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COMPUTING GRAMMARS
AND CONTEXT-SENSITIVE LANGUAGES (*)

by Dan A. SiMovicr and Sorin ISTRAIL (1)

Communicated by J. F. Perrot

Summary.— We introduce the notion of a computing grammar and we study the family
of functions that can be defined by such a grammar with a linearly limited buffer size. These
functions in turn define context-sensitive languages. We investigate various closure properties
of this family of functions and use them to show that certain languages are context-sensitive.

I. INTRODUCTION

It is a well known fact that every context-sensitive language is a recursive
set. Using a diagonalization argument it is possible to prove that the class
of context-sensitive languages is strictly included into the class of recursive
languages. Moreover, the progress of Computational Complexity Theory
now permits the direct specification of languages that are recursive but not
context-sensitive since they require exponential space for recognition—e. g.
extended regular expressions denoting the empty set ([1], chap. 11)— and
are therefore outside the scope of any linear bounded automaton.

Therefore, for formal language theory it is an important matter to clarify
as much as possible the border of the class of context-sensitive languages by
proving that certain classes of recursive languages are composed in fact by
context-sensitive languages.

By N, we shall denote the set of positive natural numbers N; = N\ {0 }.
The aim of our paper is to study a certain subset of the set of functions
{f|f:N#— Nk, k,he N, } for which the bounded languages

Ly={if*...55" | (my, ..., m)e f(N))}

are context-sensitive. Here i;, ..., i, are symbols belonging to an appropriate
alphabet 1.

(*) Received August 1977; revised October 1977. Note: A preliminary version of this
paper was presented at the 6th Conference on Mathematical Foundations of Computer
Science (Tatrouska Lomnica, Czechoslovakia, September 1977), but an unexpected delay
presented its inclusion in the Proceedings.

() Department of Mathematics, University of Iagi, Iasi, Romania. Research Group
of Formal Language and Automata Theory, University of Iasi.
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34 D. A. SIMOVICI, S. ISTRAIL

After studying closure properties of this class of functions with respect to
common operations of recursive function theory we consider some elementary
examples which justify the interest of this topic.

II. COMPUTING GRAMMARS AND FUNCTIONS COMPUTABLE WITH A
LINEARLY-LIMITED BUFFER-SIZE

In the sequel we shall introduce a new revriting device.
DEFINITION : A computing grammar (cg) is a 7-uple

K =(IN, IT, {xl, c ey xk}, {il’ e ey ih}’ b, #, P‘),

where Iy and I are finite nonvoid sets representing respectively the nonterminal
and the terminal alphabet, {xl, cy xk} c Iy is the set of start symbols,
Ip = {iy, ..., 0, #, b}, where “#> is the marker and “b”’ is the buffer and F
is a finite set of pairs of words from (Iy U Ip)* x (Iy v Ip)*.

In addition, we suppose that if (4, v) € F then:

(i) u contains at least a nonterminal symbol;

(i) if ““# >’ occurs in u then “#° has exactly only one occurence both in u
and v, namely in the first position of these words.

If (u, v) € F this fact will be denoted by u— v.

The generation relation = > and its reflexive and transitive closure are

considered exactly as for grammars.

A cg is length-increasing if for every rule u — v we have / (1) < I (v), where
I(p) is the length of the word p.

If n = (ny, ..., m) € N% the number ||n||is the sum ¥ {n; |1 S j < k}.

A function f:N* — N*% is computed by a cg K= (Iy, Ir, {x1, ..o x b
{iy, ..., 0}, b, #, F) if for every m = (ny, ..., m) € N¥, there exists an
unique m = (my, ..., m,) € N* so that

* K
XYL = i impMF®,
K

The number M (n) is the buffer sizer for the function f and the input n
in the cg K. In this manner we obtain a function M¥ : N — N&.

A function f': N¥ — N% is computable with a linearly limited buffer size
by the length-increasing cg K if there exists ¢ € R, so that:

My (@) < || f )],

for every ne N¥\Q,, where Q, is a finite subset of N*%.
Let LLBS be the class of functions which are computable by length-
increasing cgs with linearly limited buffer size.
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COMPUTING GRAMMARS AND CONTEXT-SENSITIVE LANGUAGES 35

The usefulness of this concept of cg is pointed out by:

THEOREM 1: If a function f: N% — N" belongs to LLBS then the language

Ly={if...ig" | m=(my, ..., m)ef(ND}
IS a context-sensitive one.

