RAIRO
INFORMATIQUE THEORIQUE

ROBERT KNAST
Some theorems on graph congruences

RAIRO - Informatique théorique, tome 17, n°4 (1983), p. 331-342.
<http://www.numdam.org/item?id=ITA_1983__17_4_331_0>

© AFCET, 1983, tous droits réservés.

L’acces aux archives de la revue « RAIRO - Informatique théorique » im-
plique I’accord avec les conditions générales d’utilisation (http:/www.numdam.
org/legal.php). Toute utilisation commerciale ou impression systématique est
constitutive d’une infraction pénale. Toute copie ou impression de ce fichier
doit contenir la présente mention de copyright.

‘NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=ITA_1983__17_4_331_0
http://www.numdam.org/legal.php
http://www.numdam.org/legal.php
http://www.numdam.org/
http://www.numdam.org/

R.A.LR.O. Informatique théorique/Theoretical Informatics
(vol. 17, n° 4, 1983, p. 331 & 342)

SOME THEOREMS
ON GRAPH CONGRUENCES ()

by Robert Knast (*)

Communicated by J. F. PERROT

Abstract. — We prove a theorem on graph congruences. This theorem is the key step for the
characterization of syntactic semigroups of languages of dot-depth at most one.

Résumé. — On démontre un théoréme sur les congruences de graphe. Ce théoréme est utilisé de fagon
cruciale dans la caractérisation des langages de hauteur 1 dans la hiérarchie de Brzozowski.

1. INTRODUCTION

In proving the correspondence between certain varieties of languages and
semigroups, one of the key steps is a theorem on directed graphs, more precisely
on graph congruences. The first theorem of this kind, appeared originally in [1] in
the proof of the correspondence between locally testable languages and locally
idempotent and commutative semigroups, though it was not formulated as a
separate result on graphs. The treatment of this result'as a theorem on graph
congruence is due to Eilenberg [2, pp. 222-228].

Let m be an integer, m=1 and let , ~relate any coterminal paths which
traverse the same set of m-tuples of edges. In [4] Simon has proved that the family
of all #-trivial congruences of finite index corresponds to the family -of
congruences covered by ,, ~ for some m, when the underlying graph consists of
one vertex (Simon’s result was not formulated as a theorem on graphs). In the
paper, we show that this is not true, when the underlying graph has more vertices
than one. We prove (Theorem 2) that the family of graph congruences covered
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332 R. KNAST

by ,~ for some m, corresponds to the family of all dot (#)-trivial graph
congruences of finite index, where dot(#) is the concatenation closure of the
Green relation #, or equivalently. it is the smallest congruence covered by #.
This result is used in [3] for the characterization of syntactic semigroups of
languages with dot-depth at most one.

2. PRELIMINARIES

Let A be a non-empty, finite set, called alphabet. The cardinality of A will be
denoted by |A| A™ (respectively, A*) is the free semigroup (respectively, free
monoid) generated by 4. Elements of A* are called words. The empty word in
A* is denoted by A (identity of 4*). The concatenation of two words x, y€ A* is
denoted by xy. The length of a word x is denoted by | x|.

Let ~ beanequivalence relation on A*. For x € A* [x] . means the equivalence
class of ~ containing x. An equivalence relation on 4* is a congruence iff for
x, ye A*, x~y implies uxv~uyv for all u, ve A*.

For terminology related to graphs we follow Eilenberg’s monograph [2].

A directed graph G consists of two sets, an alphabet A and the set of vertices V
along with two functions: o, ® : 4 — V. Elements of A are also called edges in
this case.

Two letters (or edges) a, b e A are called consecutive if aw=ba. Let D= A% be
the set of all words ab such that a and b are non-consecutive. Then the set of all
paths of G is:

P=A"—A*D A*.

Functionsa, ® can be extended to a, @ : P— V in the following way: if
x=asa,...a,eP, then xa=a, 0, x0=a,0, where a, a,, ..., a,€A, n21.
For each vertex ve V' we adjoint to P a trivial path1,; 1,a=1,0=v.

A path x is called a loop, if xa=xw®. We say that two paths x and y are
consecutive if x®=ya. In this case the concatenation xy is again a path. Two
paths x and y are coterminal, if xa=ya and xo=y .

