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SEQUENCES FROM FIBONACCI TO CATALAN:
A COMBINATORIAL INTERPRETATION VIA DYCK PATHS

ELENA BARCUCCI, ANTONIO BERNINI*® AND RENZO PINZANI

Abstract. We use Dyck paths having some restrictions in order to give a combinatorial interpretation
for some famous number sequences. Starting from the Fibonacci numbers we show how the k-generalized
Fibonacci numbers, the powers of 2, the Pell numbers, the k-generalized Pell numbers and the even-
indexed Fibonacci numbers can be obtained by means of constraints on the number of consecutive
valleys (at a given height) of the Dyck paths. By acting on the maximum height of the paths we get
a succession of number sequences whose limit is the sequence of Catalan numbers. For these numbers
we obtain a family of interesting relations including a full history recurrence relation. The whole study
can be accomplished also by involving particular sets of strings via a simple encoding of Dyck paths.
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1. INTRODUCTION

The general term of the well known Fibonacci sequence is given by the recurrence

fn = fnfl +fn72-

It can be generalized as the sum of the k previous terms (so that the Fibonacci sequence is obtained with k = 2)

k k k
R A e A
giving the k-generalized Fibonacci sequence [1-3]. Considering the full history recurrence relation

fn=that ot A+ 1

(i.e. a relation whose general term is a sum involving all the preceding terms), the sequence of the powers of 2
is obtained (starting with the suitable initial conditions), whose recurrence is very often written by

frn=2fn1
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The general term of the Pell sequence is given by the recurrence

Pn = 2Dn—1+ DPn—2.

It can be generalized by considering the sum of the k previous terms (so that the Pell sequence is obtained with
k = 2 and the powers of 2 can be considered as the particular case with k = 1)

k k k
p® =2p® 4 p®,

giving the k-generalized Pell sequence [4]. Considering the (almost) full history recurrence relation

Pp=2D5 1+ Dygt . P

the sequence of the even-indexed Fibonacci numbers (1,1,2,5,13,...) is obtained (starting with the suitable
initial conditions), whose general term is indicated by

p;z = 317%71 - P;hz-

For clarity sake, in our work we consider the Fibonacci sequence defined by fo = f1 = 1and f,, = fr_1+ fa_2,
so that the even-indexed Fibonacci sequence starts with the terms 1,2,5,13,... which does not coincide with
the one we are dealing with (1,1,2,5,13,...). Nevertheless, we use the same name since the two sequences differ
only for the first two terms.

In the present work we describe a combinatorial interpretation of all these sequences by means of the Dyck
paths subject to suitable constraints. More precisely, we consider the sets ’DSLh’k) of Dyck paths having semilength
n and height at most h, and avoiding k — 1 valleys at height h — 1, and the sets Dﬁh) of Dyck paths having
height at most h (without restriction on the numbers of consecutive valleys).

512716)78)

Starting from h = 2, we show how increasing values of k > 2 give rise to sets of Dyck paths (the D enu-

merated by the k-generalized Fibonacci numbers (in particular Dy(lz’z) is enumerated by the Fibonacci numbers),
up to the set ’Dy(f) enumerated by the powers of 2.

For h = 3, we show how increasing values of k > 2 give rise to sets of Dyck paths (the Df’k)’s) enumerated
by the k-generalized Pell numbers (in particular D>? is enumerated by the Pell numbers), up to the set D)
enumerated by the even-indexed Fibonacci numbers.

Furthermore, we extend our investigation to larger values of h, providing a general recurrence relation for the
sequences enumerating the sets Dflh). Obviously, for each value of h, these sequences are getting closer and closer
to the Catalan numbers, counting the sets of unrestricted Dyck paths. As a final result, from this additional
step, we obtain some interesting relations involving the Catalan sequence itself.

A link between the Fibonacci and the Catalan numbers has been already studied, for example in [5] where
pattern avoiding permutations have been used, with techniques similar to the ones developed in [6]. There,
the authors found which sequences lay between Fibonacci’s and Catalan’s, thus defining a sort of “discrete
continuity” between those famous numbers. Here, the aim is very similar and is accomplished by using Dyck
paths.

2. PRELIMINARIES

A Dyck path is a lattice path in the discrete plane Z? from (0,0) to (2n,0) with up and down steps in
{(1,1),(1,-1)}, never crossing the z-axis. The number of up steps in any prefix of a Dyck path is greater or
equal to the number of down steps and the total number of steps (the length of the path) is 2n. We denote the
set of Dyck paths having length 2n (or equivalently semilength n) by D,,. A Dyck path can be codified by a
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string over the alphabet {U, D}, where U and D replace the up and down steps, respectively. The empty Dyck
path is denoted by e.