Proof: Suppose that fis computed by the length-increasing cg K = (I, I,
{x1, .., %} {i1, .- 04 }, b, #, F) and let us consider the length-increasing
grammar

G= (INU{J’D cees Yk},
Iz, Xo, FU{Xo> # Y1 ... Vi, V1— V1%,
V12> X1 «oos Ve Vi Xgs )’k“’xk}),

where p,, ..., y, are new symbols non belonging to the set Iy U I.
We infer that the language

L=(LGn{#}{i,}" ... (i} {b}»
_{# i .. i | 41, ---»Qh)ef(Qf)}

is again context-sensitive since the class of context-sensitive languages is
closed with respect to intersection with regular languages.

Let us take p € L. The derivation x, x p can be split as follows:
G

* * . o K
Xo = #Yi..-m = #XP..oxp o= #Fip..impMr®,

where the last part of the derivation uses only rules from F.
We conclude that L has the following form

L={#i. . i"p™® | m=f(n), neN{\Q,, m=(my, ..., m)}.
Let us consider now the homomorphism
H:{iy . i by # }— {ig oiy }*
given by:
y if yeliy ..., iy}
e if ye{b, #}.
H is a (c+2)linear erasing homomorphism with respect to L for, if
p = #im ... imbMF® we have
1(p) = 1+ f @]+ MF @) < 1+[[ f @) |[+¢[| £ @)
= (c+2)|| f @] = (c+2) I(H (p)),

since H(p) = i7 ... im and f(ng, ..., m) = (my, ..., my,).

H(y)={

vol. 12, n° 1, 1978



36 D. A. SIMOVICI, S. ISTRAIL

Taking into account that the class of context-sensitive languages is closed
under linear erasing [4] it follows that H (L) is a context-sensitive language.

III. CLOSURE PROPERTIES OF THE CLASS OF FUNCTIONS COMPUTABLE
BY LENGTH-INCREASING cgs

This part of the paper contains a study of closure properties of functions
computable by length-increasing cgs.

We shall recall first the definitions of several well known operations on
functions.

If f: N¥ — N" and g : N4 — N¢ are two functions, the combination of f
and g is the function f xg : N¥ x N5 — N#x N¢, given by

(f*g) (m,p) = (f(m), g (p)),

for every m e N* and p e N3.
The exponentiation of the function f: N%¥ — N¥ is the function f: N%+1— Nk
which is defined by:
SE@p=fofe. ol @)
p

where “o > denotes the composition of functions.
The function f:N**1— N! is obtained by primitive recursion from
g :Nk— N! and h: Nk*1*— N if f(m, 1) = g (n) and

f(n,P"'l) = h(n,P,f(n,P)),DEN’;,PENl-

The operations of composition, combination, exponentiation and recursion
are not independent. For instance, it is possible to prove [2] that each function
defined by exponentiation starting from a primitive recursive function can
also be defined by primitive recursion from primitive recursive functions.
In this proof the projections are inherently involved. Since these functions
are obviously non-computable by a length-increasing computing grammar,
it is useful to study closure properties of the set of functions with respect to
the whole set of operations.

The strategy of our approach is the following. In the next four theorems
prove closure properties of the class of functions computable by cgs.

After establishing evaluations for the buffer size of the computed functions
we obtain in the corollaries, closure properties of the class of LLBS functions.

THEOREM 2: The class of functions which are computable by length-
increasing cgs is closed with respect to composition.

Proof: Let f: Nk — Nt g:N*— N be the functions computed respec-
tively by the grammars:

Kf=(INf’ ITf’ {xl, ...,xk}, {il, “eey ih}’ b, #, Ff)’
K, =ygs Iy, {x%, ..o %1} {i1 s i1}, b, #, F).

R.A.LR.O. Informatique théorique/Theoretical Computer Science



COMPUTING GRAMMARS AND CONTEXT-SENSITIVE LANGUAGES 37

Without loss of generality we assume that
INf [a) INg = 0 and ITf () ITg = {b, # }.
Then the composition g o f: Nk — N is computed by the cg:
KgOf = (INfU INgU(ITf\{b}), ITg’ {xh LY xk}:
{it, ..., i1}, b, #, {in>x, | 1EMmZh}UF,UF)

since we can write:

* . ; Ky
#EXT L xP = #im, L impMrT®
; # xllm_- L. x;lm;. be' (n)# i'lp' R 1) Mf‘ o (n))+Mf’ (n)

CorOLLARY 1: If f, g€ LLBS, ||gm)|| = ||n|| for almost all ne N¥
(excepting possibly a finite set Q = N¥) and f (g, u:Q) is a finite set then
the composition g o f belongs to LLBS.