For any two binary relations ~ ; and ~, on P we say that ~, is greater than
~,(or ~, iscovered by ~,), we write ~, 2 ~,,ifforany x, ye P x~, y implies
X~y

An equivalence relation ~ on P is called a graph congruence if it satisfies the
following conditions:

(1) if x~y, then x and y are coterminal;
(i) if x~y and w~z, and x, w are consecutive, then xw~ yz.
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SOME THEOREMS ON GRAPH CONGRUENCES 333

In this paper we shall deal only with graph congruences of finite index. Now we
define three basic families of graph congruences which we investigate:

(1) Let (a;,a,, ...,a,)eAXAX ... xA (m-times), m=1. We shall write
(@, a5, ..., a,)ex and say that (a, a,, .., a,) appears in x, xe A*, if
X=XyQ;X;0,X, ...a,X, for some x4, X, ..., x,€A*.

For each integer m, m=1 and for each xe A* define:
xt,={(ay, a5, ..., a,)|m2n21,(ay, a,,...,a)ex}.

Instead of T, we simply write t. Now, we can define a graph congruence ,,~ on P
as follows: for x, yeP.

X ,~y iff x and y are coterminal and xt,=yr1,. By convention we set
1,7,=0 for any vertex v, ve V. It is easily verified that,~ is a graph
congruence of finite index on P.

(i1) For any n, n=1, let us define a binary relation ,— on P, in the following
way: for x, ye P:

7t 1

Xp—yiff x=x"x,%,...x,x and y=xX"y1 Vs ... Yux"’,

for some xy, ..., x,, y;, ..., y, such that x;t=y;1, i, j=1, 2, ..., n, and
X{ Xy ... Xy V1 Y2 ... Y, are coterminal paths.

Define, =to be the reflexive and transitive closure of ,—.

Equivalently, ,= is the smallest graph congruence on P satistying the
condition: x; X, ... X, ,= Y1V, - .- ¥, Whenever X T1=y;T, L, j= L2,...,n

(iii) For any n, n=1, let us define a binary relation ,~ on P as follows:
for x, ye P, x ,~ y iff:

X=X'X; Xy .. XpUyUy ... UpX",

r

1
y=X V1Yo .- YW Wy .. Wy X,

for some:
Xy Xgy e v ey Xpy Ugy Uny ooy Ups Vis Var o5 Vs Wis Woy ooy W,
such that:
X;T=Y;7, U;T=w;1T for i,j=1,2,...,n
and:
XXy oo XUy Uy o .. Uy, and ViVa o VWi Wy ... W,

are coterminal paths.

vol. 17, n° 4, 1983



334 R. KNAST

Define ,~ to be the reflexive and transitive closure of ,=.

Equivalently, ,~ is the smallest graph congruence on P satisfying the
condition: x; X, ... X, U Uy .. U, o= V1Yp... YW Wy ... w,, Whenever

x;t=y;tand y;r=w;tfor i, j=1,2, ..., n

NotaTion: Let A,, A4,, .. .,Ath,th Then(A4,, 4,, ..., A,) will denote
the set of k-tuples:

(ai, a}, ..., d¢, a3, 43, ..., ds, ..., a,, ah, ..., diY)
such that:
{al, a?, ..., ds}=4, |A;|=k,
h
k=Y |A],  i=1,2 ...k
i=1

If A,=A,=...=A, we denote this set by (4%). By (4,, 4,, ..., A,)ex for

X € A*, we mean that there is at least one k-tuple from the set (4;, 4,, ..., 4,)
which appears in x.
Let ~ be any graph congruence on P. We adapt here Green relation ¢ for
graph congruences. For x, ye P:
x ¢ y iff there are paths z,, z,, z, and z, such that z, xz,~y and z, yz, ~x.
However, we will also need the concatenation closure of #, denoted by
dot(#), and defined as follows: for x, ye P:
x dot(#)y iff for some n, =1, x=x,X, ... X,, Y=Y, Y, ...y, and x; # y, for
i=1,2,...,n
We will say that a graph congruence ~ on P is ¢ (or dot (#))-trivial if for any
coterminal pathsx _# y (or x dot(#) y, respectively) implies x ~ y.

