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CREATING A NETWORK-STATE HOMOMORPHISM THROUGH
OPTIMIZATION

YILUN SHANG"

Abstract. In graph theory, a mapping between two graphs that generally preserves the structure
is called a graph homomorphism, which has been a fundamental notion and extensively studied in
combinatorial and algebraic areas. Real-valued states are often assigned to the nodes of graphs (also
called networks) in theory and applications underpinning the emerging science of networks. In this
paper, we present a simple way to create homomorphisms between a network and its state space. The
distance-induced structure in the state space is of practical relevance. We characterize the optimal
homomorphism with minimum cost in terms of a constrained optimization problem, and demonstrate
the calculation with concrete examples.
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1. INTRODUCTION

Consider a simple graph G = (V, E) with the set of nodes V' = {v1,v2, -+ ,v,} and the set of edges E C
{{vi,v;} : vi,v; € V,v; # v;} connecting pairs of nodes. Let |E| = m be the cardinality of E, which is called
the size of G, and similarly |V| = n is referred to as the order of G. Let N; = {v; € V : {v;,v;} € E} be the
neighborhood of v; € V. In graph theory, a graph homomorphism is a mapping between two graphs, say G and
H, that preserves the edge structure [1, 2]. More specifically, given two graphs G = (V, E) and H = (Vg, En),
a mapping f : G — H is a homomorphism if for any edge {v;,v;} € E, the images also form an edge, namely
{f(v), f(vj)} € En. The adjacency of nodes is preserved by the homomorphism f. Graph homomorphism can be
viewed as a generalization of graph coloring [3, 4] and is closely related to important algebraic and combinatorial
structures with swathes of applications in, for example, wireless networks [5], artificial intelligence [6, 7], and
social network analysis [8, 9].

Dynamical processes and complex systems over graphs have gained prominence in the past few decades,
where graphs are often interchangeably referred to as networks [10-12]. In the context of networked systems,
each node v; typically has a real-valued state denoted by x; € R representing quantities like position, speed,
opinion, or cost in different scenarios. Let X = {x1, 2, -+ ,2,} be the state space associated with the graph or
network G. Let || - || be the Euclidean distance, which is equivalent to the absolute value in the one-dimensional
case. The natural mapping f : G — X associates every node v; with its state x;. By assigning an interval
I; := [x; — z;,x; + T;] to each v; with z;,Z; > 0, we conveniently define the adjacency of the values in the
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FI1GURE 1. Schematic of a homomorphism f: G — X.

state space X as follows: z; and x; are adjacent if and only if I; N I; # (). The interval I; based at x; can be
interpreted as, for example, (a) a scanning range of frequencies in satellite communication, where adjacency
indicates communicability between two vehicles, (b) acceptable opinions of an individual in social interactions,
where adjacency indicates the two individuals are on speaking terms, or (¢) a delivery region (in terms of a
section of postcodes, for instance) of a store in grocery chains, where adjacency indicates a seamless coverage
of the service, etc.

Inspired by the concept of graph homomorphism, we are interested in establishing a homomorphism in
networked systems within the above framework. Specifically, we aim to determine the minimum cost that makes

the mapping f : G — X a ‘homomorphism’; cf. Figure 1 for an illustration. Let z = (2,24, -+ ,2,)" € R
and T = (T1,T2, -+ ,Zn)' € R?, where T means transpose. The problem can be formulated as the following
constrained optimization problem:

min ||z + |[Z]|?
s.t. x;—x; <T 4, if x>z, Y{u,v}eE,
xj—xigfiJrgj if l‘igl’j, V{Ui,l}j}EE,

z;,T; >0 Yv; € V. (1.1)

When the network G is connected, an optimal solution of the problem (1.1) corresponds to the minimal
cost or energy to create, for example, (a) a functional communication network, (b) a common ground for
bargaining, or (c) an effective delivery service, etc. We note that the intersection mechanism proposed here
may be reminiscent of the (random) intersection graphs [13, 14], where two nodes are connected if they share
a common attribute. However, intersection graphs rely on a fixed discrete set of attributes, which are very

different from the construction of our state space.
The rest of the paper is organized as follows. We characterize the optimal solution of the problem (1.1) in

Section 2, and provide some examples in Section 3. The paper is concluded in Section 4.

2. MAIN RESULT

The main result is a characterization of the optimal homomorphism as follows.