Proof: From the proof of th. 2 it follows that
Mgz;* (n) = Mf )+ Mg* (f (),

hence it is possible to obtain the following evaluation:

MgE7(m) < ¢, || g (F @) ||+ ¢, || f @] S ¢ || g (f @ ]|
+er||g(f @)} = max(c,, ¢p) || g(f @],

where f(n) ¢ O, U Q and n ¢ Q. These restriction can be summarized asking
n¢Q,uf"'(Q,u Q) and, since this last set is finite it follows
gofe LLBS.

THEOREM 3: The class of functions which are computable by length-increasing
cgs is closed with respect to combination.

Proof> Suppose that f:N* — N* and g:NJ— N! are two functions
computed by the cgs:
Kp=ys, Iy, {%g5 s %} {igs <o o5 in}s by #, Fp,
Ky =ngs Irgs (X0 oo X3} {0t -5 i1}, By #', F,).
Assuming that Iy, n Iy, = @ and Iy, n Iy, = @ we shall consider the fol-
lowing length-increasing cg:
Kyxg=Uns0lIy,u{b, # }, U, \{DHUUTr,\{ #'}),
{x1, - X X4, oL X5 Y, #,
FoUF,u{bx}—b#'x}, i,xy—i,# x1}
u{bi,>ijb|1=5t<1}u{b >b}).

vol. 12, n° 1, 1978



38 D. A. SIMOVICI, S. ISTRAIL

Denoting by ¢ = M{s(n) and d = M%*(q) we have in this new cg:

*
ny o] o]
# XX x> #aT b L X

*

= #Fir . b # XM X
*

= #IT .. igmbheir. . i b

i 3 VL Ll B L)

Hence, the function f x g is computed by the cg K., and we have
MELE (0, @) = MY (0)+ M= (g). 1

COROLLARY 2: The combination of any two functions from LLBS is again
in LLBS.

Proof: Let f, g€ LLBS, where MXs(n) < ¢, ||f(n) || for neNl\Qf and
MXs(q) < ¢, ||g(q) || for q€ N"\Qg Taking into account (1) it is possible

to obtain the following evaluation:
ML (0, @) = MY (0)+ M= (q) < c; || f ()|
+¢,||g@]| £ max(c,, ) (|| f ]|+ g@]])
= max(cs, ¢,){| fxgm, @],
for n¢ Q, v Q,, hence f x ge LLBS.

THEOREM 4. If f is a function computed by a length-increasing cg then there
exists a length-increasing cg which computes its iteration f#.

Proof: Let us suppose that the function f: Nk — N* is computed by the
length-increasing cg K = (Iy, I, { x4, ..., % }, {11, . 1, b, #, F) and
let us take

"= .oag0=fofef...of ) and d"=M5(g"").

htimes

We shall consider the cg:

K# = (INU{xk+1’ Zys oo ey Zpy )’},
IT’ {Zla ey Zkaxk+1}s{i19 ey ik}s b3 #9 FUFI)
where F; consists of the following rules:
@) zj X401 = X411 X5, 1 £ S k5
(1) ;X1 = Xer1 X5, 1 Sj Sk

R.A.LR.O. Informatique théorique/Theoretical Computer Science



COMPUTING GRAMMARS AND CONTEXT-SENSITIVE LANGUAGES 39

(iii) bxysy — Xi41 b;
(V) # Xppq X = # Y X5
) yi;—ijy,1=j= k;
(Vi) i yb — i Bb, By Y Xpy 1 — b DXy 1.
Since F consists only from length-increasing rules so Fu F; does, hence

K, is indeed a length-increasing cg.

