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ON LOCAL LIMIT THEOREMS FOR ¢-MULTINOMIAL
DISTRIBUTIONS

MAIVINA VAMVAKARI®

Abstract. In this work, we establish local limit theorems for g- multinomial distributions of the
first and second kind and of their discrete limits multiple Heine and multiple Euler distributions
respectively. Specifically, the pointwise convergence of the g-multinomial distribution of the first kind,
as well as for its discrete limit, the multiple Heine distribution, to a multivariate Stieltjes—Wigert type
distribution, are provided. Moreover, the pointwise convergence of the g-multinomial distribution of
the second kind, as well as for its discrete limit, the multiple Euler distribution, to a multivariate
deformed Gaussian distribution, are proved. Interesting applications of the asymptotic behaviour of
g-multinomials distributions of the two kinds are presented.

Mathematics Subject Classification. 60C05, 05A30.

Received March 12, 2025. Accepted June 26, 2025.

1. INTRODUCTION

Recently, Vamvakari [1] introduced multivariate discrete g-distributions. Specifically, she derived a multivari-
ate absorption distribution as a conditional distribution of a Heine process at a finite sequence of g-points in
a time interval which had been defined by Kyriakoussis and Vamvakari [2]. Also, she deduced a multivariate
g-hypergeometric distribution, as a conditional distribution of the multivariate absorption distribution.

Afterwards, Charalambides [3-5] introduced in detail g-multinomial, negative g-multinomial, multivariate g-
Pélya and inverse ¢-Pdlya distributions and also examined their limiting discrete distributions. Analytically, he
considered a stochastic model of a sequence of independent Bernoulli trials with chain-composite successes (or
failures), where the odds of success of a certain kind at a trial is assumed to vary geometrically, with rate ¢, with
the number of previous trials and introduced the g-multinomial and negative g-multinomial distributions of the
first kind as well as their discrete limit, multivariate Heine distribution. Also, he considered a stochastic model
of a sequence of independent Bernoulli trials with chain-composite successes (or failures), where the probability
of success of a certain kind at a trial varies geometrically, with rate ¢, with the number of previous successes
and introduced the g-multinomial and negative g-multinomial distributions of the second kind as well as their
discrete limit, multivariate Euler distribution.

Kyriakoussis and Vamvakari [6-8] studied the continuous limiting behaviour of the univariate discrete
g-distributions. Analytically, they established the pointwise convergence of the g-binomial and the negative
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g-binomial distributions of the first kind, as well as of the Heine distribution, to a deformed Stieltjes—Wigert
continuous one. Moreover, they proved the pointwise convergence of the g-binomial and the negative g-binomial
distributions of the second kind, as well as of the Euler distribution, to a deformed Gaussian one.

Vamvakari [9] initiated the study of continuous limiting behaviour of multivariate discrete g-distributions
inspired by the limiting behaviour of the univariate ones. Specifically, she studied the asymptotic behavior
of the univariate, bivariate and multivariate absorption discrete g-distributions. The pointwise convergence of
the univariate absorption distribution to a deformed Gaussian one and that of the bivariate and multivariate
absorption distribution to a bivariate and multivariate deformed Gaussian ones, have been provided.

The aim of this work is to study further the continuous limiting behaviour of multivariate discrete g-
distributions. Local limit theorems for g- multinomial distributions of the first and second kind and of their
discrete limits multiple Heine and multiple Euler distributions respectively are studied. Specifically, the point-
wise convergence of the g-multinomial distribution of the first kind, as well as for its discrete limit, the multiple
Heine distribution, to a multivariate Stieltjes—Wigert type distribution, are proved. Moreover, the pointwise
convergence of the g-multinomial distribution of the second kind, as well as for its discrete limit, the multiple
Euler distribution, to a multivariate deformed Gaussian distribution, are proved. Interesting applications of the
asymptotic behaviour of g-multinomial distributions of the two kinds are presented.

