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POLYNOMIAL SIZE TEST SETS FOR
COMMUTATIVE LANGUAGES (*)

by Ismo Hakara and Juha KORTELAINEN Q)

Communicated by J. BERSTEL

Abstract. — It is proved that any commutative language over an alphabet of n symbols possesses
a test set of size O (n?). If the Parikh-map of the language is a linear set, then the minimum size of
the test set is O (nlogn). A finite commutative language over an alphabet of n symbols such that
the smallest test set for the language is of size Q (n?) is shown to exist.

Résumé. — On prouve que tout langage commutatif sur un alphabet a n lettre posséde un ensemble
test de taille O (n?). Si I'image de Parikh du langage est un ensemble linéaire, la taille minimale de
I’ensemble test est O (nlogn). On prouve 'existence d’un langage commutatif fini sur un alphabet
a n lettres pour lequel la taille du plus petit ensemble test est Q2 (n?).

0. INTRODUCTION

A subset T' of a language L is defined to be a test set of L if for each
pair of morphisms A and g the following hold:

VeeT:h(z)=g(zx)=>VzeL:h(z)=g(z).

The famous Ehrenfeucht Conjecture states that each language L has a
finite test set. The conjecture was proved in [3]. Since then the effectiveness
and sizes of the test sets of languages belonging to certain language families
have been an important subject of consideration.

Test sets for context-free languages are studied in [1], [2], [8], [9] and [10].
The research culminates in [9] where, among other things, it is proved that
(i) any context-free language L over an alphabet of n symbols possesses a
test set of size O (nﬁ); and (ii) there exist a finite context-free language over
n letter alphabet such that its smallest test set is of size 2 (n3). Test sets
for context-sensitive languages with a strong pumping property are studied
in [S] and [6].

(*) Received February 1997, accepted June 1997.
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In [4] it is proved that each commutative language over an alphabet of n
letters possesses a test set the size of which is at most 27 (n! + n) + 5n?2.
This upper bound is improved to O (n?) and this order of magnitude is
shown to be the best possible. At last it is proved that for each commutative
language with a linear Parikh-map a test set of size O (nlogn) can be
effectively found.

This paper is organized as follows. In the first section some prerequisites
in the theory of formal languages and combinatorics on words are given.

In section 2, after some simple results on systems of word equations, it
is verified that each commutative language over an alphabet of n symbols:
possesses a test set of size at most 3n? — 2n.

In the third section we introduce a finite language F' over 3n letter
alphabet such that each test set of F is at least of the size n?

In section 4 we prove that each commutative language L over an n letter
alphabet such that the Parikh-map of L is a linear set has a test set of

size at most 2n [log (n — 1)] + 9n. The procedure to construct the test set
is effective.

1. PRELIMINARIES

We assume that the reader is familiar with the basic notions of formal
language theory and combinatorics on words as presented in [7] and [11].

Let Z be any (finite) alphabet. As usual, Z* (Z7, resp.) denotes the free
monoid (free semigroup, resp.) generated by Z. Let w € Z*. Then |w|
denotes the length of the word w and, for each a € Z, |w|, is the number
of occurrences of the symbol a in w. Let alph(w) = {a € Z||w|, > 0}
and c(w) = {u € Z*||ule = |w|, for each a € Z}. The empty word (i.e.
the word with length zero) is denoted by . The word w is primitive if it
is nonempty and for each u € Z* and n € N the equality w = u" implies
w = u (and, of course, n = 1). The words w and u are conjugate (words
of each other) if there exist words w; and wy such that w = w; wy and
u = wy wi. For each nonempty word u € Z* there exist a unique primitive
word t € Z* (the primitive root of w) such that u € t*. The morphisms A
and g on Z* are length equivalent on w if |h (w)| = |g (w)].

For each language L C Z*, let alph(L) = |, alph(w). The
commutative closure of the language L C Z* is the set ¢ (L) = (Jez, ¢ (w).
We say that L is commutative if L = ¢(L). The morphisms A and g on
Z* are length equivalent on a language L if they are length equivalent on
each word of L.
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Let N be the set of all natural numbers and Ny = N\{0}. For each
n € N4, let a1, ag, ..., ap be distinct symbols. The traditional Parikh-map
U, (¥, when n is understood) from {ai1, a2, ..., an}* onto N" is defined
by Wy (w) = (|wla,, [l -y [W]a,)-

Let n € N4 and P a language over the alphabet {a1, a2, ..., an}. A basis
of P is any finite subset F' of P such that (i) in the set {¥,, (v)|v € F'}
there are |F| elements that are linearly independent (over Q, the rationals);
and (ii) for each w € P, ¥, (w) is a linear combination of some vectors
in {V, (v)lv € F}.