The height of a Dyck path P is the maximum ordinate reached by one of its steps. A wvalley of P is an
occurrence of the substring DU while a peak is an occurrence of the substring UD. The height of a valley (peak)
is the ordinate reached by D (U).

We denote by D(h ") the set of Dyck paths having semilength n and height at most h, and avoiding k£ — 1
consecutive valleys at height h — 1. The set of Dyck paths having semilength n with height at most h (without
restriction on the number of valleys) is denoted by D,(l ), Moreover, D) = U DT(Lh) and D) U D (h.k)

n>0 n>0

The cardinalities of D,(lh’k) and Dﬁﬁ) are indicated by Dflh’k) and D,(lh), respectively. Finally, the set D,, of
unrestricted Dyck paths having semilength n > 0 is enumerated by the n-Catalan number

C = 1 (271)
n+1\n

In the paper we refer to the sequence of the Fibonacci numbers defined as follows:

1 forn=0,1
fn = s (2'1)
frc1+ fruoe forn>2

while the k-generalized Fibonacci sequence is:

1 forn=0

®) = ¢ & : 2.2
I STB forn>1 (fY =0if¢<0) 22)

i=1

The sequence of the powers of 2 and the Pell numbers have initial conditions slightly different with respect
to their common definition. The reason lies in the fact that we are dealing with Dyck paths that for n = 0 and
n = 1 force the sequences to start with 1,1, ... (for the empty path having semilength 0 and the only Dyck path
UD with semilength 1). We use the following statements:

1 fi =0,1
b, = orn="> (2.3)
2b,_1 form >2

for the powers of 2, and

)1 forn=0,1
b= 2pp—1 +pn—g formn>2

for the Pell numbers.
We recall that the recurrence relation (2.3) is equivalent to the full history recurrence relation

1 forn=0

ifi forn>1"

=0

(2.4)
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The k-generalized Pell numbers are often defined as [4, 7]

0 forn=0

1 forn=1
oo = .

k—1
2p£ji)1 + Zpﬁf_’l_i for n > 2
i=1

In our work, we will use the sequences defined by:

1 forn=0,1

(k) —

j2 (2.5)

n—1—1

k—1
o+ 3 P forn>2 () =0ife<0)
=1

The reasons for the small differences are always related to the use of Dyck paths and will become clear later
on.

As mentioned in the Introduction, we refer to the even-indexed Fibonacci numbers as the ones defined by
the following recurrence:

1 forn=0,1
gn = (26)
3gn71 —9gn—2 for n > 1

which can be also defined by means the following (almost) full history recurrence relation:

1 forn=0,1
/ n—2
- : 2.7
P 2p;z—1 + Zp/n_l_i for n > 2 ( )
=1

3. RESTRICTIONS ON THE HEIGHT AND THE NUMBER OF VALLEYS

A Dyck path P € D%h’k) avoids k — 1 consecutive valleys at height h — 1. Starting from this note, in this

section we show how the sets Dg’k) and Df{q”k) can be exhaustively generated by inserting suitable factors in
Dyck paths of the same set having a shorter semilength. The construction allows an exact enumeration of the
sets, involving the k-generalized Fibonacci and Pell numbers.

The results of this section aim to show, by means of Dyck paths, how it is possible to start from the
Fibonacci sequence and obtain other famous sequences of numbers, in a continuous manner, as mentioned in
the Introduction. More precisely in Section 3.1, moving from DSLQ’Q) enumerated by Fibonacci numbers, we
increase the parameter k& obtaining, for each value of k, the set D,(f’k) enumerated by k-generalized Fibonacci
numbers. At the limit (k — oo) the set Dg) is reached, which is enumerated by the powers of 2. Then
(Sect. 3.2), the parameter h is increased (h = 3) and the sets DM are considered. As before, the parame-

ter k is increased showing that these sets are enumerated by k-generalized Pell numbers, until the set D,(f) is
reached, which is enumerated by the even-indexed Fibonacci numbers.

In this way we get similar results as the ones presented in [5], but by means a different combinatorial
interpretation of those sequences.
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3.1. Height at most 2

The set D(32) contains all the Dyck paths with height at most 2 and without valleys at height 1. If P € D%Q’Q),
with n > 2, then it starts with UD or UU DD and is followed by a path of semilength n — 1 or n — 2, respectively.