2. PRELIMINARIES

Charalambides [10], had studied in details the g-binomial distribution of the first kind and its discrete limit,
the Heine distribution with probability functions (p.f.) given respectively by

HOE (’;) Do [[a+08", 2=01, . (2.1)
q j=1

where § > 0 and 0 < ¢ < 1 and

ff(:c):eq(—)\)q;;/\'%7 r=0,1,2,..., 0<¢g<1, 0< A< o0, (2.2)
where
_ (1—q)"2" = 2" 1 B
“al?) = (@ _nzzo[nlq' (T 23)
and
n k . ot
ot = 02l = T] =t = a2 0<q<t, o= =2 (2.4
k=1

Charalambides [10], had also studied in details, the g-binomial distribution of the second kind with probability
function and its discrete limit Fuler distribution with probability functions given respectively by

BS n :nn - j—1
—_— 0 1 - 0 ] —_ 1 DR 2~
X (,I) <x>q I | ( q )a X 0, s , 1, ( 5)

j=1
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where 0 < <land 0 <g<1lorl<q<oowithfg" ! <1 and

)\w
fE(x) = Eq(—)\)W, r=0,1,2,...,0<q¢<1,0<\1—-¢q) <1, (2.6)
N
where
Z Z (1-9)z @), |2l <1 (2.7)
n=0 =

Kyriakoussis and Vamvakari [6, 7] proved local limit theorems among others for the g-binomial distribution of
the first kind and Heine distribution for constant ¢, by using pointwise convergence in a “g-analogous sense”
of the classical de Moivre-Laplace limit theorem. Specifically for the needs of their study they established a
g-Stirling formula for n — oo of the g-factorial of order n, defined by relation (2.4). Analytically, for 0 < g < 1
constant, it was proved that,

Voen =g aBe Pl .
(qlogg=1)1/2 H;’;l(l T (g —1)g 1) (1 +0(n )) . (2.8)

[n]y! =

Next, the pointwise convergence of the g-binomial distribution of the first kind to a deformed continuous
Stieltjes—Wigert distribution was established. The continuous Stieltjes—Wigert distribution has probability
density function
1/8 (log w)2
ol () = e T, w >0, (2.9)

V2rlogg—tw

with mean value °" = ¢! and standard deviation o5V = ¢=3/2(1 — ¢)/2.

Transferred from the random variable X of the ¢-binomial distribution (2.1) to the equal-distributed deformed
random variable Y = [X]; , and for n — oo, the ¢-Binomial distribution of the first kind was approximated by
a deformed standardized continuous Stieltjes—Wigert distribution as follows:

—7/8 —1\ /2 -1/2
o q log ¢ _ [€]1/q — 1 _ N
fR(z) = ( 8 ) (q 3/2(1—q)1/271/§ 144 1) q "
q

O'q(27T)1/2 -1
eXP( log ( 3/2(1—61)1/2m+q1>), x>0, (2.10)
9q
where 6 = 6, for n =0,1,2,..., such that 8, = ¢7*" with 0 < a < 1 constant and p, and 02 the mean value

and variance of the random variable Y, respectively. A similar asymptotic result has been provided for the Heine
distribution when A — oc.

Kyriakoussis and Vamvakari [8], had moreover established the pointwise convergence of the ¢g-binomial distri-
bution of the second kind and of its discrete limit, the Euler distribution to a deformed Gaussian one. Note that,
for the needs of their study, they have considered ¢ := ¢(n) as a sequence in n with g(n) — 1 as n — co. They
have studied the effect of this assumption on the ¢(n)-analogue of the Stirling-type and derived the following
asymptotic formula

—1/8(on(1 — 1/2 q(g)q—n/2[n];h;1/2
: (¢ iog ((]1)1(]/)2) H?’;l(l + (¢~ _/1)qj71) (14+0(¢"(1—4q))), (2.11)

where ¢ = ¢(n) with ¢(n) — 1 as n — oo and ¢(n)" = Q(1).

[n]g! =
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Then, they considered the g-binomial distribution of the second kind with probability function given by (2.5)
and they transfer to the equal-distributed deformed random variable [X],. Applying suitably the ¢-Stirling type
(2.11), for n — oo, they obtained that the g-Binomial distribution of the second kind was approximated by a
deformed standardized Gaussian distribution as follows:

2
(logg—")'/? L 1=a \'"* [l —n
— 4" —= e >0 2.12
oq(2m(1 — q)'/? R log gt o = (212)

where 6 = 60,, = (1 — )%, 0 < a <1, ¢ = g(n) with ¢(n) — 1, as n — oo, and g(n)" = Q(1), and y, and o, the
mean value and the variance of the random variable [X],, given respectively by

1

fx(z)

pg =E([X]g) = [n]g0 and (09)* =V ([X]g) = [n]gf (1 -0 (1—¢"7")). (2.13)

Similar asymptotic results, have been provided in [8] for the negative ¢-Binomial distribution of the second kind
as well as for their discrete limit, the Euler distribution.

