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QUORUM COLORINGS OF MAXIMUM CARDINALITY IN LINEAR
TIME FOR A SUBCLASS OF PERFECT TREES

RAFIK SAHBIM*®, WISSAM BOUMALHA? AND ASMAA ISSAD?

Abstract. A partition m = {V1,Va,..., Vi } of the vertex set V of a graph G into k color classes V;,
with 1 <¢ < k is called a quorum coloring of G if for every vertex v € V, at least half of the vertices
in the closed neighborhood Nv] of v have the same color as v. The maximum cardinality of a quorum
coloring of G is called the quorum coloring number of G and is denoted by 14(G). A quorum coloring
of G of order ¥4(G) is a Yq-coloring of G. In this paper, we design a linear-time algorithm for finding
both a t4-coloring and the quorum coloring number for every perfect tree whose the vertices of the
same level have the same degree.
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1. INTRODUCTION

Quorum colorings in graphs [1] have several real-word applications such that, among others, data clustering
problems consisting of partition a dataset into classes of data so that every data have more similarities with
data of inside its class than with those that are outside (c¢f. [2-5]). To better understand formally this model
related to graph coloring, we begin by recalling, in what follows, some standard definitions and notations of
graph theory.

1.1. Definitions and notations

All the graphs of this paper are simple, that is, they are finite, undirected and have neither loops nor multiple
edges.

Let G = (V, E) be a graph. The order of G is denoted by n.The induced subgraph of G by a subset S of V
is denoted by G[S]. For every vertex v € V, the open neighborhood Ng(v) is the set {u € V(G) : uv € E(G)}
and the closed neighborhood of v is the set Ng[v] = Ng(v) U {v}. The degree of a vertex v € V(G) in G is
|NG(v)|. A vertex of degree zero in G is an isolated vertex of G and a vertex of degree one in G is a leaf or
a pendent vertex of G. The set of leaves of G is denoted by L(G), or simply L when G is unambiguous. The
maximum and minimum vertex degrees in G are respectively denoted by A(G) and §(G). More generally for a
vertex v € V' and a subset S C V, the open and closed neighborhoods of v in S are respectively defined by the
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sets Ng(v) ={u € S : uv € E(G)} and Ng[v] = Ng(v) U {v}, and the degree of v in S is ds(v) = |Ng(v)|. In
particular, one can see that for S =V we have Ng(v) = Ng(v), Ng[v] = Ng[v] and dg(v) = dg(v). A tree is
a connected graph having no cycle. In this paper, we denote by binary tree every tree T' with A(T') < 3. The
distance dg(u,v) between two vertices u and v in a connected graph G is the length of the shortest u — v path
in G, and the diameter of G is the longest distance diam(G) = max de(u,v) between two vertices in G. A

matching in a graph G = (V, E) is a set M C E whose edges are pairwise non adjacent. The matching number
1(G) equals the maximum cardinality of a matching in G.

A rooted tree T = (V, E,r) is a tree T = (V, E) with a distinguished vertex r € V'\ L called the root of T. A
vertex v is the parent of a vertex w in a rooted tree T' = (V, E,r) if vw € E and dp(w,r) = dr(v,r) + 1, in which
case w is said to be a child of v. Two vertices having the same parent in a rooted tree T' = (V, E, 1) are called
siblings. A vertex x is a descendant of a vertex v in a rooted tree T = (V, E,r) if dr(v,z) = dr(x,r) — dr(v,r)
(in particular, we have dr(x,r) > dr(v,r)); in this case, v is said to be an ancestor of x. The height of a rooted
tree T = (V, E,r) (with respect to r) is defined by h = rglea&{d;p(r,v). , For every ¢ € {0,1,...,h}, we denote

by D; the set {v € V | dp(r,v) = i} of vertices of T = (V, E,r) that are at distance ¢ from r; this distance is
called the height or the level of D;’s vertices. For convenience, we use the nation D; = {v; ;}1<j<s, for every
i €40,1,...,h} throughout this paper (in particular, r = vg1).

