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DEFINED BY NUMBER SYSTEMS (*)

by Juha HonkaLa ()

Communicated by J. BERSTEL

Abstract. — We show that it is decidable whether or not a k-recognizable set is recognizable.
Consequently, it is decidable whether or not the set defined by a number system is recognizable.

Résumé. — Nous montrons qu'il est décidable si un ensemble k-reconnaissable est reconnaissable.
En conséquence, il est décidable si I'ensemble défini par un systéme de numération est reconnaissable.

1. INTRODUCTION

Recent work in the theory of codes and L codes has increased the impor-
tance of the study of arbitrary number systems (see [S]). Here “arbitrary”
means that the digits may be larger than the base (in our considerations also
negative) and that completeness is not required. Many basic facts about
number systems were established by Culik and Salomaa, [1]. It was shown in
[3] and [4] that the set of bases of the set represented by a number system
strongly depends on whether or not the set is recognizable. If the set is not
recognizable then the bases form a subfamily of an exponential family. This
is not the case if the set is recognizable. It is often possible to determine the
bases if it is known whether or not the set is recognizable. For the time
being, however, no algorithm is known for determining the bases of the set
given by a number system. Below we give an algorithm to decide whether or
not the set defined by a number system is recognizable. The algorithm is, in

(*) Received in May 1985, revised in September 1985.
() Mathematics Department, University of Turku, Turku, Finland.
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396 J. HONKALA

fact, more general. It can be used to decide whether or not a k-recognizable
set is recognizable.

The reader is assumed to know the basic facts concerning finite automata
and k-recognizable sets (see [6] and [2]).

2. PRELIMINARIES

By a number system we mean a (v+ 1)-tuple N=(n, m,, . . .,m,) of integers
such that v>=1, n>2 and m, <m, <. .. <m, The number n is referred to as
the base and the numbers m; as the digits.

A nonempty word

m, m mg my, 1<i;<v M

k-1 " j

over the alphabet {m,, ..., m,} is said to represent the integer

m,...mJ=m, . n*+m,_ n*"'+. . +m .nt+tm, (2)
The word (1) is said to be a representation of the integer (2). The set of all
integers represented by N is denoted by S (N). We denote by Pos S (N) the

set
SNN{0,1,2,...}
and by Neg S (N) the set
S(MN{0,—1,-2,...}.

A set K of integers is said to be representable by a number system, RNS
for short, if there exists a number system N such that K=S (N). An integer
p is called a base of an RNS set K if there is a number system with base p
representing K.

If k >2 is an integer, define the mappings A, and v, from {0,1, ..., k—1}*
to the set of nonnegative integers by

Mw)= ) w,. k™!

i=0

and
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RECOGNIZABILITY OF SETS DEFINED BY NUMBER SYSTEMS 397
m
viw)= 3 w,. k!
i=0

where w=wow,...w, and w;e{0,1,...,k—1}. A subset 4 of the set of
nonnegative integers is k-recognizable if there exists a regular language L over
the alphabet {0, 1, ...,k—1} such that 4=2,(L). The following theorem is.
a generalization of the translation lemma due to Culik and Salomaa, [1]. For
a proof see [4].

THEOREM 1: For every number system N=(n, m,, ..., m,) the sets Pos S (N)
and —NegS (N) are n-recognizable.

In Theorem 1 we denote —NegS (N)={x| —xeNegS (N)}.
If A is a subset of the set of nonnegative integers, define the w-word
®w(A)=aqya,a,... by

a;=

0 if i¢A,
1 if ieA.

If y is a word denote by y® the w-word yyy... The set A is recognizable if
there exist words y, and y, such that (A4)=y, y5. The o-word y, y3 is called
the representation of A if ®(A)=y, y4 and the following condition is satisfied:
if y,y3=y;y% for binary words y, and y, then either |y,|=|y,| and
|¥3]=|»1|, or [ya|>]|y,| Here |y| stands for the length of y. If y, ¥4 is the
representation of A, then |y, | is called the index of A and |y, | is called the
period of A.