3. MAIN RESULTS

3.1. On a local limit theorem for g-multinomial distribution of the first kind

Let X; be the number of successes of a jth kind in a sequence of n independent Bernoulli trials with chain
composite failures, where the probability of success of the jth kind at the ith trial is given by

ejqi—l

p];ZZW’O<9J<OO7J:1?2772217277O<q<1 or 1<q<OO

Then the joint probability function of the random vector X = (X7, Xo, ..., Xx) is given by

ff(x17x2,...7xk) :P(X1 :.Tl,XQ :LC27...,Xk :{L'k)

k @i o (F)
( ) )H S/ L (3.1)
T1,T2, ..., Tk, 1571+ 0;401)

j=11li=1

z; =0,1,2,...,n, 2?21%‘ <n,s;=7_ a3, 0<6;<1,j=1,2,...,k and 0 < g<1lorl<gq< oo This
discrete ¢-distribution is known as a g-multinomial distribution (see Charalambides [3]).

The discrete limit of the joint p.f. of the g-multinomial distribution of the 1st kind, as n — oo, is the joint
p.f. of the multiple Heine distribution,

e

Jim ( " > ﬁ 05
n=o0 \T1, T2, ., Tk ) H’?_Sﬂfl(l_kgjqifl)

j=111li=1

M10_0[(1Jr)\j(l—q),q"‘l)_1 (3.2)

j=1 [‘TJ]Q' i=1

z;=0,1,2,..., A\; >0,0<¢g<1, \;=6;/(1—q), j=1,2,...,k (see Charalambides [3]).
Next we will study on the asymptotic behaviour of the g-multinomial distribution with joint p.f. (3.1).
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The marginal probability function of the random variable X7, is distributed according to the g-binomial of
the 1st kind with probability function

5 (o) <n> 671¢(3) 019 (33)
le T1) = T qH?:1(1+91qi71)7 Ty =U, 1L, 4,...,N. .
The mean and the variance of the deformed variable [X],,, are given by
=E (X = b
HiXilig = ([ 1]1/q) - [n]qm
and (3.4)
(U[Xl]l/q)2 =V ([Xl]l/q)
1—q, 01 01
= +
¢ T e e 0 T T g (1 1 i)

respectively.
The conditional random variables X5|X1, X5|(X1, X2), ..., Xk|(X1,..., Xk—1) are distributed according to
univariate g-binomial distributions of the 1st kind with probability functions

B —
ka|(X1 ,,,,, inl)(xk|1'17x2,...7xk71) = ( Tr H*ngllmy )

n- i ") o)
N O (1+0kg~1)

k—1
xk:O,l,...,n—Zacj,k;ZQ. (3.5)
j=1

Note that the joint probability (3.1) of the random vector X = (X7, Xo,..., X), in terms of (3.3) and (3.5),
can be written as

k
fR@1m, - mn) = [ (@) [T R o, o @5l 22, ). (3.6)
j=2
The conditional mean and conditional variance of the deformed variables [X];/, given X1 = x1,..., X;_1 =

ZTj—1,3=2,...,k, k> 2,are given respectively by

B ol (XX 0) = B (X1l (X, X)) = [n = Sjl]qujqij_sjl_l
and (3.7)
U[ij]l/q|(xl,.i.,xj,1) =V ([[Xj]l/q|(X1a e 7Xj—1))
_1—gq 9?

p— . 2
[n S]—l]q(l_’_ejqnfsj_lfl)Q(]__’_ejqn*Sj—l*Q)

0;
(1+0;qsi-171)(1 + 0;q75-172)’

q

+n —sj-1lq

where s;_1 = 23;11 T, j=2,...,k, k> 2.1t should be noted that the conditional g-means, p[x,],|(x;,....x; 1)
3<j <k, k>3, can be interpreted as g-regression hyperplanes.
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Let us now consider the deformed random variables
(Xjligd=1,....k k>1
and the g-standardized random variables

[th/q ~ H(X1)1y4 7= [Xj]l/q ~ PXGl e (X X 1) L j=2,... .k k>3,

O[X1]q O1X;]1/q! (X150, X51)

7y =

With f1x,), ), 501X1]1, A LX) 0 (XX 21)s O(XG ]l (XX, _y) 8iven by (3.4) and (3.7), respectively.