A set T C N" is linear if there exist a number m € N and vectors
U, U1, ..., Um € N" such that T' = {0+ k1 U1 + ... + kym O | k1, ...y km € N}
A semilinear set is a finite union of linear sets.

Call a commutative language with a linear (semilinear, resp.) Parikh map
a CLIP-language (a CSLIP-language, resp.).

For each finite set S, let |S| be the cardinality of S. For each nonnegative
rational number g, let [¢] be the smallest integer k& € N such that ¢ < k.

The following theorem is a reformulation of some basic results in the
theory of combinatorics on words. For the proof, see for instance {11].

THEOREM 1: Let x and y be nonempty words over the alphabet X. The
following three conditions are equivalent.

(i) The words x and y are conjugate.

(ii) The words x and y are of equal length and there exist unique words
t1 € X*, to € X1 such that t = tit; is primitive and x € (t1t2)+
and y € (tat1)t;

(iii) There exists a word z € X* such that xz = zy.

Furthermore, if (ii) holds, then for each w € X* we have xw = wy if

and only if w € (t1t2)* t1.

We next prove a simple result concerning solutions of a system of two word
equations with a certain commutation property. It implies three corollaries
which are useful later.

THEOREM 2: Let x and T be distinct nonempty words over the alphabet X.
The following two conditions are equivalent.

(1) There exist words y and § in X* such that vy = Ty and yx = YT.

(ii) There exist unique words t1 € X* and 13 € Xt such that tito is
primitive and x, T € (t1t2)* t1.
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Furthermore, if (i) holds, then for each w, W € X* we have xw = Tw
and wx = WT if and only if |zw| = |Tw| and w, W € (tat1)* t2 U {e}.

Proof: Obviously (ii) implies (i).

Assume that (i) holds, and, without loss of generality, that |z| > |Z|. There
then exists words d1, d2 € X7 such that £ = Tdy = d; Z. By Theorem 1
there exist unique words t; € X* and t2 € X such that di € (t1t2)7,
dy € (t2t1)+ and T € (t1t2)* t1. Then z € (¢1t2)* 1 (in factz € (t1t2)+ t1).

Let now w, w € X* be any words such that zw = Tw and wz = WZT.
Then certainly W = dow = wdy (since x = Tdy = 1 T). If t1 = ¢
(i.e. di = dy), the words w, W are clearly in (f3t1)* ¢y U {€}. Assume
that ¢t1 # e. Then, again by Theorem 1, we have w € (¢2¢1)* t2 and also
w = wd, € (tQtl)* ty. O

CoroOLLARY 3: Let x, y, 2, T, [, Z be words such that |z| # |Z|, |y| = |z| and
{ Y =7TY T2 =TZ
YT = Yzx ZT = ZX.
Then y = z and y = Z.
Proof: If © = € or T = ¢, then certainly all the words z, y, 2z, T, ¥ and

z are powers of the same (primitive) word. Since |y| = |z| (and |y| = |Z]),
the equalities y = z and ¥ = Z hold.

Assume that z # € and T # €. By Theorem 2, there exist unique words
t1 € X* and t; € X such that y, 2, 7, Z € (t2t1)* t2 U {€}. Since |y| = |2|
(and 7| = |z]), we have y = z and g = z. O

COROLLARY 4: Let z, y, z, T, Y and Z be words such that
TY =7TY Tz =TZ Yz =Yz
YT = YT 2L = 2T 2Yy = 2Y.
Then either t =T, y = y and z = Z or all the words x, y, z, T, § and Z
are powers of the same primitive words.
Proof: Assume that x # T (and that y # 7 and z # Z).
If any of the words z, vy, 2, T, ¥, Z is empty we are certainly through.
Assume that all the words z, y, 2, T, 7, Z are nonempty. By Theorem 2
there exist unique words t; € X* and to € X1 such that ¢ty is primitive
and z, T € (t1t2)*t1 and y, Y, 2, Z € (t2t1)* 2. Since yz = Pz and
y # 7, there exist integers r1, 72, S1, $2 € N, r1 # 72, s1 # $2 such
that y = (t2t1)™ t2, T = (tat1)"2 t2, z = (t1t2)* t1, Z = (t1t2)** 1 and
(tat1)"* to (tat1)® t2 = (f2t1)" t2 (f2t1)% t2. Since 71 # 73, the equation
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t1te = tat; holds. Since t1ty is primitive, the word ¢; is empty. Thus
z, Y, 2, %, 9, 2 €ty. O

Note: The equation zy = zy is not necessary in the previous corollary.