3. RESULTS

The aim of this paper is to show that the family of #-trivial graph congruence
does not correspond to thé family of graph congruences covered by the graph
congruence ,,~ for some m= 1, when the number of vertices of the underlying
graph is greater than 1. In opposite, Simon [4] has proved that-this is the case, if
the underlying graph has exactly one vertex. The following example is suggested
by our results. Let ¥={1,2}, A={a, b, c,d} and aoa=ca=bo=do=1,

an=co=ba=doa=2. Define the congruence ~ by its congruence classes:

{1,},{1,}, a(ba)*, (ab)*, (ab)* c(dc)*, (ab)™ (cd)*, b(ab)*,
(ba)*, be(de)*, b(cd)*, c(de)*, (cd)*t, d(cd)*, (dc).+
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SOME THEOREMS ON GRAPH CONGRUENCES 335

and four classes containing all other paths, according to the coterminality.

This congruence is #-trivial, but(ab)* (cd)* # (ab)* ad(cd)*. Thusfor any m
we have ~ &, ~. Of course, if we consider that vertices 1 and 2 represent the
same vertex, then our congruence comes to be not #-trivial. In fact, we have
a(ba)* ¢ (ab)™, however, in the case of two vertices 1 and 2, these classes are not
coterminal.

THEOREM 1: For any graph congruence of finite index on P the following are
equivalent:

(@) ~ is Z-trivial;

(b) there exists an integer n, n=1, such that for all loops u, v about the same
vertex:

u(vu)" ~(vu)" ~(vu)" v;
(c) there exists an integer m, m=1, such that ~ < ,,=.

THEOREM 2: For any graph congruence of finite index on P the following are
equivalent:

(a) ~ is dot (f)-trivial;
(b) there exists an integer n, n=1, such that for all loops u, u, and v, v, about
the same vertex, where paths u; and v, are coterminal:

(uy uy)" Uy 05 vy 0)" ~(uy uy)" (vy )"

(c) there exists an integer n, n2 1, such that ~ <,~;
(d) there exists an integer m, m=1, such that ~ <, ~.

4. PROOF OF THEOREM 1

(a)=(c): Let ~ be a ¢Z-trivial congruence of finite index on P. From the

definition of congruence , = it follows that it is sufficient to show that
X1 Xy .o Xp~Y1 V2 ... Y Whenever x; x, ... x,, and y, y, ... y,, are cotermi-
nal, and x;t=y;t (i, j=1, 2, ..., m) for some m. Since ~ is F-trivial, it is

sufficient to show that x,x,...x, £y, ¥s...Y
some m. We prove this by the following:

m

whenever x;1=y;t for
Lemma 3: Let ~ be a ¢-trivial congruence of finite index on P. Then for m=2
(index ~ +1):
X1 Xy o X V1Y2 o Vo
whenever x;1=y;t for i,j=1,2, ..., m.

vol. 17, n® 4, 1983



336 R. KNAST

Proof: We may assume that m =2 (index ~ +1). Since x;,1=y;tforanyiand j,
thenforanyk, k=1, 2, ..., m/2 we may write x,, = x5, X, for x5, such that all
paths x; x, ... x5,y x5, (k=1, 2, ..., m/2)are coterminal. By the choice of m,
there exist k; and k,, 1 =k, <k, <m/2 such that:

’ ’
©) Xy Xg oo Xy X ~ Xy Xg o Xogey 1 X, -

We claim that for any path z such that zoa=(x;x, ... Xy ;x5 )o and
z1 & Xx;T we have:

1) Xy Xg oo Xy Xy F Xy Xg oo Xy Xy, 2.