Then, we use formula (3.6), describing the fact that the joint probability function of the g-multinomial
distribution of the first kind is expressed as a product of probability functions of g-binomial distributions of the
first kind. We proceed the study of the asymptotic behaviour of g-multinomial distribution of the first kind, by
applying similar pointwise techniques, to the joint probability function (3.1) and to the probability functions
(3.3) and (3.5), as in [6] and [8], and we obtain the following local limit theorem.

Theorem 3.1. Let §; =0, = ¢~*"™ with 0 < a; <1, j =1,2,...,k constants and 0 < g < 1. Then, for
n — 0o, the g-multinomial distribution of the first kind is approzimated by a deformed multivariate standardized
continuous Stieltjes—Wigert distribution distribution as follows:

k
q77/8(10gq71)1/2 ) q o1
1/2 -1 __ 1/2 k
CmYV2a =DV ) ox), . T2 01X 11X X 1)

—3/2 1/2 [z1]1/q — HiX1]14 —1 o
| q (1 - Q) — +¢q

O1X1l1q

— q j JREEEE) j—1 —
. | | (q 3/2(1 q)1/2 [ Jjl1/aq J q 1)
j=2

Xili/gl(X1,,X5-1)

1 2 (1— (])1/2 [z1]1/q — HiX1l1/q -1
exp log +4q
<2logq ( ( ¢*? T1X1l1/q

1 zk:lo 2 (1 - Q)1/2 [xj]l/q - N’[Xj]l/q\(xl ~~~~~ Xj-1) n _1
p 21 g 3/2 _ _ q )
ogq = q O[X;]1 /(X150 X5 -1)

ff(m17m27"'7xk:) g (

.....

2;>0,j=1,2,... kk>2, (3.8)
where PIX1]1 g and 0[2 Xl )y given in (3.4), are the mean value and the variance of the random variable [X1]1/q,
while PUX 501 gl (X1 X 21) and 0[ X1l (X0 X5 1) given in (3.7), are the conditional mean values and the

o X1y _

conditional variances of the random variables [Xj]l/q given X1 =x1,..., X1 =21, j=2,...,k, k>2.

Remark 3.2. Asymptotic Behaviour of Multiple Heine Distribution. Let X = (X1,..., X)) be a random vector
that follows the multiple Heine distribution, defined in (3.2). Then the joint p.f. the multiple Heine distribution
is given by

”: j o]

k
fR (@0, ) = H H (1+X(1—qqg )7,
j:

where z; =0,1,2,..., A\; >0,0<qg<1, \;=0;/1—-¢q), j=1,2,...,k, k>2.
Since the random variables X;, j = 1,2,...,k, k > 2, are independent, we easily derive that, for \; —
o0, 7 =1,2,...,k, the multiple Heine distribution is approximated by a deformed multivariate standardized
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continuous Stieltjes—Wigert distribution as follows:

k
- ( g~ "(logg™)""” > g~ Ei=1 %

f§($1,$2,...7$k) = (2 )1/2( -1 __ 1)1/2 k
T q Hj:l T1X;5]1/q

: (23110~ o
'II<4W%1@“2]1” ””””+ql>
j=1

91X;5l1/4
k
1 5 (1= )2 [il1yq — 1ix,04
exp log ,

<2logq (; q3/? OX11 /4

2;>0,j=1,....kk>?2, (3.9)
where HiXhg = A; and U[QXj]l/q =XNg ' 1—=¢q)+ A, 5 =1,2,...,k, are respectively the mean values and the
variances of the random variables [X;],/4, j=1,2,... k.