Now, we obtain in K , the following derivation:

L3 Nk ,.D ny ne . p—1
# 2y Z Xr1 > F X1 X1 XEXEL g

* 1 1
: n n -1 . . d -1
=  #YXT ... X XPeq re # yide i xPL ]

* 1 1 1 1 a
. . dr p—1 . gt pdi+1 p—1
= #Fit iR ybM xply = #if . ifEb" T xEL
) (iv)
* 1 1
. . dy+1 -2
= #if. . ix DT XETT

h Lpdi+l _p=-2
= # X XL XD xR

i kpdi+1_p-2
#yx{t. . xPbN T xE T

+1

*

=
(iv)
* 2 2

) . + -2
= # yift, | Gepitdatlyp
* p P
= = #ifi.. . ifkp?

whered = p+Y {d;|1<j<p}.
It is clear now that f# : Nk*1 — Nk is computed by K - Moreover, we have

M@ D)= 3 MEG oS o of @)+p.

j—1 times

COROLLARY 3: Suppose that for the function f: N%— N* there exists
«€(0,1) so that ||n||a £ ||f(n) ||, excepting posszbly a finite set Q < N*.
If fe LLBS and f(N") N Q @ then f#e LLBS.

Proof: We have to evaluate M f# (@, p). In view of the fact that

|| m || o ||f(n) || we have the following non-decreasing sequence of real
numbers:

I F@ ]l @l se?|| /2w ... 7 2w,

vol. 12, n° 1, 1978



40 D. A. SIMOVICI, S. ISTRAIL

for every j, 0 < j < p—1, since f(N%) n Q = B. Hence

p—1
M@ p)= % Mf(ofo. . of W)+p
J

p—1 p—1 .
s Tellfofo- s @l+p< X e ™| @]l+p
j= S —— j=

.

| ep P % .oc—ock“
=c|| f (n)]l(k§1a>+p=c”f"(n)]| +p

1—a
oc

<
1—a

| £7 @] + p.

From ||n||<allf(m)]|| it follows that ||f(m)||> A||n]||, where
A = 1/o > 1. Hence ||fP(@) || > 47 |[n||> [1+p(4=1)]|[n]|| > p (4-1).
Therefore p < 1/(A—1) ||f? (n) || and the previous inequality is completed
as follows:

Kzt ac 1\, _c(+0)), ox
e p<(72 4 el -<E2 o)

= Hf# (ll, P)H,
hence f#e LLBS.

THEOREM 5: The class of functions which are computable by length-increasing
grammars is closed under primitive recursion.

Proof: Let us consider the cgs K, and K, which compute the functions
g :N%— N! and h: Nk+1+1— NI, respectively
Kg =(1Ng’ ITg’ {Zli “eey Zk}’ {ill' “eey l;}, b, #, Fg),
Kh = (IN}H ITh’ {sl’ ey Sy Uy yla LY yt}’ {il’ ctes it}’ b’ #’ Ff)’
where Iy, N Iy, = O.
We shall construct the cg
K = (INgUINhU INs’ ITh’ {xl, ceey xk, xk+1},
{iy, ..., i1}, b, #, F,UF;UFy),
which computes the function f: N¥*1 — N! obtained by recursion from g

and h. Here Iys is the set of supplementary nonterminal smbols, F7, is obtained

from F, by replacing each symbol i; by y;, 1 < j </ and each occurence of
“# > with a new symbol v and Fg is the set of supplementary rules. The sets
Iys and Fg will be specified in the sequel.

R.A.LR.O. Informatique théorique/Theoretical Computer Science
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41
Let us denote f(m, p) = (g%, ..., g¥).
The activity of the cg K starts from the word x% ... xm xP_ . We shall
exhibit the rules which allow the derivation:

#XP L xpexle, > #ST L sioZP Lt ewxlT L
Namely, for the beginning we shall include in Fg the following sets of rules:
s g
() xj X1 = Xn415;2i 85,1 Sj S k;
(i) # xp49 — # O

(lll) tjsh_’sh tj91 é]:h é k,]é h,
tizz—zut;, 1l S j,h Sk, j< h
(V) z;8, > s, 2zj, 1 £ j,h S k,j S k;

(V) os;—s;0,1 £j<k;
i) s, 0z, > 85,002z
(vii) 02;—>2;0,1 <j < k;
(viii) 2, 0¢, >z, T ¢,

(ix) tt;>¢t1,1 <j<k;

(®) BT X B W Xty

Indicating by subscripts the rules which were used we have the derivation:

*
n Br P n ne p—1
# XY X Xy ("?)’ # Xpr1 (5120 8)™ oo (S Ze 8™ XE 5 4

, -1
(i;;’) #o(syzt)" ... (S zi )™ Xk 1

ny Rl 471 ne p—1
(i=i>i) #o(spz)" . Sz )™t ..t xie
:>) #osT . sz Lz e xET L
1v

Before moving o it is compulsory to arrange s;, z;, ¢; in the manner which

was indicated, in order to eliminate o. This derivation can be continued as
follows:

n Ny n ~1

#osy oSz ozt Rzl

; # ny e ng Mkt'll I"k p—1
(v) sl ---Sk Gzl "'Zk 1 PEEIEY k xk+1
(=_>) # ST S0zt e XD
vi
* ny nic ny nk ny ne p—1
(=3) #Sy . .Lsvzyt Lz 0 L kxR
vii

vol. 12, n° 1, 1978



42 D. A. SIMOVICI, S. ISTRAIL

= #sTLsuZit. Lz XD
(viii)
* n1 T 4y, 71 LR i p—1
= # Sy o s vzt L G T X
(ix)
= # ST sz LR L e wxE )
* n LOJI: 3} ak f ny ne,,p—1
F=’ #Sl...skvyl...yk "'tl°"tkka+1'
g
Hence, we put in evidence the derivation
* , . -
#S].LLsiExE = AT stoyB L yfb L L PewxPT L.
Now, our aim is to construct a derivation
ny me o j o ai a g, M mic  f P
#sy L oosvTyt oo yitb ot R w X
* s J+1 j+ :
+1 i+t +1 _p—(j+1
= AP syl Ly b T DY,
1=jsp-1
Since in K, have the derivation
.3 i % LI+t i+ 14
#si .. spvyftlyE = #ift i by

it follows that in K it is possible to write
s syt ydh e xBTS
* ; .
= #ifl" T e ],
where a'!. = MX» (n, p, ¢/), ¢/ = @5 -5 9.
At this stage we shall consider the rules:
xi) w Xy — wouw;
(xii) w o — o uw;
(xiii) ;o —ou;v;, 1 =j=k;
&iv) boa— a b;
xv) i,a—ay,l Sc=s
(xvi) # o— # &;
tiuy—uyt;,1 < j < h<k;
(xvii) { bu, — u, b;
Yoy —uy., 1 S c =1

R.A.LR.O. Informatique théorique/Theoretical Computer Science



COMPUTING GRAMMARS AND CONTEXT-SENSITIVE LANGUAGES
and1 £ h <k
tiu—ut;, 1 <h<k;

(xviii) { bu — ub;
iu—ui,,1<c=l;
éuh_-)sh&,l é h é k;
Eu—vé&;

(xx) vEy; —vMyy;

xxi) ny.—=y.ml=c=
(xxii) y,m b — y, bb;

(xix)

Using the rules introduced here we have the continuation:

Lgl*1 gl +1 A
#ift i b w xPH

glt1 i+ . s
= #r . i b w auwxE D
(xi)

* gitt it 1 i+ —(i+

= #@U 0 by Gra(uwy T xET D

(xii)

* J+1 j+1 ’ :

. .q ny i Jj+1 . p—(j+1)
= #ilt i b aut)™ . ()™ (uw) T xRS
(xiii)

* j+1 j+1 . .

q 4 n n Jj+1,p=(j+1)
= #Iii! Jf ab . (U t)™M L (U )™ (uw) T xBTS
(xiv)

* 1

* . J+1 J+1
ny me, jt1 o a q
= #FEuy .. .wru' it

* s J+1

n j+1 ¢ n n Jj+1 _p—(j+1
= ST sPTYEY Ly b e XD

i+ J+1
= st .. osgev? 1y‘{‘
(xxi)

., : i+1
= #FsP. . s/t yn
{xxii)

q{i-l
Vi

vol. 12, n° 1, 1978

j+1 Jj+ . —(i+1
= #oyl . yf b (ugt) .. ()™ (uw) TP D

j+1 Jj+1 i+1 —(Gi+1
= # &y‘f‘ oy b (Ut )" (g tk)""(uw)’+ Xiy gj )

ji+1 . p—(+1
... . ew PP

n me  j+ 1 gttt ! ny e, J+1 p=(i+1)
= #sy.ooosko T Iy Looyf bt W T xR
Jj+1 . s

q "y me,jt1  p=(j+1)
Y b L T xR

n ne, jt+1i p—(j+1)
b...t7 ... w T XY T

43



44 D. A. SIMOVICI, S. ISTRAIL

Thus coupling the derivations we obtain in G the derivation
ny e P * ny me o ai af ny me o J D= J
#XT XX, = #ST . s yD oL yEb L e X
for1 =j<p-1.
Taking j = p—1 it is possible to obtain in K:

ny ne P
# X7 oo X X+t
* ny me p—1 gf~! ap~! ny nc, p=1
= #si ..oty VB bt W X
a? aP —
= #i0 . iTb T Xy
h

The role of the next group of rules is to eliminate the last supernumerary
symbols. Namely, we shall consider the rules:

(xxiii) w x,4, — 8 b;

(xxiv) w & — 8 b;

(xxv) t;8—>3b,1 = j =< k;
(xxvi) b & — bb.