Theorem 1. The problem (1.1) has a unique global optimal solution z* = (z7,z5, -
1=T1,,, where 1,, € R™ is a vector of all ones and E = (&) €

(T3, @5, ,T5)" given by z* = $E1,, and T" = 3

R™ ™ is a non-negative matriz satisfying &; = max {O,xi o %kaeNi\{vj} ik — %kaeNj\{vi} fkj} for
{vi,v;} € E and &; =0 for {v;,v;} ¢ E.

Proof. First note that the objective function of (1.1) is strictly convex and continuous. Since the feasible set is
a convex region, the optimization problem has a unique global optimal solution by the optimality condition; see

e.g. [15], p. 87.

]

*\T —k __
z*)' and T =
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By a direct observation, the problem (1.1) is equivalent to the following
min [[z]* + ||z
s. t. T —Z; Sfj#‘fbj V{UZ‘,’UJ'} ek,
zj—x; <Ti+x; V{vi, vt €E,
Z;, Tq > 0 Vv, eV. (21)

Since the problem (2.1) only has inequality constraints, we introduce the Lagrangian function

L(z, 7\ N . T0) Zx +77) Z (Aij(xj—xi—%‘—fi)

i=1 {vi,vj}EE
n
+Nij(zy —z; —x, — T ) Z x; + [;Ti), (2.2)
i=1
where the multipliers are represented by p = (HI’HT e 7Hn)T ER", i = (liy, g, > Hy)" ER" A= (A;j) €

R™™ X = (Ag;) € R™™ and \;; = Xi; = 0 for all {v;,v;} ¢ E. Since the Slater constraint qualification is
satisfied, the Kuhn—Tucker conditions indicate that * and T* become a global optimum if and only if they are
feasible and the following conditions are true:

az Ll mAX A =0 e, (2.3)
8(;L(g T, N, 1, 7 g e Ak X et e 0 Yo €V, (2.4)
ANy —wg —2; —77) =0 Y{v,v} € B (2.5)
>‘w( vy —x; —7;) =0 Yuv,v;} €F, (2.6)
pa =z, =0 Vy eV, (2.7)
)\1*],)\” >0 Y{v,v;} €E, (2.8)
Kof; 20 Yy eV (2.9)

We will first derive the optimum z* and Z* from the expressions (2.3)—(2.9), and then check the feasibility.
By a direct calculation using (2.2), (2.3) and (2.4), we obtain

f= (X A ) (210)

g =
v EN;
and
**—1( > (N +A*)+**) (2.11)
€Ty = 2 ki T Ak i )
v EN;

for v; € V. Tt follows from (2.7) that if = 0 or Z; = 0 for any node v; € V. In the latter case, using (2.11)
we derive 7 = — > n (An; + A%). Thanks to (2.8) and (2.9), we conclude that 7% = 0 holds for every node
v; € V. An analogous argument with (2.7) and (2.10) gives rise to 7 = 0 for every v; € V. Plugging these back
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0 (2.10) and (2.11), and singling out an edge {v;,v,;} € E, we obtain

* * 1 N *
T, = = Z zk + >\k:’L - (A + A_”) 2 Z (Alk + Akl) (212)
vkeN vk €N \{v;}
and
v EN; vk €N \{v;}

for v; € V and v; € N;. Likewise, we have the following expressions for v;:

. 1 — " 1 —x "
z; = 5()\3‘1‘ +A5) + ) Z (Aji + Akj) (2.14)
v €N;\{vi}
and
e 1 " 1 —x "
v €N;\{vi}

Plugging (2.12) and (2.15) into (2.6), we obtain

*

@i =z =X = X5 —mij) =0 V{vi,v;} € E, (2.16)

where 7;; := %kaeNi\{vj}(X:k + M) + %kaeNj\{'Ui}(X;;j + Aj)) > 0. Exchanging i and j in (2.16) yields

)‘ji (CL’j —X; — X;z — A; — 7]]1) =0 V{’Ui,’l)j} € FE. (217)
Similarly, plugging (2.13) and (2.14) into (2.5), we have

Ajj (w5 — i = Ny = Ay —myi) =0 V{wi,v;} € B, (2.18)
where n;; 1= %Evkem\{w}@jk + X))+ 3 EvkeNi\{uj}(XZi + Aj,) > 0. Exchanging ¢ and j in (2.18) yields

N — 25— X = X —mij) =0 V{v;,v;} € E. (2.19)

[AYE)