Remark 3.3. Asymptotic Behaviour of q-Trinomial Distribution of the 1st Kind. Let (X1, X3) be a discrete
bivariate random variable that follows the g-trinomial distribution of the first kind, defined in (3.1) with k = 2.
Then the joint probability function of the g-trinomial distribution of the first kind is given by

f)%,XQ(l”l,@) =P (X, =x1,X3 = x2)
£2

1922 o (F)+(F)
:<TL> e - (3.10)
1,22/ ¢ [ (T + 601 1) = ' (1 + 02g" 1)

z;=0,1,2,...,n,7=1,2, 21 +22<n,0< 0,0 <land 0 <g<lorl<gqg<oo.
The mean and the variance of the deformed variable [X];,, are given by

01
tixyy,, = E(Xilyg) = [n]qm

and (3.11)
1—¢q 02
2 X _ 2 1
(U[th/q) + ([ 1]1/11) q [n]q (1 ¥+ 91Q"71)2(1 ¥ 91(]”72)
01
(14 614" N)(1+ 61g72)

+ [nq

respectively.
The conditional random variable X5| X7, is distributed according to the univariate g-binomial of the 1st kind
with probability function

p 2
n — I 0§2q(2)
e To|x ( > — —, 22=0,1,2,...,n— 2.

X 1x, (v2l) w2 ) IS (L4 0ag1) 7 '

The conditional mean and conditional variance of the deformed variable [Xs]; /4 given X; = 1, are given by
02
9] 4 fogqn—u1-1"
and (3.12)
2
(J[th/q‘xl)Q =V ([XQ]l/q|X1) B %[n - I1](21 (1+ 92(]"_”“'1_1;2(1 + Ogqn "1 72)
2
5 0o (11 g 22)

1) 01%: = B ([Xal1/g] X1) = [0 — 24]

+[n - xl]‘](

respectively.
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Suppose that 01 = 01, = ¢~*" and 0y = 0> ,, = ¢~ **" with 0 < a1, a2 < 1 constants and 0 < ¢ < 1. Then,
for n — oo, the g¢-trinomial distribution of the first kind from theorem 3.1, is approximated by a deformed
standardized bivariate continuous Stieltjes—Wigert distribution as follows:
q_7/410gq_1

2m(q " = 1)0(x,], ,, 01Xl 41X

211 /g — —1/2
) q73/2(17q)1/2 111/q “[X1]1/q+q—1
O1X1]1q

[ } _ —-1/2
. (q—3/2(1 i q)l/z T2]q = P[X2]y/q]X1 +q_1>

O1X2]1/q|X1

X1 — K
exp 1 log2 (]73/2(1 _ q)1/2 [z1]1/4 [X1]1/4 + qfl
2logq O1X1l1 4

1 _ Tolg = HXaly X0
exp | 5——log’ | ¢ 3/2(1—q)1/2[ bi — fxalugg +q ),
2loggq T[Xal1 41X

x1, x2 2 0, (3.13)

f)?l,Xg(xlvx2) I~ q—(21+12)

where yi[x,), , and U[2X1]1/ , given in (3.11), are the mean value and the variance of the random variable [X1]; /4
q

while IIXa]1 01X and U[QXQ]l/q\le given in (3.12), are the conditional mean value and the conditional variance of

the random variable [Xs],/, given X; = 2.

An interesting application of Theorem 3.1, regarding the asymptotic behaviour of the g-multinomial
distribution of the 1st kind is presented in the following example.

Example 3.4. Asymptotic Behaviour of Proofreading a Manuscript with Heine-Distributed Random Number
of Errors. Consider a manuscript of k chapters and suppose that the number M; of typographical errors in
chapter c; is a random variable obeying a Heine distribution with parameters A; and g, for j = 1,2,... k.
Furthermore, suppose that the random variables M;, Ms, ..., M), are independent. Let Y; be the number of
successes of jth kind, for j = 1,2,... k, in a sequence of n scans (readings) of the manuscript. Then the joint
probability function of the random vector Y = (Y1,Ys,...,Y%) obeys a g-multinomial distribution of the 1st
kind with parameters 6; = X\;j(1 — ¢q), 0 < ¢ < 1 (see Charalambides [5]).

Suppose that A; = A;,, then according to the local limit Theorem 3.1, the joint probability function of
the random vector ) = (Y1,Ys,...,Y%), for 6, =60, , =¢ " with 0 < a; <1,j=1,2,...,k 0<¢g<1and
for n — oo, is approximated by a deformed multivariate standardized continuous Stieltjes—Wigert distribution,
given in (3.8).

Note that the joint probability function of the random vector M = (Mjy,..., M) obeys a multiple Heine
distribution with parameters A;, j = 1,2,..., k. According to Remark 3.2, the joint probability function of the
random vector M = (M, ..., My) for A\; — oo, j = 1,2,...,k, is approximated by a deformed multivariate
standardized continuous Stieltjes—Wigert distribution, given in (3.9).

