
p=13 >0.914591 p =61 >0.999823 | p =113 >0.999999 | p =181 >0.999994
p=17 >0.999999 p =067 >0.999807 | p =127 | >0.999963 | p =191 >0.999999
p=19 >0.994741 p="T1 >0.999999 | p =131 >0.999999 | p =193 >0.99999
p=23 >0.999999 p="73 >0.9999 p=137 >0.999999 | p =197 >0.999999
p=29 >0.999999 p="1T9 >0.999805 | p =139 >0.999967 | p =199 >0.999993
p=31 >0.998658 p=283 >0.999999 | p =149 >0.999999
p=37 >0.997606 p =289 >0.999999 | p =151 >0.999987
p=41 >0.999999 p=97 >0.999948 | p =157 | >0.999985

From the above table, we can find the fact that when p € [3,200], the values of 1 + A(n;,p) are very close to
1, except for when p = 3,7,13. In addition, we can obtain

(1+A(ni,5)(1+ A(ni, 11)) [ (1 + A(ni, p)) > 0.98894. (3.4)
p€[17,200]

For p > 200, we employ the estimate |C(a,q)| < (I —1),/p+ 1. If p=1 (mod 3), then

p—1
> [Ca(p,a)CS(p, a)
1+ A(’I’L“p) > 1- a=1

(p—1)7 (3.5)
o1 WPHDHEYD+1)
- (p—1)8 '
If p =2 (mod 3) and (a,p) = 1, then
S 1Ca(p.a)
L Afnip) 21— S 21 - (\p/ﬁ_ﬁ)lw (3.6)

where C3(a,q) = —1 is used. By (3.5) and (3.6), we further employ mathematical software to get

I a+amm= ]I (1(\/13+1)(2\/p+1)6)

—1)6
p€E(200,108) pE(200,108) (p )
p=1 (mod 3)
<l (1_\/;5+1) (3.7)
p€(200,108) (p— 1)6
p=2 (mod 3)

>0.99858,
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) 1 17

ni,p)) = -

p2Hw6(1 + A(ni, p)) pg[OG (1 = 1)2) (3.8)
> 0.99998.

From (3.4), (3.7) and (3.8), we have

(1+ A(n:,5)) (1 + A(ni, 11)) T (1 + A(ni, p)) > 0.98751 £ C. (3.9)
p>17

Let g =3 x 7 x 13 =273. By (3.2), (3.3) and (3.9), we get

n1€O(N1,k1) n1€O(Ny,k1) p=3.7, 13
n1=1 (mod 2) n1=1 (mod 2)
>2¢ > ] a+aep) Y L (3.10)
1<b<qp=3,7,13 n1€O(Ny,ky)

n1=1 (mod 2)
n1=b (mod q)

Let

S = > 1.

n1€O(Ny,k1)
n1=1 (mod 2)
n1=b (mod q)

We adopt an argument similar to that in Lemma 4.4 of [23] and get

5= (o O(”>kl 2

1<vy, o, <w(q)
2V14...42"F1=N;—b (mod q)

—_

where w(q) stands for the least positive integer w such that 2 =1 (mod q). Observing that

- (gon) B )

t=0

we get

R

o)\ "
L’fl 0<I?§a;{71 | ki—1
ol RSl B e +o(1p7),

\%
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where the function 6(t) is given by
12°%
0(t) = E e ( .
1<s<m(@ N 1

By the definition of w(q), we have

Therefore, we can get
S >3.663 x 1073LA".

From (3.10) and

> (L+Ab,p) =p+ > Alb,p) =p,

1<b<p 1<b<p
we have

> S(n1)>2x3.663 x 107°CqL* > 1.97501L}".

n1€0(N1,k1)
n1=1 (mod 2)

Remark 3.2. The numerical computations for the proof of this lemma were carried out in Python.