A perfect tree is a rooted tree T = (V, E, r) whose leaves are at the same distance h from the root r, where h
is the height of T'. A perfect N;-ary tree per level is a perfect tree T' = (V, E, ) whose all the D;’s vertices have
the same degree N; + 1, that is, all the vertices that are at the same level i have the same number of children
N;. It can be seen from the above that every siblings of a perfect N;-ary tree by level have the same degree. In
particular, if N; = N for some integer N > 2 and every i € {0,...,h — 1} and j € {1,...,4;}, then T is called
a perfect N-ary tree (for N = 2, T is called perfect binary tree). Note from the definitions that every perfect
N-ary tree is a perfect N;-ary tree per level with N; = N for every i € {0,1,...,h — 1}, but that obviously, the
converse is not true. Note that for every perfect rooted tree T = (V, E,r), we always have |D;| < |D;11|, for
every 0 <i < h.

A partition m = {V3, Va, ..., Vi.} of the vertex set V of a graph G into k color classes V;, with i € {1,...,k} is
called a quorum coloring of G if for every vertex v € V, at least half of the vertices in the closed neighborhood
N¢[v] have the same color as v, which means formally that for every ¢ € {1,...,k} and every v € V;, we have
[Ng[v]NV;| > ‘N%A The color classes V; are called quorum classes and for a fixed i € {1,...,k}, each vertex of
V; is called a quorum verter. The maximum cardinality of a quorum coloring of G is called the quorum coloring
number of G and is denoted by 1,(G). A quorum coloring of G of cardinality 1(G) is called a 4-coloring of
G. For a quorum coloring 7 on a graph G and any vertex v € V(G), we denote the class of v with respect to 7

by 7(v).

1.2. Previous results

Quorum colorings is another name of partitions into defensive alliances in graphs (cf. [6]) that admit appli-
cations to data clustering (see [2, 3, 5]), and the quorum classes of a graph with respect to a given quorum
coloring are nothing but defensive alliances. For further reading on the well-studied topic of defensive alliances
in graphs, the reader can consult the references [2, 5, 7-14].

Quorum colorings in graphs were introduced in 2013 by Hedetniemi et al. [1] where the authors studied their
basic properties as well as the quorum coloring number of some usual graphs among which the hypercubes, then
concluded their article by raising and listing twelve open problems. In 2018, Sahbi and Chellali [15] answered
three of these open problems and showed in particular that the decision problem associated with 1,(G) is
NP-complete for a general graph G. Furthermore, Sahbi pursued the study of the open questions raised by the
authors [1] throughout [3, 16, 17] and in [4] with Belkina and Bennadji. In particular, he brought a partial
answer to the following open question posed by Hedetniemi et al.

1. Can you design a linear-time algorithm for computing the value of ¢4(T) for any tree T'?
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In fact, the author [16] first established a lower bound on the quorum coloring number of nontrivial trees
involving the matching number of the subtree induced by the nonpendent vertices, the order of the tree and the
vertex degrees and showed that this bound is computable in linear time.

Theorem 1.1. [16] Let T = (V, E) be a nontrivial tree. Then,

() 2 p @A L) +n - 3|

ve(V\L)

dT(’U)J '

This bound can be computed in linear time.
Then, he showed that the bound of Theorem 1.1 is attained by all binary trees.
Corollary 1.2. [16] Let T = (V, E) be a nontriwvial binary tree. Then,

$g(T) = w(T[V\ L]) + [L].

This value can be computed in linear time.

In this paper, we first recall some fundamental results on quorum colorings of graphs in Section 2, then we
partially answer Question 1, in Section 3, in the affirmative by designing a linear-time algorithm both for finding
a 14-coloring and computing the quorum coloring number of any perfect N;-ary tree per level.

2. PRELIMINARY RESULTS

This section is devoted to the statement of some fundamental results on quorum colorings that have been
previously established in the literature, some of which will be used in this work. We start by a linear relationship
between the quorum coloring number of a disconnected graph and those of its components.

Proposition 2.1. [6] Let G be a disconnected graph whose components are G1,Ga,...,G, (r > 1). Then

Vq(G) = Z Vq(Gi)-

1<i<r

The next result provides sharp lower and upper bounds of the quorum coloring number of a disconnected
graph of order at least three. However, one can easily see that this result remains true for any graph and any
order.

Proposition 2.2. [6] Let G be a disconnected graph of order n > 3. Then
1< ¢q(G) <n.

The sharpness of the bounds of Proposition 2.2 can be seen thanks to the following two propositions.

Proposition 2.3. [1] For the complete graph K,, of odd order, 1¢(Ky) = 1, while for any complete graph K,
of even order, ¥,(K,) = 2.