3.2. On a local limit theorem for g-multinomial distribution of the second kind

Let X; be the number of failures of a jth kind in a sequence of n independent Bernoulli trials with chain
composite failures, where the conditional probability of success of the jth kind at any trial, given that ¢ — 1
successes of the jth kind occur in the previous trials, is given by,

pii=1-0;¢"1,0<0;<1,j=1,2....ki=12,...,0<qg<1 or 1<gq<oo.

The distribution of the random vectorX = (X1, Xa,...,X) is called g-multinomial distribution of the second
kind, with parameters n, (01,6s,...,60x), and ¢ (see Charalambides [3]).
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The joint probability function of the random vector X = (X;, Xo, ..., X}) is given by

f}gs(zl,zg,...,azk) ZP(X1 Z.Il,XQ :zg,...,Xk :xk)

k n—y;
n . .
= | |9?”-7 1—0,4" 3.14
(xl,xz,---,:vk>qj_1J i|:|1( iq" ) (3.14)

z; =0,1,2,...,n, with Zlexj <n, where y; =>7 2, 0<6;<1,j=1,2,...,k,and0<g<lorl<
g <ooand 0<6; <qg (" (see Charalambides [3]).

The discrete limit of the joint p.f. of the g-multinomial distribution of the 2nd kind, as n — oo, is the joint
p.f. of the multiple Euler distribution,

k n—y; k T
n . . s
lim 07 1-0¢ H=||E,(—x) L, 3.15
W(xnl] [T a0 =TTRC (3.15)
z;=0,1,2,..., 0< X <1/(1—¢q),0<¢g<1with \; =6;/(1—¢q), j=1,2,...,k, k> 2 (see Charalambides
[3])-
Next we will study the asymptotic behaviour of the g-multinomial distribution of the second kind with joint
p.f. (3.14).

The marginal probability function of the random variable X7, is distributed according to the g-binomial of
the 2nd kind with probability function

n—ry
FRE (21) = <n> o7 T] - 617", 21 =0,1,2,....n. (3.16)
1/ ¢ i=1

The mean and the variance of the deformed variable [X;], are given respectively by

pixa, = E([Xal) = [n]461
and (3.17)

(U[Xl]q)2 =V ([Xi]q) = [nq01 (1 —0:(1 — qn71)) ]

The conditional random variables Xs| X7, X3|(X1, X2),..., Xk|(X1,..., Xk—1) are distributed according to
univariate g-binomial distributions of the 2nd kind with probability functions

n Zk—l T niz.l;zl Zj
BS _ - =17 T i—1
kal(Xl),,.’Xk_1)<ka|x17'~-’-/Ek7].) - ( xi >q9kk ];Il (1_6kq7’ )
k—1
mk:O,l,...,n—Zajj,kEZ. (3.18)
j=1

Note that the joint probability (3.14) of the random vector X = (X7, Xs,..., X}) in terms of (3.16) and
(3.18), can be written as

k
ffs(.fhﬂjg, s ,l’k) = f)?ls(zl) H f)?ﬁ(Xl,.“,Xj,l)(zj‘xlv‘r27 s 7$j—1)' (319)
j=2
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The conditional mean and conditional variance of the deformed variables [X];/, given X; = x1,..., X;_ 1 =
ZTj—1,5=2,...,k, k> 2, are given respectively by
k—1
BEX L (XX = B (Xl (X1, X 21)) = [n =) b
j=1

and (3.20)
U[ij]q\(xl,...,xj,l) =V ([Xjlol(Xa, ..., Xj-1))

k—1
=[n—>_wlb (1 —0;(1— " ‘Tj)) :
j=1
It should be noted that the conditional g-means, pix ;) |(x,,...x;_1)» 3 < J <k, k > 3, can be interpreted as

g-regression hyperplanes.
Let us now consider the deformed random variables

(Xl d=1,...k, k>1
and the g-standardized random variables

X _ .
gz = Bl i, =) G2k k23,

I1X1]q O1X)ql( X1, X5 1)

with M[Xl]q’o-[xl]q and ,U[Xj]q|(X1,...7Xj,1)7 O.[Xj]ql(Xl,n.,Xjfl) given by (3.17) and (3.20), respectively.