COROLLARY 5: Let x, y, z, T, § and Z be words such that xT # €, yy # €
and 2z # € and

TYz = TYZ 2YT = ZYx
{ YT = YZT Yrz = Yyrz
T2y = T2Y 2TY = ZTY.

Then either x = T, y = § and z = Z or all the words x, y, z,%, §J and Z
are powers of the same primitive word.

Proof: Assume that either x # T or y # § or z # Z. Suppose without
loss of generality that x # Z. Then, by Corollary 3, we have yz = zy and
yzZ = Zy. There thus exist primitive words ¢ and [/ such that y, z € ¢* and
Yy, Z € I*. Since x # Z, we have yz # gz implying that either y # 7
or z # Z. Assume without loss of generality that 3 # 7. Then, again by
Corollary 3, the equalities 2z = zx and Tz = Z7 hold implying = € ¢* and
T € [*. Since zyz = Tyz and t and [ are primitive, we have ¢ = [. Thus
z, Y, 2, T, §, z € t* and the proof is complete. []

The last auxiliary result of this section tells that to guarantee that two
morphsims h and g are length equivalent on a language L it suffices to
consider the length equivalence of A and g on some basis of L.

LemMA 6: Let L be a language over the alphabet X, F a basis of L and
h and g two morphisms on X*. Then h and g are length equivalent on L if
and only if they are length equivalent on F.

Proof. Assume without loss of generality that X = {a1, ag,..., an} for
some n € Ny. If b and g are length equivalent on L, they certainly are
length equivalent on a subset ' of L.

Assume that & and g are length equivalent on F. Let 7; = |h (a,)| and
si = |g(a;i)| for each i = 1, 2,..., n. Let z € L. Since F is a basis of L,
there exist an integer m € N,, (distinct) words z1, z2,..., Tm € F and
rational numbers oy, a2, ..., @, such that

UV(z)=a1 ¥ (z1)+ a2 P (z2)+ ... + m ¥ (Tm)-
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Thus
|h(2)] =¥ (2) (r1, ..., 7a)F = S0 @; U (z;) (11, .., )T
= B i ¥ (2i) (51, s0)" = lg (2)]:
where (71, ..., rn)T ((81y ey sn_)T, resp.) is the vector transpose of
(r1, ., Tn) ((81,..., Sn), resp.) and vector multiplication is applied. Above

the third equality holds since |h (z;)| = |g (z;)| implies

b (i) = U (i) (r1, .., T0)T = U (23) (51, ..., 30)T =g (zs)]

for each 1 = 1, 2,..., n. O

Note: The previous lemma implies (see also [4]) that if a language
L C {a1, a2,:.., an}* has a basis F such that |F| = n, then F necessarily
is a test set for L.

2. CONSTRUCTING TEST SETS FOR COMMUTATIVE LANGUAGES

Let L be a commutative language over the alphabet X.

For each unordered pair {a, b} of two distinct symbols in X construct
the language Ly, ;) as follows.

If LNabX* = 0, then Ly, = 0.
Assume that Lﬂab‘X'*' # (). We have three possibilities: 1° L N a2 b X* #0;
2°LNa?bX*=0and LNab®> X* #0;3° LNa’?bX* = LNab® X* = .
Case 1°. Let z € X* be a word such that a? bz € L. Then
Lia,py = {ab(ax), ba(az), a(azx)b, b(az)a, (ax)ab, (azx)ba}.
Case 2°. Let y € X* be a word such that ab®y € L. Then

L{u,b} = {a‘b (by)> ba (by)v a (by) b, b (by) a, (by) ab, (by) ba}
Case 3°. Let z € X* be a word such that abz € L. Then
Ly 5y = {abz, baz, azb, bza, zab, zba}.

Let B be a basis of L such that, for each a € X, if L Nat # 0, then
a” € B where r is the smallest number m € N4 such that a™ € L. Let

17, = U Liq,py UB.
a,beX
a#b

Obviously |T| < 6(%) +n = 3n% — 2n, where n = | X|.