Proposition 2.4. [1] Let G be a graph of order n. Then 14(G) = n if and only if A(G) < 1, that is G consists
of isolated vertices and disjoint copies of the complete graph Ko of order 2.

The next result was proved by Hedetniemi et al. It says that in a 14-coloring, a quorum class always induces
a connected subgraph.

Proposition 2.5. [1] Let G be a graph, and let 71 = {V1,Va,...,Vi} be any ,-coloring of G. Then, for every
i, 1 <1i <k, the induced subgraph G[V;] is connected.
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In [16], Sahbi proved the following observation which gives four equivalent assertions to the quorum vertex
property and the second of which will be used in Section 3.

Observation 2.6. [16] Let G = (V,E) be a graph, 7 = {V1,Va,...,Vi} a quorum coloring of G and i €
{1,2,...,k}. Then the following assertions are equivalent:

V; is a quorum class.

For every vertezx v € V;, |[Nglv]NV;| > [ : —‘

For every vertex v € Vi, |Ng[v]NV;| > |Ng[ (VAW

For every vertex v € V;, dy, (v

)
For every vertex v € V;, dy,(v) > VlG(U)J ]

AR NI

As consequences of Observation 2.6, the author [16] deduced the three following corollaries.

Corollary 2.7. [16] Let G = (V,E), m = {V1,Va,..., V& } a quorum coloring of G and i € {1,2,...,k}. Then

d
for every vertex v € Vi, |V;| > LC;(U)J +1.

Corollary 2.8. [16] Let G = (V, E) be a graph, m# = {V1,Va,..., Vi } a ¢,-coloring of G, i € {1,2,...,k} a
positive integer and v € V; a vertex such that dg(v) = max dg(u). Then |Vi| =1 if and only if dg(v) < 1.

Corollary 2.9. [16] Let G = (V,E), m = {V1,Va,..., Vi } a ¢g-coloring of G and i € {1,2,...,k} a positive
integer. Then |V;| > 2 if and only if V; contains a vertex of degree at least 2.

Corollary 2.7 provides a lower bound of a quorum class in term of maximum degree of its vertices, while
Corollary 2.8 states that the unique vertex of a singleton quorum class is necessarily pendent or isolated.
Corollary 2.9, obtained by negating Corollary 2.8, shows that every vertex of degree at least two is contained
in a quorum class of order at least two in any ,-coloring, but this result can easily be extended to a quorum
coloring that is not necessarily a 14-coloring.

In the next section, we prove our result announced in Section 1.

3. OUR PARTIAL ANSWER TO QUESTION 1

In this section, we partially answer Question 1 stated in Section 1. To do this, we need the following definitions.
A quorum coloring 7 of a graph G is said to be cost-effective if every vertex of V' \ L satisfies the quorum

[Na[v]]
2

vertex property with equality, that is, if for every vertex v € V' we have |Ng[v] N7 (v)| = { —‘ Given two

quorum colorings 71 and 7o of G, we say that my is better than my if mp is cost-effective and |m| > |mal.
Before proving our main result, we first prove that we can modify any quorum coloring of an arbitrarily tree
to obtain a better one in the sense of the above definition.

Theorem 3.1. Let T = (V, E,r) be a tree and my a quorum coloring of T. Then, there exists a quorum coloring
of T that is better than .

Proof. Let my be a quorum coloring of T'. We run the following algorithm that we denote by Algorithm 1.

e Fori=0to h—1and j =1 to ¥¢;, execute the following two steps.
1. For |NT[’UIL'7j] ﬂﬂ'i(’Uz"j” > ’VW—‘ y chose arbitrarily a subset S@j of Wi(vi,j) mDi+1 so that |NT[UZ‘,]‘] N

mi(vi )| =15, = [%2”]]\—‘ , color the S; ;’s vertices with |.S; ;| new colors and for every vertex v € S, ;,

assign the new v’s color to all the descendants of v that were in 7;(v); we denote the obtained coloring
by .. Then, go to step 2.
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Vo,1

1 1
V1,2 V1,3
1 // \\ 6 1 // \1
V2,6 Va7 V2,8 V2,9

1
V1,1
1 // \
V22 V2,3

V2,1 V2,5 V2,10 V2,11 V2,12
1 2 3 1 8 5 6 9 10 1 7
o o o o o [ o
V31 V3,2 V3.3 V3.4 U35 V3.6 Vs, 7 V38 V3,9 V3,10 U311 V3,12

)

FIGURE 1. An arbitrary initial quorum coloring g with |7o| = 10.