Then, we use formula (3.19), describing the fact that the joint probability function of the g-multinomial
distribution of the second kind is expressed as a product of probability functions of g-binomial distributions of
the second kind. We proceed the study of the asymptotic behaviour of ¢g-multinomial distribution of the second
kind, by applying similar pointwise techniques to the joint probability function (3.14) and to the probability
functions (3.16) and (3.18), as in [6], [8] and [9], and we obtain the following local limit theorem.

Theorem 3.5. Let §; =60,, = (1—q¢)%, 0<a; <1, j =12, ¢ =gq(n) with ¢g(n) - 1, as n — oo, and
q(n)™ = Q(1). Then, for n — oo, the g-multinomial distribution of the second kind is approzimated by a deformed
multivariate standardized Gaussian distribution as follows

1 E§:1 L

BS ~ (_logg” o q
fX (I17I27"'7$k): —
2m(g~t = 1) oxa, [, 0
(Xalq Llj=2 91x;141 (X1, X5 1)

) _ 2
cexp [ — 1—g¢q ([x!]qﬂ[X1]q)2+ - ([x]]q M[Xj]q‘(xl """ le))
2logg! I1X1]q = T1X1g1( X100 X5 —1)

2;>0,7=1,2... kk>2, (3.21)

where pix,), and U[le]q, gwen in (3.17), are the mean value and the variance of the random variable [ X1]q, while
X0l (X1, X, q) GNA O.[QXj]ql(le-~7Xj—1)7 given in (3.20), are the conditional mean values and the conditional

variances of the random variables [ X, given X1 =x1,..., X;o1 =21, j=2,...k, k> 2.

Remark 3.6. Asymptotic Behaviour of Multiple Fuler Distribution. Let X = (X1,...,Xx) be a random vec-
tor that follows the multiple Euler distribution, defined in (3.15). Then the joint p.f. of the multiple Euler
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distribution is given by

A

k
ff(xl,xg,...mk) :P(X1 :xl,Xg :(EQ,...,Xk :xk) = HEq(_)\j)[x] 1
Jlg-

Jj=1

(3.22)

where 2; =0,1,2,..., 0< \; <1/(1—¢q),0<q¢<1, j=1,2,...k k>2.

Let ¢ := g(min()\;)) with 1 —1/X; < ¢ <1, j =1,2,...,k. Then from the independencies of the random
variables X;, j=1,2,...,k, k> 2, , we easily derive that, for \; = oo with \;(1 —¢q) = 1, j =1,2,...,k, the
multiple Euler distribution is approximated by a deformed multivariate standardized Gaussian distribution as
follows:

log q_l k/2 qE,;:l Ti
1)

ff(xhxz,m,fﬂk)%( — %
27(((] t— Hj:l U[Xj]q

1—gq Y gl — iy, \
o | —g S (D :

j=1 U[X.7]q
2;>20,7=1,2,...,k,k>2 (3.23)
where p[x,), and (O’[Xj]q)2 are the mean values and the variances of the random variables [X,]q, 7 =1,2,...,k,

given respectively by
pix;), = E([Xjlg) = A
and (3.24)
(01x,1,)° = V ([X5]q) = X (1= X (1 —q)).
Remark 3.7. Asymptotic Behaviour of q-Trinomial Distribution of the Second Kind. Let (Xi1,X5) be a

discrete bivariate random variable that follows the g-trinomial distribution of the second kind, defined in (3.14)
with k£ = 2. Then the joint probability function of the g-trinomial distribution of the second kind is given by

[R5, (w1, w2) = P (X1 =21, Xo = 25)

n—ry nN—r1—=I2
n . .
— (:m xz) 071052 [T 1 =610 ] (1—624"1) (3.25)
’ q =1 1=1

r;=0,1,2,...,n,j=1,2, 21 +29<n,0< 0,0 <land0<g<lorl<g<ooand0<6; <q "V,
The marginal probability function of the random variable X7, is distributed according to the g-binomial of
the 2nd kind with probability function

n—ry

BS n z i—1
= ! I | 1-— =0,1,2,...,n.
le (.’171) (:C1>q91 ( elq )? x1 07 ) &y N

i=1
The mean and the variance of the deformed variable [X;], are given by

1ix,], = £ ([X1lg) = [nlgbh
and (3.26)
(01x11,)° =V ([(X1]g) = [n]gbr (1 =01 (1 —¢" 7))

respectively.
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The conditional random variable X5| X}, is distributed according to the univariate g-binomial of the 2nd kind
with probability function

n—ri—r2

BS n—r z i
f&xxuuﬂz( 2y )9; II (1+462¢"7Y), 22=0,1,2,...,n— 1.

q =1

The conditional mean and conditional variance of the deformed variable [X5], given X; = x1, are given by

HiXalq| X1 = E([XQ]qul) = [Tl - $1]q92,
and (3.27)
(O1xa1,1x:)° =V ([X2]g|X1) = [n — m1]gb (1= 61 (L—g" " 71))

respectively.