Proposition 3.3. Let Ry (Ny) be defined as in (2.8). We have

Ry(Ny) > 2.79713 x 103N LF,

Proof. We deduce from Lemmas 2.1, 2.2 and 3.1 that

1
Ri(N) > D S)I(m)
n1E€O(N1,k1)

n1=1 (mod 2)
1.97501 x 2.06491
- 1458

>92.79713 x 10~ N; LF.

ik
3 1
Ny Ly

Proposition 3.4. Let Ry(Ny) be defined as in (2.8). We have

4
Ry(Ny) < Nf L1,

(3.11)
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Proof. From the trivial bound G1(a1) < Ly, Holder’s inequality, (2.13), (2.14) and Lemma 2.3, we have

</>1 |f2(0f1)56(0¢1)|da1>é
* </o1 ISZ(al)TG(ozl)ldozl>é (/EIA 1da1>112

44 1
< NF T (meas(Ey ) 2 LM

L
2

Ry (N1) <L} (/01 |f4(a1)|da1> 1

4
<NpFLME

where we use the estimate
1
/ | [ ()| doy < N/, (3.12)
0

which is given in [24]. O
Proposition 3.5. Let R3(Ny) be defined as in (2.8) and A\ = 0.83372. We have
ok
R3(Ny) < 17.13706 A"~ Nj L.

Proof. By the definition of Eq, Holder’s inequality, (2.4), (2.15) and (2.16), we get

R (V) <) ( 1 |f4(a1)Gi*(a1)lda1>i (f 1 |s4<cn>T4<oq>oloq)i

<17.13706\ 1N b

Inserting Propositions 3.3, 3.4 and 3.5 into (2.8), we have

5 rki—1
R(N1) > Ry (N1) — R3(N1) + O (Nf Ly )
> (279713 x 1073 — 17.13706A" 1) N L.

Recalling that A = 0.83372, we can deduce that R (N;) > 0 provided that k; > 49, which completes the proof
of Theorem 1.1.

4. PROOF OF THEOREM 1.2

Lemma 4.1. Let O(Ny, ko) ={n; >2:n; = N, — 2Vt —2¥2 — ... — 22} with ko > 30. Then for Ny = N3 =1
(mod 2), we have

> S (n2) S (n3) > 3.9007Lk=.

n2€O(Na,k2)
n3€@(N3,k2)
ne=n3=1 (mod 2)
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Proof. The argument employed to establish this lemma runs parallel to that of Lemma 3.1. Setting q = 273, by
(3.2), (3.3) and (3.9), we get

Z S (’I’Lg) S (n3)
n2€O(Na,k2)
n3 €O (N3, k)
ne=n3=1 (mod 2)

> (20)° > (1+ A(nz,p)) (1+ A(n3,p))
na€O(Na,kz)  p=3,7,13 p=3,7,13
ngG@(Ng,kz)
na=nz=1 (mod 2)

>(20)° ) > (1+ A(na,p)) (1+ A(ng,p))
1<b<q  no€O(Na,kz) p=3,7,13 p=3,7,13
’I’LgE@(Ng,kg) (4.1)

na=n3=1 (mod 2)
n2=n3z=b (mod q)

> JI a+Aw®p) (14 A(b,p)) > 1

1<b<qp=3,7,13 p=3,7,13 n2€O(N2,k2)
n3€O(Ns,k2)

na=n3z=1 (mod 2)

n2=nz=b (mod q)

¥ > I a+Awp)? > 1.

1<b<q p=3,7,13 n2€O(Na2,k2)
n2=1 (mod 2)
na=b (mod q)

We infer from (3.11) that

> 1>3.663x107°L5.

n2€O(Na,k2)
n2=1 (mod 2)
n2=b (mod q)

From (4.1) and

> (1+Abp)=p+ >, A*bp)>p,

1<b<p 1<b<p

we have

> S (n2)S (n3) > 4 x 3.663 x 1073C2qLk2 > 3.9007L%2.
na€O(Na,ks)

n3€O(Ns,k2)
na=n3=1 (mod 2)

Proposition 4.2. Let Ry (Na, N3) be defined as in (2.9). We have

4 4
Ry(Na, N3) > 7.82401 x 10~ N Nj Lk2.