In what follows we assume that L is a fixed regular language and n is a
fixed positive integer, n>2, with the standard form n=njt. . .n’ (i.e., each
v; is a positive integer and each n; is a prime with 1 <n,; <... <n).

We are going to show that if the index or the period of a recognizable set
A is large then if o/, and o/, are finite deterministic automata recognizing
A, '(A) and v, '(A), respectively, then at least one of them has a great
number of states. (In fact, both have. In the proofs below, however, it is
more convenient to use first A, and then v,) What remains in deciding
whether A, (L) is recognizable is to check a finite number of times whether
A, (L) equals a recognizable set. This can easily be done. By Theorem 1 we
can then decide whether Pos S (N) is recognizable for the number system N.

Example: Denote N,=(2,1,k) and S, (Nk)={x[x has a representation of
length m according to N,}. It is easy to see inductively that
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398 J. HONKALA

S.(Ny={x|2"—1<x<k.2"—k and x=2"—1 (mod k—1)}. Hence
S(N)= U {x|2"—1<x<k.2"—k and x=2"—1 (mod k—1) }.

m=1

For k=35 we obtain S (N5)={1,5} U {x|x=3 (mod 4) }. Hence S (Ny) is
recognizable. Because o (S (N)) =010101(0100)®, the index of S (Ny) is 6 and
the period is 4.

For k=6 we obtain

o0

S(Ng)= U [{x|x=1(mod5)and2!**4"—1<x<6.2'**"_6}

m=0
U {x|x=3(mod 5)and 22*4™ - 1<x<6.22*4"_6}
U {x|x=2(mod5)and 23*4™ - 1<x<6.23%4m_¢6}
U {x|x=0(mod 5)and2***™ - 1<x<6.24*4m_6}].

Suppose S (Ng) were recognizable. Because S (Ng) contains no element
congruent to 4 modulo 5, the period of S (Ng) should be a multiple of 5.
This is, however, impossible because every residue class modulo S has arbitra-
rily long gaps. Thus S (N¢) is not recognizable.

For finite automata we use the notation of [6]. In particular, if the automa-
ton o/ moves to ¢ when reading w in state g, we write gw => *q’. We denote
the number of states of o by #.o7. If o and £ are finite automata we denote
their product by «f x & (see [2], p. 17).

If w=aga,4a,... is an w-word over the alphabet X and each g; is a letter,
we denote w[i,j]=a;a;,,. . .a;,;_, for nonnegative integers i and j.

3. THE PERIOD CANNOT BE LARGE

We show first that if v,(L)=A for a recognizable set A, then the period
of A cannot have a large factor prime to n.

If A is a set of nonnegative integers, define the equivalence relation ~ , by
m, ~,m,, my,myeN
if and only if

myn+ieA < myn+i€Ad

forallreN and 0<Zi<n".
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RECOGNIZABILITY OF SETS DEFINED BY NUMBER SYSTEMS 399
For a proof of the following lemma, see [2], p. 107.

LEMMA 2: If the set A is recognizable then the number of equivalence classes
of ~ 4 is finite and equals the number of states in a minimal finite deterministic
automaton recognizing A, ' (A).

The following lemma is obvious.

LemMA 3: Suppose w(A)=aya,a,... If o(A4) [m,n, n]#w0(A) [m,n, n']
where m,, m, and r are nonnegative integers, then m, and m, are not equivalent
modulo ~ ,.

LemMMA 4: Let A be a recognizable set with the representation
Y1Y3=00a,a,. .. Suppose|y,|=c.nf{l.. .n% wherec, uy, .. .,u, are nonnega-
tive integers and c is prime to n. Choose k and m such that n"g2[y2| and
m.n*<|y,|<(m+1).n* Denote

Ui = (1 ¥9) [((m +10) . 1, n]
foriz1. Then a, . ;#0a,.;if 1Si<j<c.