We apply the induction on the length of z. If | z| =0, (1) follows by (0). Let z=wr,
|w|=0 and rex;t. Now, k, >k, implies that:

’ . ’
X1 Xy o Xy Xog, WF =Xy Xy ... Xog _y Xop UFUWF,

for some wu,veP such that Xx;x;... Xy ;X5 =X X5 ... X,y Xog, UL,
Evidently, paths x, x, . .. Xy, —1 Xy, w and x; X, . .. Xy, _y Xy, u are coterminal.
By the induction assumption:

! !
Xy Xy oow Xy 1 Xy WF X1 X oo Xoge g X
Hence:
’ ’
Xy Xg oo Xy 3 Xoge, WF X1 X o o Xige g X, U
Since ~ is a #-trivial graph congruence, we have:
/ ’
Xy Xy oo Xygey g Xy WF ™~ Xq X oo Xoge _y Xig, UT.
Consequently, by (0):
’ ’
Xy X oo Xy Xoge, WF F Xy X o X _y X,

Thus the claim holds.

By this claim x;x, ... X%y X% £X;X,...%, Since x;1=y;1,
we can find wu,veP such that x,=wuv and uw=y,a Hence by
the claim, x;x,...X%X,_1UY;Ys - -YmF X1Xy...X,,. By symmetry,
ViV o Vmo1U1 X1 Xy oo . Xu I V1 Y2 - - - Ym fOr some u, such that y,=u,v,
and u; o=x; 0 Thus x; %, ... X, V1 V2 -+ - Ve U

(c) = (é): Congruence ,,= satisfies (b) for n=m. Hence, also ~ satisfies ().

(b)=(a): Let x £y and let x, y be coterminal paths. By the definition
x~z,yz,andy~z, xz,for someloops z,, z; about the same vertex and for some
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loops z,, z, about the same vertex. Since ~ is a graph congruence, then
x~(z,25)"x(z4 z,)". Consequently, (b) implies x~z3xz,~y. U

5. PROOF OF THEOREM 2
(a) = (c):Let ~ beadot(¢)-trivial congruence of finite index on P. From the

definition of congruence ,~ it follows that it is sufficient to show that there is
n, n=1 such that:

X1Xg oo XpgUyUy oo Upy~Y Vo oo YWy Wy .. Wy,
whenever x, x, ... x,u u, ... u,and y, y, ... y,w, w, ... w, are coterminal
paths and x;1=y;t, u;t=w;t (i, j=1, 2, ..., n). Since ~ is dot (#)-trivial, it

follows that ~ is also ¢-trivial. By Lemma 1 for n=2 (index ~+1)
X1 Xy o Xy V1 Ys ...y, and wyu,...u, fw,w,...w, Hence, by the
definition of dot ((#)-triviality:

Xy Xg oo XyUy Uy oo e Uy~ Y1 Yoo YuWWy Wy ... w,. [

(c) = (d): We will prove that for each 7 there exists an integer m, m=1, such
that ,~ <, ~. We claim that it is sufficient to set:

k J 2
m=m(n, K)=n>Y Y i=%k(k+1)(k+2),
j=1 i=1
where k= l A|. The proof is by induction on k.

k=1

Thenform=m(n, 1)=n?,x ,~ yimplies|x
X,y

y|Zn? or x=y. Consequently,

>

General induction assumption

If|A|=kgl, <~ for m=m(n, k).

Now, let|A|=k+1,kg 1,andletx ,,~ yform=m(n, k+1). For x we define a
unique factorization of x as follows: x=x;x,...x,x,.,, where for
i=1,2,...,p, p=0, x; is the shortest prefix of x;x;,, ... x,x,,,; such that
x;t=A,and x,, , t&£A. If p=n, then m=m(n, k+1)>n(k+1) implies that the
similar factorization of y, namely y, y, ... y,¥,.;, must be such that r=n.
Hence, by the definition, x ,~ y.

Assume p<n. Then m=m(n, k+1)>n(k+ 1) implies that r=p. Let us define

k+1

m(n, k+1, p)=m(n, k)+p.n. Y i Bvidently,m(n, k+1)=m(n, k+1, n). We
i=1

vol. 17, n° 4, 1983



338 R. KNAST

prove that if the above factorizations of x and y are x; x, ... x,x,,, and
YiY2---YpVp+1 respectively, 0<p<n, then for m=m(n, k+1,p)x,~y
implies x ,~ y. We apply the induction on p.

p=0

It follows that xt=yt £ A. Since m=m(n, k+1, 0)=m(n, k), then by the
general induction assumption x,,~ y implies x ,~ y.

