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A MIXED THEORY OF INFORMATION.
I: SYMMETRIC, RECURSIVE

AND MEASURABLE ENTROPIES
OF RANDOMIZED SYSTEMS OF EVENTS (*) (*)

by J. ACZÉL (2) and Z. DAROCZY (3)

Abstract. — The paper contains thefirst result in a mixed iheory of information where mea-
sures of information may depend both upon the events and their probabilities, AH such entropies
that are 3-symmetric9 recursive and measurable are determined,

1. In the probabilistic theory of information (see, e. g., [3]) the entropies
and other measures of information or uncertainty are supposed to depend
solely upon the probabilities of the events (messages, outcomes of an expe-
riment, weather, market situations, answers to a questionnaire, etc). On the
other hand, in the nonprobabilistic theory of information (see, e. g., [4, 7])
these measures do not depend upon the probabilities at all, only directly
upon the events themselves.

After a result of B. Forte [5] in the similar case of random variables, one
of us has proposed in [1,2] a mixed theory of information, where measures
of information may depend both upon the events and their probabilities. The
present paper contains the first result in this direction. Generalizing an
important theorem of Lee [9], we détermine all 3-symmetric, recursive, and
measurablee ntropies depending upon a system of events and their proba-
bilities, which we will call a randomized system of events. We will also refer
to entropies of randomized Systems of events in short as "inset entropies"
(inset: a map set within another map; but one may also consider it (*) as
"in set"). Under the above conditions, they turn out to be essentially the
sum of a Shannon entropy and of the expected value of a random variable.
2. Let B be a ring of sets (containing, with any two sets also their union
and their différence, thus also their intersection and the empty set 0; see [6]).
Dénote

Ûlf = {(x1, x2, ...9xà\xieB9 xt nxj*=0 if i^j; f,j = l ,2 , . . . , n}

(*) Reçu 14 juillet, 1977.
(x) This paper has been conceived at the meeting Colloque international du Centre natio-

nal de Recherche scientifique, Les développements récents de la théorie d'information et
leurs applications, organized by C.-R Picard, July 4-8,1977 in E.N.S.E.T, at Cachan» France.

(2) University of Waterloo, Ontario, Canada,
(3) L. Kossuth University, Debrecen, Hungary.
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150 J. ACZÉL, Z. DARÓCZY

and

(n = 2, 3, . . . ) . We call

a randomized system of events. We use events xt as name for the éléments
of B, while the pt are probabilities.

The séquence of mappings (inset entropy) In : Qn x Tn —• i? (n = 2, 3, . . . ;

i£ the set of reals) is recursive if, for all integers n > 2, and all

\Pl, Pi, P /

x l 5 x 2 , x $ , . . . , x „ \ _

P l » P 2 , P 3 > • • • > P n / ""

( xl9 x2

Pi p2
P1+P2/

f X y X \
with the convention 0 . / 2 ( ** * \ : = 0. This states how the uncertainty

changes if an event is split into two; it is also connected to Huffman codes
and algorithms. The séquence { /„ } is ksymmetric (k ^ 2) if

ixu ..., x^\ _ /x r ( 1 ) , . . . , xr(fc)\
k\ I — -*fe\ (>

\Pu • • • » Pit/ \Pr (1)' • • • > Pr (k)/

for all ( Xu ' ' ' ' Xfc I e Qfe x Fk and all permutations r on { 1 , 2 , . . . , £ }

(meaning simply that the uncertainty does not depend upon the labelling

of events). Finally, our inset entropy is measurable if the function

is measurable on ]0, 1[ for all fixed (xu

THEOREM: The séquence In : Q r txTn —• R (n = 2, 3, . . . ) is recursive,
3-symmetric and measurable ify and only if, there exists a constant A and a

R.A.I.R.O. Informatique théorique/Theoretical Computer Science



A MIXED THEORY OF INFORMATION-I 151

function g : i? —• R such that

/Xl, .... x^ = J(jx\-fjPig{Xi)-AfjP.i0&Pi, (2)
\PU • • • > PnJ V = l / i = l i = l

( X x\
for ail \ u " "* n ) e Qn x r„ (n = 2, 3, , . . ) with the convention

\Pl> • - » PnJ
0.1ogO: = 0. (3)

3. Proof: It is obvious that any inset entropy given by (2) with arbitrary
As R and g : B —> i? is recursive, symmetrie and measurable. Now we prove
the converse.

Recursivity means, for n = 3,

fxu x2, *s\ = I Aiux 2 ) x3\
3\PI> Pi> Ps] 2\Pi+Pi> Pz)

Pi Pi \, (4)

JP1+P2' P1+P2J

for ail (Xu *29 X3] e Q3 x T3. We introducé a function ƒ : Q2 x [0, 1] -> ^

by

fx1 *À (5)
c/ (1).

Let s e [0, l[s r e [0, 1[, s + t ^ 1, but s and r else arbitrary. Then, from (4)
and from the 3-symmetry, we have

ƒ (xt ux2 , x3;
/

- 0 ƒ ( J

~s»ï5 s, i-U " .'J

for all (x1? x2, x3) e Q3 and for all

(c / U n * = fCî rticpfo if ^f=ro ir «-ï-/<c i \

For fixed (xl9 x2, x3) eQ 3 , we get from (6) with the notations

3,x2;s), / 2 ( M ) = / ( x l 5 x 3 ; u),
ƒ3 (0 = /(XiVXfr x3 ; 0, ƒ4 (Ü) = ƒ (xu x2> v),

vol. 12, n° 2, 1978



152 J. ACZÉL, Z. DAROCZY

the équation

f1(s)+V-s)f2(j!-) = f3<J)Hi-t)fJ~) for all (s, l)eD.