If X:j > 0, we have z; — x; fX:j — A% —nij = 0 by (2.16). This implies x; —x; > n;;. [In fact, if x; — x5 = n;j,
then X* + )\* = 0. This means X* = 0, which is a contradiction. If z; — x; < n;;, then X; + A;fi < 0, which
contradlcts Wlth the condition that both of these two terms are non-negative.] Applying the same argument to

(2.19), we show that if A* > 0 then z; — z; — )\ A* n;; = 0 and hence x; — z; > n;;. Therefore,
ij +A§i =max{0,z; —x; —n;;} W{vi,v;} € E. (2.20)

Likewise, if in > 0, we have x; — x; — X;i — Ai; —mji = 0 by (2.17). This implies x; — x; > ;. [In fact, if
x; —x; = 1nji, then )\; +Aj; = 0. This means )\;i = 0, which is a contradiction. If z; —z; < n;;, then )\;i +A5; <0,
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which contradicts again with the condition that both terms are non-negative.] Applying the same argument to
(2.18), we obtain that if A}; > 0 then z; — x; — X; — Ai; —n5i = 0 and hence x; — x; > n;;. Therefore,

le + Al = max{0, x; — x; — 0} V{vi,v;} € E. (2.21)

Define &;; = X:j + A% and & = X; + A for {vi,v;} € E, and &;; = 0 for {v;,v;} ¢ E. By our definition of
M;; and 7j;, we can express them in terms of {fij}i,jev as follows

1 1
e} T e} ¥ 6 wuues o2
vk €N \{v;} vk €Nj\{vi}
and
1 1
i = 5 > &irt 5 > & Y{ui,vu} €k (2.23)
vr €N\ {v; } v €N\ {v; }

Invoking (2.20) and (2.21), the matrix = = (&;;) € R™*™ can be formally given by &;; = max{0,z; —z; —n;;}
and &;; = max{0,z; — x; — n;;} for {v;,v;} € E, and §; = 0 otherwise. Using (2.12) and (2.13), we have

o =3 Z &r and T = 3 Z Eki- (2.24)

v EN; vE EN;

Therefore, z* = %Eln and TF = %ETln as desired.

Finally, we will verify the feasibility of this solution. Since {¢;;}i jcv are non-negative by definition, we
have z7,7; > 0 for v; € V' via (2.24). Using (2.13) and (2.14), we have T} + x} = {;; + 1;;. Similarly, we have
T; +z} = & +mi; by (2.12) and (2.15). In view of (2.20) and (2.21), we obtain

Ty +a; =€ +n = max{0,z; —x; — 15} + 0y

=max{n;;,z; —x;} >z; —x; Y{u,v;} € E (2.25)
and
Tj + i =S5 + i = max{0,x; —x; — ni;} + 0y
=max{n;j,x; —x;} > x; —x; Y{v;,v;} € E. (2.26)
This completes the proof of Theorem 1. O

Some quick remarks are in order.

Firstly, the non-negative matrix = by construction is in line with the pattern of the adjacency matrix of G,
namely, if {v;,v;} € E then &;; = 0. Moreover, we observe from (2.20) and (2.21) that, for any {v;,v;} € E, at
most one of the two symmetric entries &;; and &;; can be positive. Secondly, let B € R"*" be the incidence matrix
[2] of G associated with a given order of edges. By stacking one of the two symmetric entries corresponding to
each edge {v;,v;} € E into a vector ( € R™ in the same order of the edges as specified in B, we can rewrite
the solution as z* = %BQ . Analogously, stacking the other entries into a vector ( € R™ in the same order
of the edges as specified in B will give rise to z* = %BZ Finally, Theorem 1 presents a characterization for
the optimum through construction but does not address the algorithmic aspects for the solution, which would
be useful especially for a large-scale network G. Many efficient network algorithms have been investigated in
the literature adopting different ideas from evolutionary process [16], machine learning [17], and distributed
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v x=
Q0 L=11,2]
f // X ‘\\
V, ,/’ /'__—':"O X=
. O L=[2,2]
Vs X53=
=2, 3]

FIGURE 2. Optimal homomorphism for G = K3 with z; =i for i = 1,2, 3.

computing [18] etc. Our future work will be along this direction. In the next section, we will present some
small-scale computational examples.