Proof: Assume on the contrary that 1Si<j<cand o, ,;=d,,;

Denote r=|y,| and y,=b, b,. . .b,. Then there exist binary words B;, B,
B3, B, and a positive integer t such that

Ot i =By b1 by .. b, B,
and
am+j=(33b,b,+1. ..bby...b,_ B,

and |B, |=|B;|. Because (m +i)n“#(m+j)n* (mod c), we obtain ¢+ 1. Hence
the words b,...b,_; and b,. . . b, are both nonempty. Because furthermore

by...b,_)(b,...b)=(,...b)b,...b_,)
there exists a nonempty word y such that
biby...b_y=)" and b,...b,=y"

r

for some positive integers p and g. Hence y, y% is not the representation of
A. This contradiction shows that o, ,;#0,.; O

LEMMA 5. Let A, y,, y, and ¢ be as in Lemma 4. Then every finite
deterministic automaton recognizing the language A, ' (A) has at least c states.
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Proof: By Lemmas 3 and 4 m+i~ , m+j if 1Zi<j=<c. The claim follows
by Lemma 2. [J

Next we show that if v,(L)=A for a recognizable set A, then no high
power of any factor of n can divide the period of A.

Lemma 6: Let A be a recognizable set. Assume that the period of A is
c.n{l. . .nY where c is prime to n. Denote

B;=AN{x|x=i(modc)}

for 0=<i<c. Then there exists an integer i such that the period of B; is
c.ny...n!s where max t,=max u,.
Proof: If B; is not empty then c divides the period of B,.

To avoid notational complications we assume that B;# (J for 0<i<c and
that the index of A4 is 0.

Assume without loss of generality that max u,=u,. Let the period of B;
be c.nfit. . .nks. Denote u=max u;,. We show that u=u,.

Assume on the contrary that u<u,. Then for 0<i<c there exist words
w;=b;ob;y...b; ,_, of length g=n{n%2. . nis such that

@(B)=(0"b;o0°" 1 b,, 071 b;,...0°" 1,

i,g—1

Oc—l—i)m.
Then
m(A)=(b00b10_b20' . 'bc—1,0b01 bll' . ‘bc—l,l' . ‘bO,q—lbl,q—l' - 'bc—l,q~l)qJ

which shows that the period of A divides c.n}n%2. . .n¥. This contradiction
shows that the assertion is correct. []

LemMA 7: Let A, ¢, u; and B; be as in Lemma 6. Choose an integer i such
that the period of B; is c¢.n'}...n's with maxt,=max u,. Then every finite
deterministic automaton recognizing the language v, * (B;) has at least u states,
where u=max u,.

Proof. Assume on the contrary that there exists a finite deterministic
automaton £ such that L(#)=v, '(B;) and ##=<u—1.

Let w be a word over the alphabet {0, 1, ...,n—1} such that

(1) v,(w)=i (mod ¢),

2 |wizu—1,

(3) w* w,eB, for some word w,, where w=w'w” and |w’'|=u—1.
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RECOGNIZABILITY OF SETS DEFINED BY NUMBER SYSTEMS 401

Then there exist words w;, w,, ws, states q,, ¢q,, g5 and a final state
gr such that w'=w,wy w3, W #XA, qowy =%q;, g3 w,=%qy, g, w3 ="q,,
g, Ws=>*qp, q, W’ = *q,, where g, is the initial state. Choose an integer k
such that no prime factor of ¢ divides n'*2!—1 more than k times. Then we
obtain (o stands for Euler’s function):

Vv Wo? @ T DY = v (w) (14 nl ™24 fple@Th=Dlwal)

ple@ hiwyl _q

=v,(w,). =0(modc), leN,

nlw2l_1]

because by Euler’s theorem n®© =1 (mod c¢**!). Let w be a word over the
alphabet {0,1,...,n—1}. Then

k+l)+1 ck+l))

Va (W wy? € W) =V, (W) +nl 11y, (wy? ¢

+1 — —
Falm IO DI ly (0, §)=v, (wy) +al 11y, (w, W)

=v,(w,; w,w) (modc).