Finally, we have obtained the derivation

* »
n n, . .
# XL XpexEL, = #iP ...

The buffer size is given by

r—1
M@, p) = My*@+ T Mi*@, p, ) +2p+||n]|-1.

COROLLARY 4: Let g : N¥— N! and h: N *1*'— N, be two functions
Sfrom LLBS where MXs(n) < c, || n||forne N¥\ @, and

Mzh (n’ P q) é Ch ” h(ll, D, (I) “
for (n, p, @) € Ni+1+1\ Q,, where Q, and Q, are finite sets. If there exist
o, Be(0,1) so that |[n]|| <B|lg)]|| and ||q|| < a]|lk (@, p,q) || for all

(@, p, Q) € N« x Ny x Nk Q, where NHxN;xh(N%, N,N) nQ=0, then
the function f defined by recursion from g and h belongs to LLBS.

R.A.L.R.O. Informatique théorique/Theoretical Computer Science
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Proof: Using a similar approach as in corollary 3 we can write

P

-1
M%(n, p) = M¥*(n)+ 21 Mi*(m, p, ¢)+2p+j|n||—1

i=

p-1 R

< c‘,,|]g(n)||+j21 el (o, p, @) || +2 p+]||n|| -1
p—1

sclle@il+ X alld™ ||+2p+[[n]] -1,
=

ifn¢Qg and (n,paqj)¢Qh’ 1 é]ép—l
Since ¢/*1 = /1 (n, , q) we have ||/ || < o || ¢/** ||, hence

o/ || <77 || q”|l;

for every j, 1 < j < p.

45

Afterwards, since q* = g (n) we have also ||n|| < B||q' || < Be®~' || ¢ |]-

Putting together these evaluations we obtain
p »
Mj@m, p) <c,lla*|[+alla’]] X o +2p+][n]|-i
=

p .
selel $ ) e2prper el

< pj 1o P|l < |l qP ¢

scllq ”1 +2p+||@ | = |l )| — +1)+2p
—a i—oa

=c.||@|[+2p,

where ¢ = max (¢,, ¢;) and ¢; = [c/(1—)]+1.
Taking into account that

llall >4 |la" )| = 47~ {[g ]| > 477" B[ n]],
where A = 1/a > 1 and B = 1/B > 1 it follows that
|a?|} > [1+A(—D]||n]| > 1+4(p-1) > p.
Therefore we have
M7, p) = (c;+2)||q°|| = (¢, +2)|| f (u, D],
hence fis in LLBS.
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IV. SOME ELEMENTARY EXAMPLES

We shall present in the sequel some elementary examples of “basic’’ func-
tions from LLBS from which we shall construct more complex functions
using the closure properties of the LLBS class presented in corollary 1-4.

(i) The function f: N, — N, given by f(n) = an+c, where ae Ny, ce N
is in LLBS. Indeed, let us take

K = ({xl }3 {il, b: # }a {Vxl }n {il}’ b, #’
{#x1> #ilyxy, yx; > i1y, y>b}).
In this grammar there exists the derivation

*
n i 3C n :C ca n—1 ;o oshat natc
#xy = #igyxy = #ijiiyxy = #iy ‘y = #iy °b,

and f is obviously from LLBS since M% (n) = 1, Vne N,.

(ii) It is a very well known fact that the language {i7 ... i"|n=1} is
context-sensitive. This fact can be recaptured here by proving that the function
h:N;— N* given by h(n) = (n,n, ..., n) is from LLBS.

S ——
ktimes

Let us consider the length-increasing cg:
K={x:}{ins -0 iy by # 1 {xy } {irs -5 ik} by #,
{x1 V1 Vs Y=y, 1SISjEk y;—i;, 15 k}).

If, in this grammar we have a derivation

*
#x0 = g 3)

we must have ny = n, = ... = n,. Indeed, the derivation (3) has necessarily
the form:

n * n * n n n * ; Ny +N5
#x7 = #W...) = #Viye...y = #Iiy ...
and the buffer size is zero.