Suppose that §; =0, = (1—¢)%,0<a; <1,j=1,2,¢9 = g(n) with ¢(n) = 1, as n — oo, and g(n)” = Q(1).
Then, for n — oo, the g-trinomial of the second kind from the local limit theorem 2, is approximated by a
deformed standardized bivariate Gaussian distribution as follows:

=~ log g™ o

27(1 = q)0(x,],0(X2],1 X%

2 2
exp 1—gq <[$1]q — u[xl]q> N ([@]q = I[Xa], | X, )
2loggq o1x4], T[Xs],1X: ’

X1,T2 Z 07 (328)

thXz (%1,3’52)

where the mean j[x,), and the variance (o[x,),)* are given in (3.26), while the conditional mean p[x,],|x, and
the conditional variance (07x,],|x,)* are given in (3.27).

Example 3.8. Asymptotic Behaviour of Proofreading a Manuscript with Fuler-Distributed Random Number of
Errors. An alternative option of the Example 3.4 of proofreading a manuscript, is by assuming that the random
number M; of the typographical errors in chapter c;, obeys an Euler distribution with parameters A; and g, for
Jj=1,2,..., k. Suppose that the random variables My, M>, ..., M}, are independent. Let Y; be the number of
successes of jth kind, for j = 1,2,... k, in a sequence of n scans (readings) of the manuscript. Then the joint
probability function of the random vector Y = (Y7,Ys,...,Y:), obeys a ¢g-multinomial distribution of the 2nd
kind with parameters 6; = X\;(1 —¢), 0 < ¢ <1 and 0 < 8; < 1. (see Charalambides [5]).

Suppose that A; = A ., then according to the local limit Theorem 3.5, the joint probability function of the
random vector Y = (Y1,Ya,...,Yy), for 6, =60;,, = (1 —¢)* with0 < a; <1, j=1,2,...,k and ¢ = ¢(n) with
qg(n) = 1, as n — oo, and g(n)™ = Q(1), is approximated, for n — co, by a deformed multivariate standardized
Gaussian distribution, given in (3.21).

Note that the joint probability function of the random vector M = (Mj, ..., M}) obeys a multiple Euler
distribution with parameters A;, j = 1,2,...,k. According to Remark 3.7, the joint probability function of
the random vector M = (M, ..., My), for ¢ := g(min(};)) with 1 —1/X\; < ¢ <1, j =1,2,...,k and for
Aj —moowith\j(1—q) —1,j=1,2,...,k,\; &> 00,j=1,2,...,k, is approximated by a deformed multivariate
standardized Gaussian distribution, given in (3.23.)

4. CONCLUDING REMARKS — FURTHER STUDY

The aim of this work was to study the continuous limiting behaviour of multivariate discrete g-distributions
inspired by the limiting behaviour of the univariate ones. Local limit theorems for g-multinomial distributions of
the first and second kind and of their discrete limits multiple Heine and multiple Euler distributions respectively
were studied. Specifically, the pointwise convergence of the g-multinomial distribution of the first kind, as well
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as for its discrete limit, the multiple Heine distribution, to a multivariate Stieltjes—-Wigert type distribution,
were proved. Moreover, the pointwise convergence of the g-multinomial distribution of the second kind, as well
as for its discrete limit, the multiple Euler distribution, to a multivariate deformed Gaussian distribution, were
derived. Interesting applications of the asymptotic behaviour of g-multinomials distributions of the two kinds
were presented.

An intriguing question that arises from this study is whether it is possible to develop a unified framework
for analyzing the asymptotic behavior of both univariate and multivariate discrete g¢-distributions without the
need to prove local limit theorems separately for each g-distribution. Establishing such a general approach could
provide deeper insights and more efficient methods for studying discrete g-probabilistic models
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