Therefore, for n > 2, the set D7(12’2) is obtained by the union of the concatenation of UD to all the paths in
fo;zl) and the concatenation of the string UUDD to the paths of Dflzfz):

pE? =uD-D>?) uUUDD - D)

The only path with semilength 0 is the empty path, while the only path with semilength 1 is UD. Regarding
cardinality we can write:

1 ifn=0,1
D7(1272) —
D*Y L D*Y i p > 2

coinciding with the definition of the Fibonacci numbers (2.1).

To a deeper analysis, the above construction is a particular case (k = 2) of the following one. A path P € Dg’k)
starts with one of the factors UD,UUDD, UUDUDD, ..., U(UD)¥~'D (where (UD)*~1 is the string obtained
by concatenating UD to itself k — 1 times). Then, the path P is obtained by concatenating one of these factors

to a path of suitable length of D) and the set Dg’k) can be generated by:

€ ifn=0
Dﬁf’k) ={ k-1
Ju@wpyp D3, iftn>1
j=0
so that its cardinality is given by the recurrence
1 ifn=0

D;Q,k) —

n—1—j

k—1
ZDfikllj ifn>1 (DP*)  —0ifn—1—35<0)
j=0

coinciding with the recurrence relation of the k-generalized Fibonacci numbers (2.2).

The paths of D have height at most 2 and do not have restrictions on the number of consecutive valleys.
Therefore, moving from the construction of Dﬁlz’k), apath P € Dﬁf) is the concatenation of the factor U(UD)? D
to a path Q € fo)lfj’ for j =0,1,...,n — 1. Note that the length of the beginning factor of P can be up to n
(rather than k as in the construction of D%Q’k)). Clearly, in the case 7 = n — 1 the path @ is the empty path.

The description of the construction of Dg) is

€ ifn=0

D =

ifn>1

n—1
\Juwbyp-p?,_;
=0
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whence

1 ifn=0

D’El2) = n—1
S DR, iftn>1
§=0

coinciding with the full history recurrence relation (2.4) for the powers of 2.
An easy combinatorial interpretation of the equivalent relation (2.3) can be provided. A Dyck paths P €

D (P # ¢) starts with UD or UUD. Then, it can be obtained either by concatenating the prefix UD to a
path Q € fojl (possibly @ = ¢) or by inserting UD after the first U step of a path @ = UQ’ € ijl (with
Q@ # €). Summarizing:

€ ifn=0
D2 — UD ifn=1

. . 2
UD-Q UUUD-Q ifn>2, withQ, UQ €D?,

leading to:

3.2. Height at most 3

We consider the set DG of Dyck paths with height at most 3 and avoiding k — 1 consecutive valleys at
height 2.
A path P € D,(f’k) can be obtained by:

e adding the prefix UD to each path of semilength n — 1;
e inserting the factor U(UD)? D, with j = 0,1,...,k — 1, after the first up step U of a path Q = UQ’ with
suitable length.

We note that the path UQ’ cannot be the empty path, since it must have a first up step, therefore UQ’ € Dfi’kll i

with n —1—3 > 1. If n > k+ 1 all the k insertions of U(UD)’D for j = 0,1,...,k — 1 are allowed since all
the paths inside the involved sets DS;kl) (when j = 0) ,fo;];) (when j=1),... ,DS’_’? (when j =k —1) have
lengths greater than or equal to 1. In the case n < k, only n— 1 insertions of the same factor are allowed. They are
(3,%) (when j = 0) , DR (when j =1) ,...,Dgg’k) (when j =n —2)

n—1 n—2

the ones involving the paths of the sets D
having length greater than or equal to 1.
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The construction of D%S’k) is:

UD ifn=1
n—2
DPM =3 UD-Q U|JUUWDYD Q' if2<n<k
§j=0
k—1
UD-Q U UUU(UD)jD-Q/ ifn>k+1
§j=0

where Q € D*H) U@ € DB

n—1> n—1—j*
We get a combinatorial interpretation of the sequence:

1 if n=0,1
o DM 4 (Df_’? + DB 4 DR 4 D§3”“)) if2<n<k
DR =
k—1
DM + 3" DEh. ifn>k+1
5=0
equivalent to
1 if n=0,1

n

k—1
2D 3D itn>2 (DS =0ifn—1-j<0)

n—1—j n—
j=1

coinciding with the k-generalized Pell recurrence relation (2.5).

The paths of D) have height at most 3 and do not have restriction on the number of consecutive valleys.
Therefore, basing on the construction of fo”k), the insertion of the factor U(UD) D after the first up step U
of @ = UQ' is allowed for j =0,1,...,n — 2 (rather than up to k — 1):

€ ifn=0
UD ifn=1
DB =
n—2 .
UD-Q U | JUUWUDYD-Q ifn>2,
j=0

where @ € D uQ’ e DB

n—17 n—1—j3*
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Regarding the cardinality we get:
1 ifn=0,1

D’Elg) = n—2
2D + 3" DY, ifn>2
j=1

coinciding with (2.7) for the even-indexed Fibonacci numbers.