(iii) The sum f5 : N2 — N, given by fs (n;, n;) = ny +n, belongs to LLBS.
This function is computed by the length-increasing cg:

Ks=({x1’ xz}, {in b, #}5 {Xp xz}, {h}: b, #, {x1“’i1’ x2—>i1})

. .. * ;
since we have the derivation # X X0 = hen2,

(iv) The product f, :N2— Ny, where f,(ny, ny) = nyn, is a function
from LLBS. To prove this let us consider the cg:

KP = ({xl’ x25 y’ z, U}, {ila b,’ # }, {xh xz}, {ll }.,
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b, #, { Xy %3 - iy b, X; X1 X5 > X1 0%, X; X3 X, > 07 X,
02x2—>x2 V%, Xy Xg=>11 X9 Xy, X101 =iy Xq,

Xa iy = iy Xg, X307 = Xy Y0, X Y = Yiy, X2 ¥ > Vi, Y =iy }).
K, computes f, since in this cg it is possible to write:

- - X — - 2
#APxZ = #xPTxPT = #xPTIxP T

*
= # i(l'lx-1)(nz-1)x(2nz"1)x(1n1—1)02
# i(lm-l)(nz-l)x(znz—l)x(lnl—l)yb
* - - - — o
= # i(lnl 1 (n2—1)+(nr—1)+(n2 1)+1b = # l'{mz b.

We conclude also that M i (ny, ny) = 1.

(v) In [3] S. Istrail exhibited a context-sensitive grammar for a language
L, = {i?® |ne N}, where P is a polynomial having its coefficients in N,
proving that L, is a type-1 language.

This result can be retrived in our new approach as follows. Suppose that
P(n)=aon™+a, n" '+...+a,_n+a,
=(...((apn+ay)n+ay)...)n+a,.
We shall act by induction on m.
Denoting by ¢; : N2— N, the function @;(m,n)=mn+a;, 2<j=m
and by ¢, : N; — N, the function @; () = @, n+a,, P (n) is given by
P(n) = @n(...(93(92(91(n), n), n), ..., n)).

We have proved at (i) that ¢, € LLBS, with MX (n) = 1, Vne N for a
suitable cg. Since, for n = (m,p) we have ||r|| = m+p the condition
||m|| £ ||f@) || considered in theorem 3 becomes m+n < mn +a; this condi-
tion is satisfied for all (m, n) e N2 since a; = 1.

Denoting by 1 : Ny — N, the identity map 1 (n) = n, the function ¢, X1
belongs to LLBS, hence @, o (¢; x1) € LLBS, where

020(01 x1)(n) = 9, (91 (n), n) = (agn+a,)n+a,.

Suppose that we have proved that each polynomial with degree less or
equal to m is in LLBS and let H = ag n"** +a, n"+... +a,,, be a poly-
nomial whose degree is m+1.

Since H = (ao n™+a, " ' +... +a,) n+aniq1 = 9,41 (P (1), n) it follows
immediately that H € LLBS.
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48 D. A. SIMOVICI, S. ISTRAIL

(vi) Let us consider now the exponential function g : N, — N, given by
g (n) = a", where a > 1. This function is computed by the cg:

K=({x1’ y}a {il, b, #}’ {x1}9 {il}’ b’ #’
{#x1—>#yii7h i x = x84, yx o it y - iy ))

since it is possible to write

*
. a—1 _n—1 . a2—g _n—2
#X] = #yii x1 = #yxif x]
# .g2—1 n—2 :; .a3—3 n-—-3
= Yy X3 # yxgiy T Xy
:a3—-1 n—4 an—1 T
= #yi] " x} = ... = #yii = #1ii.

The last rule y — i;, can not be applied until the last step because x; can
be eliminated only using the rule yx; — yia~1.

Remark: By a slight modification of the proof of theorem 1 it is possible
to prove the following assertion:

If the language L, = {j ...j™|(ny, ...,m)€ D} is a context-sensitive
one (where D is a suitable subset of N%) and f: N — N* is a function from
LLBS then the language { i™ ... im |(my, ..., m,)ef (D)} is again context-
sensitive (the proof is left for the reader).

For instance, starting from the fact that the language { i? | p is a prime } is
context-sensitive (see [4]) it follows immediately, using the example (vi) that
the language {i2” |p is a prime } is again context-sensitive a. s. o.
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