2. For every vertex v € S; ; such that |[Np[v] N7 (v)] < {%-‘ (note in this case that we have necessarily
|Nr[v]Nwi(v)] = Wg@—‘ — 1 since by passing from 7; to 7., the unique neighbor of v that has no longer
the v’s color is v; ; implying that |m;(v)| —|7(v)| = 1), assign the v’s color to an arbitrarily chosen vertex
w from (N7 (v) N D;t2) \ 7i(v) and to all the descendants of w that belonged to 7}(v); therefore, it can
be seen without difficulty that the resulted coloring is a quorum coloring that we denote by ;4.

Algorithm 1 must terminate since T is of finite order. When it is finished, we clearly obtain a cost-effective
quorum coloring 7, according to steps 1 and 2. Moreover, each time Algorithm 1 is run for some ¢ € {0,...,h—1}
and j € {1,...,4;}, the number of colors increases by at least one at the execution of step 1, while it decreases
by at most one at the execution of step 2 and consequently, the number of colors does not decrease. Hence we
deduce that 7, is better than . O]

Starting from a quorum coloring 7y of any tree T', the proof of Theorem 3.1 shows that one can obtain a
quorum coloring of T" better than my that is cost-effective. As consequence, if 7 is a 4-coloring then Algorithm 1
concludes with a cost effective 14-coloring of T" as output.

Corollary 3.2. Every tree has a cost-effective 14-coloring.

Figures 1-7 illustrate how Algorithm 1 works on a perfect N;-ary tree per level with (N;)y<;<o = (3,4, 1).
We are now ready to prove our central result by designing a linear-time algorithm both for finding a .-
coloring and computing the quorum coloring number of any perfect N;-ary tree per level.

Theorem 3.3. For every perfect N;-ary tree per level T' of order n, one can both find a cost-effective 14-coloring
and compute 1, (T) in O(n).

Proof. Let T = (V, E,r) be a perfect N;-ary tree per level of order n. We run the following algorithm denoted
by Algorithm 2.

1. Assign a color to r and go to step 2.
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Vo,1

N N

V2,1 V210 V2,11 V2,12
11 12 8 5 6 9 10 1 7
o o o o o o
Us1 V3,2 V3.3 V3.4 U35 V3.6 Vs, 7 V38 V3,9 V3,10 U311 V3,12

FIGURE 2. Iteration 1.1: obtaining of the coloring .

Vo1 1
) // \ // \\ // \\
V2.1 V2.2 %) 5 V2.6 V2,10 V2,12
11 11 3 4 12 8 5 6 9 10 1 7
o
V31 V3,2 V3,3 V3.4 U35 V36 V3,7 V3,8 V3,9 V3,10 U311 V3,12
|7T1| =11

FIGURE 3. Iteration 1.2: obtaining of the quorum coloring .

dT(T)

J of its children, color its [2—‘ remaining children

dr(r)
T2

2. Assign arbitrarily the r’s color to exactly

d N
with { T2(r>-‘ new colors and set ai = {20-‘ + 1. Then, go to step 3.

3. Fori=1toh—1and j =1 to ¢;, consider the following mutually exclusive two cases.
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Vo,1

N NN

V2,1 V210 V2,11 V2,12
11 12 8 5 6 9 10 13 7
o o o o o o
Us1 V3,2 V3.3 V3.4 U35 V3.6 Vs, 7 V38 V3,9 V3,10 U311 V3,12
s

FIGURE 4. Iteration 2.1: obtaining of the coloring 7.

Vo,1 1
11 //\ 4\\ //\\
V2,1 V2.2 V2 5 V2.6 V210 (% V2,12
11 11 3 4 12 8 5 6 9 2 13 7
o o
U3,1 V3,2 V3.3 V3,4 U35 V3,6 V3,7 V3,8 V3,9 V3,10 U311 V3,12
|7T2| =12

FIGURE 5. Iteration 2.2: obtaining of the quorum coloring 7.