Informatique théorique et Applications/Theoretical Iaformatics and Applications
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We shall next prove that 77, is a test set for L.

THEOREM 7: Let L be a commutative language over the alphabet X. Then
Ty, is a test set for L.

Proof: Let h and g be morphisms on X* such that h (z) = g (z) for each
z € Tr. Let Y denote {a € X|h(a) #¢ or g(a) # e}. Let z € L.

If alph (2) NY = 0, then certainly h(z) = g(z) = €.

Suppose that alph (2)NY # 0. Consider three cases: 1° |alph (2)NY| = 1;
2° |alph (z) NY| = 2; and 3° |alph(2) Y| > 2.

Case 1°. Let a € X be such that alph (2) N'Y = {a}. There surely exists
a word v such that av € Tr,. Then h (av) = g (av) by the assumption. By
Lemma 6, |k (al¥l*)| = |k (2)| = |g(2)| = |g (al*l*)|. Thus |A(a)| = |g (a)|
which implies that k(a) = g (a).

Case 2°. Let a, b € X, a # b, be such that alph(z) N Y = {a, b}. If
h(a) = g(a) and h (b) = g (b), then clearly h (z) = g (z). Assume without
loss of generality that h(a) # g(a). Consider first the case that either
a?bX*NL#0orab® X*N L # 0. Assume without loss of generality that
a?bX*NL # (. By construction, there exists a word v € X* such that
abau, baau, aaub, baua, auab, auba € Tf. Then

h(a) h(b) h(au) = g (a) g (b) g (auw) h(b)h(au)h(a) =g (b)g(au)g(a)
h(b)h(a )h(aU)—g() (a) g (auw) h(au)h(a)h(b) = g(au)g(a)g(b)
h(a)h(au) h(b) = g(a) g (au) g (b) h(au)h(b)h(a) = g(au)g(b)g(a)-

By Corollary 5, the words h (a), h(b), g(a) and g (b) are powers of the
same (primitive) word. By Lemma 6,

|h(2)] = |h (al*le bFl)| = |g (alle 1710) = 1g (2)].

Then h(z) = g(z). Let us now turn to the case a?bX* N L =
a2 X*NIL = (Z) Then, by construction, there exists a word in X* such
that abw, baw, awd, bwa, wab, wba € Tr,. Then

h(w)h(a) = g (b) g (w) g (a)
(a)h(b) = g (w) g (a) g (b)
(B)h

{h(a)h(b)h(w) =g(a)g(d)g(w) h(b)h(
(a) = g (w) g (b) g (a).

h(
h(b)h(a)h(w) =g (b)g(a)g(w) h(w)h
h(a)h(w)h(b) =g(a)g(w)g(b) h(w)h

If h(w) # € or g (w) # € then, just as above, the words h (a), h (b), g (a)
and g (b) are powers of the same primitive word and we are through.
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Assume that h(w) = g(w) = &. Then

{h(a)h(b)=9(0)9(5>
h(b)h(a) =g(b) g (a).

and since either h (z) = h(ab) and g (z) = g(ab) or h(z) = h(ba) and
g9(2z) = g(ba), we must have h(z) = g(z).

Case 3°. Assume now that |alph (2) NY| > 2. If h(a) = g (a) for each
a € alph(2)NY, then h(z) = g(z). Let a € alph(z) NY be such that
h(a) # g(a). Let b and ¢ be any two symbols in alph (z) N'Y such that
b # a # c. By construction, there exist words u1, uz, u3 € X such that the
words abui, baui, auib, buia, uiab, uiba, acus, caus, ausc, cuza, uzac,
ugca, becus, cbuz, busc, cugb, usbe, usch are all in Tp,. Thus

(h(a)h(b)h(ui) =g (a)g(b)g(ui) h(c)h(uz)h(a)=g(b)g(uz)g(a)
h(b)h(a)h(u1) =g(b)g(a)g(ua) h(u2)h(a)h(c)=g(u2)g(a)g(c)
h(a)h(ur) h(b) =g (a) g (u1)g(b) h(u2)h(c)h(a)=g(u2)g(c)g(a)
h(b)h(u1)h(a)=g(b)g(u1)g(a) h(b)h(c)h(us)=g(b)g(c)g(u3)
h(u1)h(a)h(b) = g(u1)g(a)g(b) h(c)h(b)h(us)=g(c)g(b)g(us)
h(u1) h(b)h(a) =g (u1)g(b)g(a) h(b)h(us)h(c)=g(b)g(us)g(c)
h(a)h(c)h(uz2) =g (a)g(c)g(uz) h(c)h(us)h(b)=g(c)g(us)g(b)
h(c)h(a)h(uz) =g(c)g(a)g(uz) h(uz)h(b)h(c)=g(us)g(b)g(c)
Ch(a)h(uz2)h(c) =g (a)g(uz)g(c) h(uz)h(c)h(b)=g(us)g(c)g(b).