Induction assumption for p

If x=x;x,...x,x,,;and y=y,y,...y,y,., are factorizations as above
for somep, 0<p<n—1 then for m=m(n, k+1, p)x ,,~ y implies x ,~ y.

Let r=p+1 and let x=x,x,...x,%x,,, and y=y,y,...y,¥y,., be the
factorization as above. Assume x ,~ y for m=m(n, k+1, r).

Consider x, x,, ;. Let a be the last letter of x,. One can write x,x,,, =x""x',
where x' is the shortest suffix of x, x, . ; such that x"t=A. Let b be the first letter
of x'. There are two cases which we investigate separately:

(1) |x,|=|x"|+11ie a=b. Then x,x,,,=zat for some z, te A* and
a¢ztutT

() if |x/|>|x"|+1, then x,x,,, =zbwat for some z, w, 1€ A*, a#b and
a¢(zbw)t, bé¢(wat) .

(1) In this case, m=m(n, k+1, r)>(r—1) (k+1)+2 and x , ~ y imply that
Y, V.1 =uav for some u, ve A* such that a¢utuvt. Also, by the same
argument ut=z1% A and tt=v1E A

Hence, x=x,x,...x,_,zat and y=y,y,...y,_;uav. Since a¢ztUIT,
thenforg=m(n, k+1, N—(r—1)(k+1)—1,(4"" ', a,ay,a,, ..., a)ex(ey)iff
(ay, as, ..., a)et(ev, respectively). Hence x,~ y implies 7,~ v. Since
g>m(n, k), the by the general induction assumption ¢, v.

Similarly, (ay, a;, ..., a,, @€x(ey) iff (a,; a5, ..., a)EX X, ... X,_;2
(Ey,y2...y,- u, respectively). Hence, x,~y implies x;x,...X,_,Z2
a~Y1Y2 - Y,—yu for g=m(n, k+1, r)—1. Consequently, by the induction
assumption for p=r—1, we obtain x; x, ... X, Z,~ Y1 Vs --- Vp_1 U

Altogether, since ,~ is a graph congruence, we have x ,~ y.

(2) As in (1), m=m(n, k+1,r)>(r—1) (k+1)+2 and x,~y imply that
Y, V,+1 =ubsav for some u, s, ve A* such that a¢(ubs)t and b ¢(sav) t.

In this part of the proof we shall use certain special factorizatjons defined as
follows: for ze A* let z=z, z, ... z, (1 21) be a factorization of z such that for
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i=1, 2,...,1z; is the shortest prefix of zz,, ...z such that
z;1=(2;2;41 ... z)T#D. Of course, z;122;,,7. Such factorization always
exists and it is unique. For z=} we assume that /=0. Now, for ze A™ and for an

‘integer n, n= 1, we define the left n-factorization of z as follows:

(i) If for some j, z;1=z,,,1, where j, j+ne{l, 2, ..., 1}, then for the
smallest j with this property we define the left n-factorization as

2,2y ...2; 424 2% ... 2", where 2=z, 4, "=z, ...2,
i=1,2,...,n

(ii) Otherwise, if such j does not exist, we define the left n-factorization as
Zy2y...2z2 2% ... 2" where z'=Ale. Z'1=Q fori=1,2, ..., n+1.

By the left-right duality we also define the right n-factorization of z in the form

n+1l n 1
2"tz zz, ...z, for g20.

The following observation follows directly from the definitions:
Lemma 4: Let z,ueA* and |zt|=k. Then z,~u (or zt,=ut,) for

k
g=(n+1) ). i implies that left n-factorizations of z and u are the same in the
i=1
sense that z=z,z,...z,2'2% ...z

z;t=u;T, ((i=1,2, ..., h), ztt=u'1.

n+1 nt+1

, U=U Uy . uput vt L and

The similar observation is true for the right factorizations.