The gênerai solutions, measurable on ]0, 1[, have been determined for this
équation in [8] (cf. [3]) as

(*e[0,l[ or [0, ï];j = 1, 2, 3, 4),

with the convention (3). (There are certain relations among bu b2i b3 and £4,
which we will not need here. It is also unimportant how we fix the base of
the logarithm.)

In the situation described by (7), when xu x2 and x3 are allo wed to vary
again, the coefficients A, aj, bs (j = 1, 2, 3, 4) in (8) may depend upon them.
In particular, see (7),

= A(xu x2)[-tlogt-(l-t)log(l-ty] + a4(xl9 x2)t+b4(xl9 x2) (9)

/(x 1ux 2 s x3; 0

u x2, x3) t + b3 (xj u x23 x3).

But, as seen from (8), A has to be the same for / 3 and / 4 , thus

^4(xl5 x2) = ^4(^i u x 2 , x3) for all (xl9 x2, x3)eQ3.

Substituting xx = 0 , we get

2). (10)

So A (x, y) = a (x) is independent of ^. Thus? combined with (10), we
have that a (x2) = a (0) = constant, that is,

A is constant. (11)

If we substitute (9), with constant A9 into (6) and compare the members
linear in t on the left and right hand sides, we obtain, writing simply

a4 = a, è4 = b, (12)

the équation

3)-fc(x l s x2) = a(xu x3) for all (xu x2, x3)6O3. (13)

R.A.I.R.O. Informatique théorique/Theoretical Computer Science



A MIXED THEORY OF INFORMATION-I 1 53

[We will not need the other équations obtainable by comparison of the two
extremities of (6).] The substitution x3 = 0 now gives, with the notation

g(x) = a(x,0),

the équation

b{xu x2) = g(Xi ux2)«g(x1). (14)

Resubstituting this into (13), we get

a(xtKjx29 x 3 ) -g(x 1 ux 2 ) = a(x1, x3)-g(*i)

and, again with x1 — 0,

a(x2,x3) = g(x2)-G(x), (15)

where we have written

G(x) = g(0)-a(0,x).

From (5), (9), (11), (12), (14) and (15) we have now

*2{l-t9
+ g(x1vx2)-(l-t)g(x1)-tG(x2), (16)

[with (3)]. But équation (4) and the 3-symmetry

fxu x2y x3 \ __ fx2,
3\Pu Pi> PsJ" 3\P2,

xu

Pu

show that I2 is symmetrie too (that is, our inset entropies are also 2-symmetric).
Thus

Xu X2\ ( X2, Xj \

l-t, t)-h{t, 1-t)-

Comparison to (16) gives immediately

G(x) = g(x),

so that (16) goes over into

h{i-t, Xt)= g^.^^-a-og^^-tgcxj)

(17)

[with the convention (3)].

vol. 12, n° 2, 1978



154 J. ACZÉL, Z. DARÓCZY

This shows that (2) holds for n — 2. Suppose it is true for n — l then, by
the recursivity and by (17),

/x l s x2, • •., xn\
n\Pu Pl> • • -i Pn/

, X3 , . . . , XB \ .

„ „ + ( P I
> />3> • • •> P i . / i+Pi Px + Pil

g(x2)
P1+P2

g g ]
P1+JP2 P1+P2 P1+P2 P1+P2J

/ n \

= «( U ^ ) ~
(again with the convention (3), using the similar convention in the définition
of recursivity), that is, (2) holds also for «. This concludes the proof.
4. REMARKS: The last member, -^pt log/?; in (2) [with the convention (3)]
is, of course, the Shannon entropy (see, e. g., [3]). If the system xu x2, - • -, xn

n

of events is complete, that is, (J xt is the whole space Q (the certain event),
i = l

then g ( Q x j ) = C is a constant and, with the notation h(x) = C—g(x),
V=i /

the first two members in (2) reduce to

that is, to the expected value of a rondom variable [which the second member
in (2) is also in the gênerai case]. Thus, in this case of complete Systems of
events, the gênerai recursive, 3-symmetric and measurable inset entropies
are sums of the expected value of on arbitrary rondom variable and of on
arbitrary constant multiple of the Shannon entropy,

hh *")= ÎPMX,)-A iPiloëPi,
\Pl> • • •> PnJ £=1 f=l

(xl5 . . . , x„)eQrt, Ü x, = Q; (Pl, . . . , j ^ e r , , OlogO : = 0 .

R.A.LR.O. Informatique théorique/Theoretical Computer Science



A MIXED THEORY OF INFORMATION-I 155

There is a close resemblance between this représentation and C. T. Ng's
parallel composition law (5.8.C) in [10].

On the other hand, in the case of incomplete Systems of events (when their
union is a proper subset of the "whole space")* we may notice that the sum
of probabilities is still 1. This means that we have conditional probabilities
[observe, for instance, the probabilities assigned to xx and x2 in the last
member of the définition of recursivity, for instance in (4)] or measures
geared to the union of the events (sets) in the inset entropy.
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