We show that all the words h(a), h(b), h(c), g(a), g(b) and g (c) are
powers of the same (primitive) word.

Assume first that & (u1) g (u1) # e. Then, by Corollary 5, there exists a
primitive word ¢ such that h (a), h(b), g(a), g(b), h(u1), g(u1) € t*. If
either h (u2) g (u2) # € or h(u3) g (u3) # €, we have (again by Corollary 5)
that either h(a), h(c), g(a), g(c) € t* or h(b), h(c), g(b), g(c) € t*
and we are done. Suppose that h(u2) g (u2) = h(uz)g(us) = €. Then the
previous system of equations implies

{h(a)h(C)=g(a)g(C)
h(c)h(a)=g(c)g(a).

Since h (a), g (a) € t* and h(a) # g (a), it is clear that k (c), g(c) € t*.

Let now h(u1)g(u1) = e. Then, since h(a) # g(a), it must be
h(b) # g(b). If now either h(up)g(uz2) # € or h(ug)g(uz) # €, we
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are through as above. Assume thus that h (u2) g (u2) = h(u3) g (u3) = e.
Then we have

h(a)h(b) = g(a) g (b) h(c)h(a)=g(c)g(a)
h(b)h(a) = g(b)g(a) h(b)h(c)=g(b)g(c)
h(a)h(c) =g(a)g(c) h(c)h(b) = g(c)g(b).

By Corollary 4, h(a), h(b), h(c), g(a), g(b) and g(c) are powers of
the same primitive word. [J]

3. A LOWER BOUND OF SIZE Q (n?)

Let n € Ny and b1, bo,..., bn, c1, c2,..., di1, d2,..., dy be distinct
symbols. Let F1 = {bjc;dj|4,j = 1,2,..,n} and F = c(Fy). Thus
F is a commutative language such that |F| = 6n?.

Consider any subset Y of F such that |Y| < n?. There then exist
i, j € {1, 2,..., n} such that ¢ (b; ¢c; d;) NY = (. Without loss of generality
we may assume that 7 = 7 = n. Let o and b be distinct symbols. Define
two morphisms A; and g1 on {b1, ba, ..., by, c1, C2, ..., Cn, d1, da, ..., dp }*
as follows:

hi (bi) = h1(ci) = ha (di) = g1 (bi) = g1 (c1) = g1 (di) = a
for each 7 € {1,2,...,n — 1}, and
P (bn) = g1 (bn) = b hi(ca) = g1(dn) = a® h1(dn) = g1 (cn) = a.
Then certainly A1 (y) = g1 (y) for each y € Y. On the other hand
h1 (cnbn dn) = a® ba # aba® = g1 (¢ by dy).

Thus Y is not a test set for F.

Consider the example above with erasing morphisms. Define the two
morphisms hy and g2 on {b1, b2, ..., by, c1, C2,..., Cn, d1, d2,..., dy}* as
follows. Let hy (b;) = g2(b;) = € for i = 1,2,...,n — 1 and hy (b,) =
g2 (bp) = a. Let

ha (cj) = 92 (¢j) = ha (dj) = g2(d;)  for j=1,2,...,n—1,

and hy(cn) = (ab)’a, ga(cn) = (ab)a, hy(dn) = (ba) b, and
g2 (dn) = (ba)?b. Then hy (z) = go (z) = a? for each z € c({b; cjdj})
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where ¢,j € {1,2,..,n — 1}. For each y € c({bjcndn}) where
j€{1,2,..,n—1} we have hy (y) = g2 (v) € {(ab)*, (ba)*}. Certainly

ha (¢ by dn) = (ab)? a® (ba) b # (ab) a? (ba)? b = g2 (cn b dn)-
We have thus proved

THEOREM 8: The lower bound for the size of a test set for languages from the
family of all commutative languages over an alphabet of n symbols is ) (n2 )

Note: By construction, the previous theorem remains true if the string’
commutative languages’ is substituted by the word ‘CSLIP-languages’.