So far, in case (2), we have that x=x;x,...x,_;zbwat and
Y=V1¥2 - Y,—yubsav,and x ,,~ y for m=m(n, k+1, r). Now, let us observe
that (4", a;, a,, ..., a,, b)ex(ey) if (a,,a,, ..., a,)€z (€u, respectively).
Hence, x,~y implies that (zb)t,=(ub)t, for g=m(n, k+1, r)r—1)

P k
(k+1)—1. Since g>(n+1) ), i, by Lemma 4 the left n-factorizations of zb and
7 ~ )

13

ub are respectively, z,z,...z,z 2% .~.z"*! and wyu, ... wutu® ... u""?,
where u;t=z,1(i=1,2, ..., h), h=0, and z' t=u'1.

. _1 N

Similarly, (4", a, ay, c_z?,_...,aq)gx(gy) iff (ay, a5, ...,a)€et (ev,

respectively) for. ¢g=1.. Hétice, X~y implies that at,~av for
. k
g=m(n, k+1,r)—(r—1) (k+1)—1. Again, since g>(n+1) > i, by the right-

i=1
left duality and Lemma 2, the right n-factorizations of at and av are respectively:

t and o"*lyt...v'v,v

n+1 4n 1
A S gVg—1 - -

glog—1 - .y,
1o 1 - -
where t't=v't and t;1=v;71 (j=1,2, ..., g), g20.
Our proving way now will depend on the letter content of w:
2(A) if w=w, w, for some w,, w, € A* such that w,1<z't and w,tS ' 1;

vol. 17, n° 4, 1983



340 R. KNAST

2(B) if w=w,yw,Bw, for w,, w,, wye A*,y, Pe A such that w,1<z'1,
wytStitand yézlit, Bérin.

2C) fw=w,yw; for y¢z'tutit,w, 1Sz tand wyts it t.

Now, if wis of type 2(B), then x ,,~ y implies that(A" 1,2, 1,2, T, .. ., 2,7, 7,
Bttty ity o, D) EX T (AT, 20T, 251, oL, 2, Y, By 1T, 8

t; T) €y, because:

g=1T> - >

k
m=m(n, k+1,r)>@r—Dk+1)+2n ) i+2

i=1

;(r—l)(k+1)+'i |z;t|+ i |t;7]+2,

and z;t=u;t, t;t=v;1(=1,2, ..., h,j=1,2, ..., g). Hence, the conditions
y¢z' t=u'tand B¢ ¢! t=0"'1 imply that s=s, 75, B s, for some s,, 5,, s;€Z*
such that y¢s; v and Bé¢syt, but not necessarily s, 1<z, syttt If
w=w, Y w3, then similarly s =s, v s;. By this, if wis of type 2(A), then s =s, s, for
s;tSzitand sttt

2 (A) We have:

= 1.2 n+1 n+1 4n 1
X=X1Xy oo Xy 12125 ... 2,2 Z° ... 2 W Wyt L A P T 1
and:

1.2 +1 n+1_.n 1
Y=Y1Y2 « -« VooqUgUy ... U u” ... U"" 85850 A VA /P R 2t

Since z!t=u'7, there are factorizations z'=z}z} and u'=uju} such that

lo=ulw=z c=uloc for some zi,z},ul,uieA* Similarly, *t=0v'7
implies that ' =t} #}, v* =v} v} such that v} @=0v} oc =] @=1} oc. Hence by
the definition of =, since s, TtUw, 1Sz 't and s,TUwW, TS t' © we have:

z3z22 2 w2 ud i u T s s 0" oL 0P ol

Also, by the definition of ,=~, ziz*...z""' ~ulu?... u"*' and
A R el =2 LI oL

On the other hand, from the choosing of letter & it follows that
Xy Xy .-X,_y2b, ~ y,y,...y,_ubfor gg=m(n, k+1,r)—1 and from the
choosing of letter a, it follows that at, ~ av for g,=m(n, k+1,r)—(r—1)
(k+1)—1. Consequently, since (zb)t=(ub)1= A, (at)t=(ar)>1<A and
g, >m(n, k+1, r—1), g,>m(n, k), then by the induction assumption
for p=r—1:

X1 Xy oo Xy 212y ... 2,202% ... 2"* 1

R.A.L.R.O. Informatique théorique/Theoretical Informatics



SOME THEOREMS ON GRAPH CONGRUENCES 341

2 V1 Ve VeoqtUyty .. uutu? ... u""t and by the general induction
assumption:
A Y A 0 SR PR St L L DRI
Thus, since ,~ is a graph congruence, x ,~ y.
2(B) In this subcase, we have:
X=Xy Xgno.Xp_12129...2,2 2% ... 2""1
wyYw, Pws Tttty
— 1,2 n+1
V=V1Va - Yeor1Uglly .. WU U ..U o . ’ )
R P N VA Tl S T

where y¢z't=ult, B¢l t=v'1, yé¢s5, 7, Bésstand w, 1Szl T, wytS 1T

Now, (a,, @y ...,a, PB. ;% t,;7T, ...ty )ex(ey) iff
(a1, a5, ..., a)ex,xy ... x,_ zbw, Yw, (¥ Y2 -+ Y,—1ubsy vs,, respecti-
vely), for ¢=0. Hence, x ,,~ y implies that:

X1 Xy oo Xpo 1 ZbW YWy g~ Y1 Yy - Vo1 UDS Y S,
for:
g k
g=m@n, k+1,1 =3 |t;t|-12Zm@m, k+1,)—n}) i—1
j=1 i=1

Thus, (zbw,yw,)t<A and g>m(n, k+1,r—1) imply by the induction
assumption for p=r—1 that:

XXy oo Xy ZOW YWy > Yy Yy - Yoo UDS; Y S
Similarly, (A", 2,1, 2,7, ..., Z,T, ¥, @, Qg ..., a)€x(ey) iff (ay,
a, ...,a)€w,Pwsyat (€s,Ps;av, respectively) for ¢=0. Hence, x,~y

implies that w, Bw; at ,~ s, B s;av for:
h

g=m(m, k+1,n—@—-1) k+1)— Y |z1|-1

i=1

>mn, k+1,r)—(F—1)(k+1)—n i i—1.

i=1

Since g>m(n, k) and (w, Bw, at) t=(s, ps;av)t< A4, by the general induction
assumption we have:

w, Bwyat ,~ s, Ps;av.
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. 1 :
Finally, (A" %, 2, 7,2, T, .. ., 2, T,Y,81,85, .., Qp B8, T, 0,1 T, ..., ; T)EX
q g g

(e iff(a,,a,, ..., a)ew,(es,,respectively); ¢=0. Hence, x ,, ~ y implies that

W, 4~ 8, for:
h

g=m@m, k+1,r)—(@—1) (k+1)— Y |z:7|

i=1
g k
=2 |t t|—22mmn, k+1, r)—(k+1)—-2n Y i—2.
j=1 i=1

Since g>m(n, k) and w, 1=s, T £ A, then by the general induction assumpuion:
Wy .~ 5,
Thus, since ,~ is a graph congruence, x ,~ y.
2(C) The prooffollows as in 2(B), it is sufficient to regard y and f as the same
letter and w,=s,=A.[1

(d) = (b): Congruence ,~ satisfies (b) for n=m, consequently, also ~
satisfies (5). [J

(b)=(a): Let x=x,x,...x,and y=y,y, ...y, be coterminal paths such
that x, # y,fori=1,2, ..., hand A= 1. Then, by the definition of relation ¢,
x,~z4 y,z5 and y,~z} x, z} for some paths z}, z}, 2}, z;. Consequently:
, Xi ~(z3 23)" x(24 23)"
and:

Xy % oo xp~(2) 23)" X1 (22 23)" (23 23)" %, (25 23)" . . . (21 28)" X, (2 25)",

for n=0. Since x and y are coterminal, then z} and z3 are loops about the same
vertex. Similarly, z4 and z% are loops about the same vertex. By (b) for sufficiently
large n and since ~ is a graph congruence:

~ 1 1 1\n 1.1 1,27,2,2 2.2
Xy Xy oo Xy~ 23(21 23)" %, (24 23)" 24 25(23 23) x, (25 23)" 23 . . .
he h _h\n h h h
co.z3(zi z3) " x, (2 Zz3)" 2.
Note that for i=1, 2, ..., h—1 z} and z{*! are coterminal. Next, since:
ifoi i P i i
yi~z3(z; 23)" x;(z4 25) 2§,

we obtain x~y. Thus ~ is dot (#)-trivial. [
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