3. EXAMPLES

We first consider a complete graph G = K3 with V' = {v1,v9,v3} taking values 1 = 1, 23 = 2 and x5 = 3;

0 &2 &3
see Figure 2. To figure out the matrix == [ &1 0 &3 |, we apply (2.20) and (2.21) to obtain
&1 &2 0
1 1
§12 = max {07 -1- 5(513 + 532)}7 §21 = max {Ov 1- 5(523 + 531)}a
1 1
§13 = max {07 -2- 5(512 + 523)}, £31 = max {Ov 2 - 5(532 + 521)}a
1

§23 = max {0, -1 %(521 +§13)}7 £32 = max{O, 1- 5(531 + 512)}

Since = is non-negative, we immediately have {12 = €13 = €23 = 0. Plugging these back to the above expressions,
we obtain £; = 32 = 0 and &31 = 2. Therefore, z* = %Elg = (0,0,1)7 and T* = %ETlg = (1,0,0)T. The
optimum is ||z*||% + ||Z*||?> = 2 and the corresponding intervals are given by I; = [1,2], Iy = [2,2] and I3 = [2, 3].
Here, the homomorphism f : K3 — X is isomorphic as displayed in Figure 2. Moreover, we observe that any
pair of intervals only meets at a boundary point. We will see that it is not always the case.

Next, consider a 4-cycle G = Cy with V' = {v1, va, v3, v4} taking values 1 = 1, zo = 2, 3 = 3 and x4 = 4; see

0 0 0O

. . — . . . . . . - 0 0 0O
Figure 3. In this case, = is a 4 by 4 non-negative matrix, which can be similarly derived as = = 010 0
3 000

2

Therefore, 2* = 321, = (0,0,0.5,0.5)T and z* = =71, = (1.5,0.5,0,0). The optimum is ||z*||? + [|Z*[|> = 5
and the corresponding intervals are given by I; = [1,2.5], I, = [2,2.5], I3 = [2.5, 3], and I, = [2.5,4]. The graph
induced by X is a complete graph since I; N I; # @ for any i # j; see Figure 3. The optimal homomorphism
f:Cqy — X is not an isomorphism in this example.

In the above two examples, the induced graphs by X are always complete. This is not necessarily true as we
will see in the next example. Consider the network shown in Figure 4 by simply rewiring two edges {v2,v3} and

{v4,v1} in the previous 4-cycle example. The new network G is still a 4-cycle with the same states assigned.

00 00
The matrix = = (§;;) € R*** can be calculated as = = (2) 8 8 L Hence, 2* = 1214 = (0,0,1,1)" and
0 2 00
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x,=2

11-—[1 25}_,:.{) I,=[2,2.5]
xX=1 .-~

f “;»:’\X !
’! d =:: x3=
I,=[2.5, 3]

» 5

Vy x=4

I,=[2.5,4]

F1GURE 3. Optimal homomorphism for G = C4 with z; =i for i = 1,2,3,4.

v, x,=2
Fn i =[142 :
w Il b
QS
G f X
V3 Pd ’ _——j: X3=_
RV I3—[2, 3]
> C}’ -
vy x~4
1,=[3,4]

FI1GURE 4. Optimal homomorphism for a rewired G = Cy with z; =i for i = 1,2, 3, 4.

7" = 1271, = (1,1,0,0)". The optimum is [z*[? + ||Z*||* = 4 and the corresponding intervals are given by
I =[1,2], I = Iy = [2,3], and Iy = [3,4]. Note that the homomorphism creation ‘cost’ in this case is lower
than that in the previous example, namely, 5. This is somewhat expected because the maximum state gap
§ 1= maxy,, ,}er [vi — ;| = 2 which is smaller than § = 3 in the previous example. As a result, the graph
induced by X is no longer a complete graph.

4. CONCLUSIONS

We have presented a new, natural optimization problem called “network-state homomorphism”, where the
input is an unoriented graph G, together with a real-value state x; associated with each node i. The objective
is to transform each state x; into an interval I; = [x; — &;, z; + T;], such that for each pair of adjacent nodes of
i and j of G, the corresponding intervals intersect. We aim to achieve this condition while minimizing the cost
llz||> + ||Z||?, where 2 and T are the vectors of coordinates x; and 7;, respectively.

We have approached this problem through classic tools for optimization namely the Lagrangian method, and
the main result characterizes the unique optimum, by an elegant expression depending on the graph G and the
vector z. As mentioned in Section 2, we do not provide at this stage an algorithm for computing the optimum.
Another natural direction is to explore the optimum when the state of a node is a vector instead of a real value.
In this case, the intervals would be replaced by some higher-dimensional objects such as cubes or balls. We
believe that an analytical treatment along the line of Theorem 1 is also possible.
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