4. TEST SETS FOR COMMUTATIVE LANGUAGES WITH A LINEAR PARIKH-MAP

In the following we shall see that each CLIP-language over an alphabet
of n symbols possesses a test set of size O (nlogn).

For each m and j in N, j < m, define the function p,,; from (X* y2m
into X™* inductively as follows.

Pmo (wl, N ’wzm) = W1i... Wam
Pm1 (wl, ceey ’LU2m) = (w2m~1+1...w2m) ('wl...’LUQm_l)
Pm+1,5+1 (w1, ey 'LU2m+1) = Pmjy (’U)1, ey wzm)pm]‘ (w2m+1, covy w2m+1)

The classical result concerning the word equation zy = yx can now be
generalized.

THEOREM 9: Let m € Ny be a number and 1, 2,..., Ta~ words in X*
such that
Z1...L2m = Dy (-’L‘], e .’Ezm)
for 3 =1, 2,..., m. Then the words x1, T2, ..., Tam are powers of the same
(primitive) word.
Proof: By induction on m.

The case m = 1 is trivial: certainly zj 2 = z2 x1 implies the claim.
Assume that the theorem is true for m = k.

Consider the case m = k + 1. Since

(:I:l...ka) (x2k+1...x2k+1) = Pk+1,1 (1171, ceey $2k+1)

= (.’E2k+1...x2k+l) (1‘1...$2k),
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we notice that there exists a (primitive) word ¢ such that z1...xz9:,
Tokq1...Lome1 € t*. Also, by assumption,

(.’L‘l...l’gk) (.’E2k+1...$2k+1) = Pky (.Z'l, —eey .’L'Zk)pk] (:L'Qk_l_l, ceny x2k+1)
for each j € {1,,..., k} implying

{.’El....’l}'zk = pi; (21, ..., Tok)

Toky .- -T2k+1 = Pk] (I2k+1, ceay 1‘2k+1)

for each j € {1, 2,..., k}. By induction, there exist (primitive) words #;
and ¢ such that x1,..., 9x € t] and zgkyq,..., Tos+1 € t5. Since zi...z3k,
ZToky1...Tors1 € t*, we have t; = t3 = ¢. Thus zq, ..., ZTok+r € ¢* and the
induction is extended.

We still give an example. Assume that m = 3. Then we have the following
system of equations

T1T223T4Z5T6 2728 = (T5T62728) (T1222324)
T1222324%5262728 = (T728) (z526) (324) (T122)

T1L2L3TAT5TELTLY = TELTLEL5TALIL2L] .

The last two equations imply that =1, z2 € p], 3, T4 € p3, =5, Te € P3
and z7, zg € pj where p1, p2, p3 and p4 are primitive words. From the first
and the second equation we obtain that p; = py and p3 = p4. Finally, the
first equation gives p; = p2 = p3 = pg. [

Let L be a CLIP-language over the alphabet {a1, a2, ..., an }, where n > 2.
By definition, there exist a number p € Ny and words ug, u1,..., up such
that L = c(up ui...up).

Let u = wp u%uzz, and m = [log(n —1)]. Thus m is the smallest

number k € N such that n — 1 < 2%, Let a5, 11, ..., a2= be new symbols and
r) = |ula, for each j € {1,2,..., 2™}

Note that each symbol a, occurs exactly once (at least twice, resp.) in u
if and only if it occurs exactly once (at least twice, resp.) in some word
of in c(uouj...up).

Using the words in ¢ (u) we construct a test set (of size O (nlogn)) for
the language L = c(ug uj...up)

For each i € {1, 2,..., n}, let the words w,1, w2 and w,3 be defined
as follows.
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If r; =0, let wj1 = wiz = wiz = €.

T r;
Ifry =1, letw; = a;l...ai’_ll, wis = a; and wis = a7 ...arn.

IS R34
. e oy — N 1 Tici 1r;—2 Tiy1 T

If r; > 2, let w;, = w;, = a; and w;, = ay'...a;," 7 a; ;47 -0

Let A (uo; u1, ..., up) be the set of all words w;,,, Wi, ,, Wi, ,, Where o is

any permutation of 1, 2,3 and s = 1, 2, ..., n. Clearly |A (uo; u1, ..., Up)| <
6n.