Choose I such that |w, wy® (‘k”’“l exceeds u and the index of B,

*+1y4g

k
Because g, w, wh® ¢ ws w, =* g we have

k+1)4 1

v, (wy w3? € w3 wy) € B,

k+1 . .
The word w, wy® " "1 w. w”has the same first u letters as the word

k+1
wiwp? @ ) Ly w,

Furthermore, v, (w, wi® @ D+ 1w w)=v, (w, w,wsw”)=v,(W)=i (mod c).
Hence v, (w, w? "D *1y w")e B, which implies that g, is a final state.
Because gow; wywiw” = *g,, the word w=w, w, w,;w" belongs to L(%).
This shows that the period of B; is smaller than c. nit. . . n’s. This contradiction
proves the lemma. [

LemMMA 8: Let A, c and u; be as in Lemma 6. Then every finite deterministic
automaton recognizing the language v, ' (A) has at least max u,/c states.

Proof: Let v;'(A)=L (&) where & is a finite deterministic automaton.
Let ¥, be a finite deterministic automaton, which has ¢ states and which
recognizes the language v, 1({x|xzi (modc)}). Then o/ x €; recognizes the
language v, '(B;). Furthermore, &/ x ¥, has #./.c states. By Lemma 7
#& . czZmax u,. []
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4. THE INDEX CANNOT BE LARGE

We still have to prove that if v,(L)=A then the index of 4 cannot be
arbitrarily large.

LEMMA 9: Let A be a recognizable set. Suppose that the period of A divides
c.n" where c is prime to n, and that m is the index of A. If m=n***"2+1 for
a positive integer v, then any finite deterministic automaton recognizing
v, 1 (A) has at least v states.

Proof: Assume on the contrary that there is a finite deterministic automaton
&/ such that v, ' (4)=L (%) and #./ <v—1.

Let w be the shortest word such that v,(w)=m—1. Then |w|Zu+v—1.
Hence there are words w,, w,, w,;, w, and states gq,, ¢q,, g; such that
W=W; W, Wy W,, Wi#), | Wy |=“, doW1=>*q1, g1 Wy=>%qy W3 =74y,
g, w4 = *q5, where g, is the initial state. In the same way as in the proof of
Lemma 7 we see that

k+1y4q

v, (W, w§© Wa) =V, (W wyw,) (mode).

Hence

v, (W wy W€Dy =y (w, wywyw,) (modc.nY).

Because the index of A is m, one of the following two conditions holds:
(1) m—1leAand if x>m—1 and x=m—1 (mod c.n") then x¢ A4.

(2) m—1¢Aand if x>m—1 and x=m—1 (mod c.n*) then xe A.

If (1) holds then g5 is a final state, which is impossible because

th+a

9 (c* *
oW, Wyrw;3 Wy =743

and v, (w, waw§©@ ¥y )¢ A If (2) holds then g, is not a final state,
which s . 1impossible because  gow, wo w3 Dy, = *g.  and
v,(wyw, w8 Ny )ed O

5. DECIDABILITY

THeEOREM 10: Let k be a positive integer, k=2. It is decidable whether or
not a k-recognizable set is recognizable.

Proof: Let B be a k-recognizable set. By the definition there exist regular
languages L, and L, such that B=A,(L,)=v,(L,). Thus we can calculate
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how many states the finite deterministic automata recognizing A, ! (B) and
vy 1(B) have. Consequently, by Lemmas 5, 8 and 9 it suffices to check
whether A, (L,)=A when the period and the index of the recognizable set 4
are small. To check whether A, (L,)=A for a fixed recognizable set A form a
regular language L’ over the alphabet {0,1,...,k—1} such that A=A, (L").
This can be done effectively (see [2], p. 108). Clearly A, (L;)=A, (L") if and
only if

0*((0%) ™' L) =0*((0%)~" L),

where (0*) "' L, stands for {w|0*wNL,#@}. O
Our main theorem now follows by Theorems 1 and 10.

THeEOREM 11: Given a number system N, it is decidable whether or not
Pos S (N) is recognizable.

In Theorem 11, Pos S (N) can be replaced by —Neg S (N).
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