N;
(i) If v; ; has the same color as its parent, then assign arbitrarily the color of v; ; to exactly {2-‘ — 1 of

N; N; N;
its children, color its { 5 J + 1 remaining others with { > J + 1 new colors and set 0% 1= {QJ + 1.
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Vo,1

11 12 1
V1,1 V1,2 V1,3
11 // \ 12 4 \\ 6 1 // \13
V2,1 V2,2 , V25 V2,6 Va7 V2,8 V2,9 V210 V2,11 V2,12
10 14 15 8 5 6 9 2 13 7
o o o o o o o
Us1 V3,2 U35 V3.6 Vs, 7 V38 V3,9 V3,10 U311 V3,12
L

FIGURE 6. Iteration 3.1: obtaining of the coloring 7.

1
V1,3
6 1 // \13 7
V29 V2,10 V2,11 V2,12
10 14 3 4 15 8 5 6 9 2 13 7
® o o o o o o o
V31 U3 2 V33 U3 4 U35 V3.6 V3,7 V38 U39 V3,10 U311 U312

|7T3‘ =15> ‘7’(0‘ =10
FIGURE 7. Iteration 3.2: obtaining of the quorum coloring 7s.

(ii) Otherwise, if v; ; has not the same color as its parent, then assign arbitrarily the v; ;’s color to exactly

i N; - . oo | N ; N;
F;/‘“ of its children, color its {QJ remaining children with {QJ new colors and set o] 1= {QJ .
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h—1 £
4. Set oo = ZZQ{H.
i=0 j=1
Algorithm 2 must terminate since T is finite. By Assertion 2 of Observation 2.6, this algorithm concludes
with a cost-effective quorum coloring 7 of T" as output thanks to steps 2 and 3. Moreover, since the D;’s vertices
have the same degree and therefore play the same role in 7' (indeed, their descendants that are at the same
distance all have the same degree) then, even if it means permuting some colors, it follows that 7 is the unique
cost-effective quorum-coloring of T'. Therefore, this implies by Corollary 3.2 that 7 is a 1)4- coloring of T'. Besides,
on the one hand the total number of comparison tests between the color of a vertex and that of its parent equals
to the order n of T. On the other hand, the total number of color assignments equals to n too. In addition,
the assignments of the o 41’8 requires n operations. Finally, the sum calculated in step 4 is performed in n — 1
operations. Consequently, the total number of elementary operations necessary to both find 7 and calculate
Ye(T) = «v is at most equal to n+n +n+n — 1 < 4n, whence the theorem. O

The next four corollaries follow immediately from Theorem 3.3 and from the fact that every perfect N-ary
tree is also a perfect N;-ary tree per level with N; = N for every i € {0,1,...,h — 1}.

Corollary 3.4. For every perfect N;-ary tree per level T of order n, one can find a cost-effective q4-coloring

in O(n).

Corollary 3.5. For every perfect N;-ary tree per level T of order n, one can compute ¢q(T') in O(n).
Corollary 3.6. For every perfect N-ary tree T of order n, one can find a cost-effective 1g4-coloring in O(n).
Corollary 3.7. For every perfect N-ary tree T of order n, one can compute 14(T) in O(n).

It can be seen without difficulty that the quorum coloring 73 of Figure 7 can be obtained by running
Algorithm 2, which illustrates the unicity of a 14-coloring in a perfect N;-ary tree per level. In particular, one
can check that we have:

N, 3 N 4 N 4
A=l Bl e o= [ o =2 =[5 = 2] -

N 1 h—1 ¥; )
af? = {zJ - M =Oandthat =3 > af; =15

i=0 j=1
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4. CONCLUDING REMARKS

In this article, we have designed a linear-time algorithm finding a quorum coloring of maximum cardinality
together with the quorum coloring number of any perfect tree satisfying the property that the vertices at
the same level have the same degree. Since every perfect N-ary tree is a perfect N;-ary tree per level, then
the same algorithm is applicable for perfect N-ary trees, which answers Question 1 in the affirmative. This
being established, there are two questions of interest to go further in our investigation. First, one can think of
generalizing somewhat the work made in this paper to perfect trees whose siblings have the same degree; we
will call them locally perfect N; j-ary trees. The children of a given vertex would then not necessarily play the
same role since the descendants of any two siblings of same level would not necessarily have the same degree.
The second question concerns the determination of the exact value of the quorum coloring number of perfect
N-ary trees. In particular, one can verify without difficulty using the exact value of Corollary 1.2 that for any
perfect binary tree T of order n and height h, we have

ol = 222hi21 [1 - (i) LZJH} |

The latter formula could be the initialization of an induction proof.
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