For each ¢ € {1, 2, ..., n} define the words v;1, v;2, ..., viam as follows.
v = a;’ for 7=1,...,i—1; and
vij = a;it for j=4,i+1,..,2™

Let

B (uo; u1, .., up) = {a;* pmk (Vi1 .., Vizm), Pk (Vi1, .-y Vizm) @;* |

=1,2,...,m, k=0,1,..., m}.

Obviously B (ug; u1,..., up) € L and |B (ug; u1, ..., up)| < 2n(m + 1).
Let C (uo; u1, ..., up) C {u, wui, ..., uuy} be a base of L and

T (uos w1, . up) =
A (uo; w1, ..., up) U B (ug; u1, ..., up) U C (ug; u1, ..., up).

Then T (ug; w1, ..., up) € L and |T (ug; u1,...,up)] < 2nm +9n <
2n ([log(n —1)] + 9n. It is a bit tedious but straightforward to prove the
following.

THEOREM 10: Let p € N be a number and ug, u1, ..., up be words over the
alphabet {a1, a3, ..., an}, where n. > 2. Then T (uo; u1, ..., up) is a test set
for the language c(ug uj...up).

Proof: We use the notation preceding the theorem. Denote L =
c(uoui..uy) and D = D (ug; w1, ..., up) for each D € {A, B, C, T}.

Consider two morphisms h and g defined on {a1, a3, ..., an}* such that
h(z) = g(z) for each z € T. We shall show that h(z) = g(z) for each
z € L.

If h (a;) = g (a;) foreach i € {1, 2, ..., n}, there remains nothing to prove.

Assume thus that h (a;) # g(a;) for some j € {1, 2,...,n}. Let Y be
the set of all j € {1, 2,..., n} such that h(a;) # g(aj). Since T, by
construction, contains a base C of L, the morphisms A and g, by Lemma 6,
are length equivalent on L. This certainly implies that |Y| > 2.
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Suppose, without loss of generality, that there exists s € Y, 1 < s < n
such that both h (ws1)g(ws1) and h(ws3) g (ws3) are nonempty. By the
construction of A, we have wgq(1) Wso(2) Wse(3) € T for each permutation
o of 1, 2, 3. Then

h (wsa(l)) h ('wso(Q)) h (wsa(B)) =g (wso(l)) g (wso(Z)) g (wsa(?)))

for each permutation o of 1, 2, 3. By Corollary 5, there exists a primitive
word ¢ such that all the words h (ws1), h(ws2), h(ws3), g(ws1), g (ws2)
and g (ws3) are in t*. Since wsy = as, we have h(as), g(as) € t* as

wellr as the words h (a7 ---a,’7), h(ayyy - -air), g(al'---a,7) and
s+1 T

g(agif -+~ ay) respectively. By the construction of B the words

a? Pmk (Usla ceey U.sZ)» DPmk ('Usl, ooy 'Us2m> OII;S

are in 7 for k = 0, 1, ..., m. By assumption

h (ags )pmk (h <U51)7 vy h <U52"")) =g (a? ) Pmk (9 ('Usl)7 - g ('Us2m))
Pmk (h (Usl)a oy b (7)52”)) h (ags) = Pmk (g (Usl); v g ('Us2*" )) g (ags)

for k=0, 1,..., m. Since h(a}*) # g (a}*), we have, by Corollary 3, that

h(vs1)---h (Vs2m ) = Pmge (B (Vs1), -y B (Vs2m))
g (7151)...9 (US?M) = Pmk (g (USl)a vy g (’USQ'”))

for k = 0,1,..., m. By Theorem 9 there exist primitive words ¢; and
t2 such that h(vs1),..., h(vsam) € ¢} and g (vs1),..., g (vsam) € t3. This
means that the words k (a1), ..., h(as—1), h(ast1), ..., h(az~) are in ¢} and
g(a1), -, g(as—1), g(ass1), ..., g (az~) are in 5. Then ¢t; = t2 = ¢. Now
all the words h (a1),..., h(an), g(a1),..., g(an) are powers of ¢. Since h
and g are length equivalent on L, the set T is a test set of L. [

CoroLLARY 11: For each CLIP-language over an alphabet of n symbols,
n € Ny, there exists a test set of the size O (nlogn).

The following question remains open.

OpenN PROBLEM: Does each CLIP-language over an alphabet of n symbols
possess a test set of size O (n)?

We do not even know whether or not the language ¢ (aj...an) has a test
set of size O (n).
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