An easy combinatorial interpretation for the equivalent relation (2.6) defining the same numbers is described
here. A path P € Dgf) starts with UD, UUD, or UUUD. This leads to the following three possibilities for the
construction of P:

P=UD-Q (UD followed by Q € Dﬁf_’l) or
P=UUD- @ (UD inserted after U in UQ' € 'D,(lg,)l) or
P=UUUD - (UD inserted after UU in UUQ' € Df’_)1> .

Clearly, the path UQ’ can not be the empty path (UQ’ # ). Moreover, with UUQ' € Dfi)l we denote the
Dyck paths of D,@l starting with two up steps. For their cardinality we observe that they are as many as all
the paths in Dfi)l minus the paths of the same lengths starting with UD. The last ones are obtained by the
concatenation of UD to all the paths of ’DS}T Therefore

3 3).
{uuQ € ¥ }| = D? D¥

n—1 "
The above construction can be summarized in:
€ ifn=0
DY = UD ifn=1

UD-Q UUUD-Q' UUUUD Q' ifn>2,

with Q,UQ’,UUQ’ € DSZl. Whence, the following recurrence for the cardinality, coinciding with (2.6) for the
even-indexed Fibonacci numbers:

1 if n=0,1
DB =
3D®, —DP . ifp>2

4. RESTRICTIONS ONLY ON THE HEIGHT

The aim of the present section is to find a recurrence relation for the sequence {D,(Lh )}nZO, depending on h,
whose generating function of is indicated by fj,(z), where x takes track of the semilength of the Dyck paths.
We note that fj,(z) is already known, thanks to study of R. Kemp [8]. Nevertheless, in our work, the generating
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function is obtained through the concept of production matrices [9], which is later than Kemp’s work and allows
to get f(z) in a very simple way.

So, even if the results were already known, we believe we have found them by following a methodology that
is probably more straightforward than Kemp'’s.

Clearly, for h = 1, there is exactly one Dyck path of height at most 1 for each n (more precisely the path
(UD)™, for n > 0). Then, we have:

1

{DP}uzo = {L11,..} and fi(2) =
2 — X

(4.1)

The set D) = U Déh) of Dyck paths of height at most A > 1 can be exhaustively generated by means the
n>0
ECO operator (see [10]) as in [11]. Here, we only recall the succession j, rule arising from the construction:

( ~s
Qp (?) W :(2)(3) (4.2)

~s .. 1
(h)  ~ (2)3)--(h)(h)

According to the theory developed in [9], the production matrix P, associated to €y, is:

0 ut
P = <0 P, + eut) (4.3)

where u® is the row vector (1 0 0...) and e is the column vector (1 1 1 ...)*, of appropriate size and for what
the generating function f5(x) of the sequence corresponding to €2 is concerned, we have [9]:

1

fnl@) = 1—xzfp(x)

(4.4)

Since f1(x) is rational, thanks to (4.4) it is possible to deduce that also fj,(z) is rational, too. Therefore, we
write:

fula) = 2242) (4.5)

where pp(x) and g (z) are polynomials with suitable degrees. From (4.4) and (4.5) we obtain:

(z)

dh—-1
Gh—1(z) — qn—2(x).

pi()

h
qn() (46)

It is not difficult to show by induction that (we omit the easy proof):
Proposition 4.1. The degree of the polynomial qp(x) is (%W

Thanks to the above proposition we can assume:

qn(x) = apo — ap1x — ah,2x2 e ah,jxj with 7 = {2-‘ .
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Clearly, it is ap ; = 0 if j > %1
Recalling fi(x) = ﬁ, it is a1,0 = 1 and from (4.6) we have aj 0 = an—1,0, so that a, o =1 for each h > 1.
Then,

, h
qgn(z) =1—ap 1o — ah,gxz —...—ap x’ with j= {2-‘ . (4.7)

Using the expression for gj,(z) in (4.6) and the trivial equality (%] = L'QJJ, we obtain:

() =1—ap 110 —ap_ 122> —...—a, ,|a 23]
; ; h—1, %]

, = (4.8)
756(17@}1—2,11'70%—2,2% *...*ahizyth%J:C 2 )

From the identity theorem for polynomials, comparing formulas (4.7) and (4.8) for ¢ (), it is not difficult to
show the following expression for the coefficients ay, ; which holds for each h > 2 (while for h =1, it is a1 1 = 1):

ap—11+1 forj=1
Ah,j { o ! (4.9)

ap—1,j +ap—2;—1 forj=23,..., [%] .