12 X. HAN

Proof. We deduce from Lemmas 2.1, 2.2 and 4.1 that

1
Ry (N2, N3) ZTE)SQ Z S(n2)S(n3)J(n2)J(ns)
no 6®(N2,k2)
’I’L3E@(N3,k)2)
_ 3:9007 x (2.06491)*

= 14582
_ 4 % K
>7.82401 x 107N N L5

44
3 3 2
N3Ny Ly

Proposition 4.3. Let Ry(Na, N3) be defined as in (2.9). We have
Ry(Na, N3) < Nj Nj Lk,
Proof. By (2.2) and (2.3), we obtain
> C{(az,a3) : az € >9,a3 € [0,1]} U {(a2,a3) : a2 € [0,1], 03 € >3} .

From the trivial bound Ga(as + a3) < La2, we have

Ry (Na, Ng) < Lk2 // - // | fa2)S? () T (az)

(a2,a3)€>2%[0,1] (a2,a3)€[0,1] X >3
Ga(az+a3z)|>AL2  |G2(az+az)|>AL2

x f(as)S3(a3) T (as)| dazdag (4.2)

~8 ([ 1% an) T ) 1) da

+f | a) @) (as) a(as)| das).

where

nen= [ (508 (@a)7as)| das,
(G (ot > AL
JQ(O&g) = / |f(a2)53(a2)T3(a2)|da2.

agE>2
|G2(az+as)|>AL2
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Combining Holder’s inequality, the estimates (2.13), (2.14), (3.12) together with the periodicity of Ga(as + a3),
we get

el

</>3 fz(ag)SG(a3)|da3> 3
X (/01 |52(a3)T6(a3)|da3>é / N

1

niaa) < ( [ 1 [ aa)ldas

—
o

azE>3 (43)
Ga(az+asz)|>AL2
13
<<N3%+T18+E / rdr |
F €las,14+as]
G2(F)|>AL2
where F = as + a3. By Hélder’s inequality, (1.7), (2.4), (2.15), (3.12), (4.3) and Lemma 2.3, we have
1
| 1#@2)8*(@2)T*(02) ()| da
’ 1 i 1 i
441 1 4.4
< ]\733+18+ (meas (EQA))IIZ (/ |f4(oz2)| d042> (/ |S4(a2)T4(a2)| da2> (44)
0 0
10722 4.
< NN
Following the same strategy, we can obtain
! 3 3 d4e 410722
/ ’f(()ég)s (Oég)T (Oég)JQ(CVg)| dO[3 <<A7\72‘5 NBJ . (45)
0
By (2.4), and inserting (4.4) and (4.5) into (4.2), we get
S AT 7 ha—1
Ry (N2, N3) < N3 NJ Ly?™ .
O

Proposition 4.4. Let R3(Ny, N3) be defined as in (2.9) and A = 0.83372. We have

ko—T ATS A7 3 1k
Rg(N2,N3) < 1.22976A"27 ' NS NJ L5y*.
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Proof. By the definition of Eqy, Holder’s inequality and (2.15), we get

I

R;), (Ng, Ng) S()\Lg)kz_7 // ’f4(a2)f4(a3)G§8(0z2 + Oég)! dOéQdCtg,

(2,a3)€[0,1]2

X // |S4(a2)T4(a2)S4(a3)T4(a3)’ dOéQdO[g
(a2,a3)€[0,1]2

4 4
<1.22976\*2" TN N2 L5,
where we use the estimate
| £ (a2) f*(03) G353 (02 + a3)| daadag < 3.83 x 10° Na N3 L3® + O(N2 N3 L39),
(aa,x3)€[0,1]2
which is given in Lemma 2.5 of [25]. O
Inserting Propositions 4.2, 4.3 and 4.4 into (2.9), we have
4 4 g
R(Na, N3) > Ry (N2, N3) — R3(N2, N3) + O (]\[23]\[331/2€2 1)
> (7.82401 x 10~° — 1.22976)\F~7) Ny N§ L2,

Recalling that A = 0.83372, we can deduce that R (Ny, N3) > 0 provided that ko > 73, which establishes the
proof of Theorem 1.2.
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