We have an explicit formula for the coefficients ay, ;, thanks to the following proposition. At first, being a1 =1
and ap j = ap—1,1 + 1 for (4.9), we note that a1 = h.

Proposition 4.2. For h > 2 we have

an; = (h _j - 1)(—1)‘7‘+1 (4.10)

forj=1,2,... [5].

Proof. We proceed by induction on h. For h = 2 the statement is true since as; = 2 is the same value given
by (4.10).
Then, using apnj = ap—1,; + ap—2,-1 for j =2,3,...,[2] from (4.9) and the inductive hypothesis, we have:

Ap,j = Gp—1,5 + An—2,j-1

(h—lfj+1)(_1)j+1+(h—2—.j41r1+1>(_1)j_1+1
J J—

(e

{(hyj) —(271) if j is even — (") i j s even

")+ () it jis odd ("7t if j s odd
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For the case j = 1 we already noted that ap 1 = h. Since expression (4.10) returns h also for j = 1, then the
proposition is proved.

O
The expression for g, (x) becomes:
(5] :
h — 1 ,
() =1— ( I+ )(—1)]+1 (4.11)
i=1 J
or, equivalently,
h — 1
ate) =13 ("I )
j>1 J
since (hfjf“) =0if j > [2].
For our aim (recurrence relation for D,&h)) we focus our attention on the generating function
fu(@)=>_ DMam. (4.12)
n>0
For (4.5) and (4.6) it is
qn—1()
fn(@) = ) (4.13)
and adapting expression (4.11) for g,—1(z) we have:
O
1— Z ( . j) (_1)]+1xj
; J
=1
fulx) = [; (4.14)
2 .
h—j+ 1> ,

Comparing (4.12) and (4.14) we get

ff ( —]—|—1> (—1)7 g T;)Dr(lh)xn _ JLX_;( ) 1)+

h
2

M

and sorting the first part according to the increasing powers of x we obtain:

E1R 4]
h - j n

Ol S e T e Bl () [T

n>0 j=1 J j=1

where Dgh) = 0 whenever ¢ = 0.
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From the identity theorem for polynomials we can deduce, after some easy consideration on the binomial
coefficients, the desired recurrence relation:

1 forn=20

DM =1 13] . (4.15)
ZD(}L,)- h_J,+1 (—1)7t — hi=n (=)™t forn > 1.
= N "

We observe that for suitably large value of n with respect to h (more precisely for n > h/2) the binomial

coefficient (h;") disappears, and the relation allows to find Dflh) involving only %1 preceding terms.
Similar results on the generating functions f5(x) have been obtained also in [12], via different tools with

respect to what we did. In this work, the expression of the coefficients of the polynomials allowed to get the

exact expression of Dgh).

A very interesting note arises when, once h is fixed, we ask for the number D,gh) of Dyck paths having
semilength n < h. Clearly, in this case, it is Dﬁlh) = (), since all the Dyck paths of a certain semilegth n < h
have height at most equal to n. Thanks to the above argument it is possible to derive interesting relations
involving Catalan numbers. Indeed, for the above remark, posing h = n + «, we can write:

DIt = ¢, Ya >0
where « is integer. Then, for (4.15), we get:

C, — [g] Co_; (n ta—j+ 1) (—1)i+! — (Z) (1)t

=1 J

which is equivalent to

e A e il W9 S0

=1 J

(since the first binomial coefficient is zero if j > [24£2] + 1) or, including the term C), within the sum, to:

Sl <”+a A 1)(—1)]’+1 _ (O‘>(—1)"+1 . Va0 (4.16)
=0

J J "

which, to the best of our knowledge, is new.
As particular cases of (4.16) we explicit the expression for o« = 0 and o = n. The first case corresponds to
the value h = n in (4.15) and leads to

Cu= 3 Gy ("I 0 (417

which links the n-Catalan numbers with the [%] preceding ones.
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The case a = n corresponds to h = 2n and gives

n Iy — i 1 4

C, = an( n-J )(—1)J+1 — (=~ (4.18)

: j
Jj=1

which is a full history recurrence relation for the Catalan numbers.

We observe that the closed form for DS[‘) proposed in [8] would probably have led to similar considerations
to ours regarding the relationships involving Catalan numbers expressed by (4.16). Nevertheless, in our work,
only simple combinatorial considerations have been used to obtain them.

5. STRINGS

Each Dyck path can be codified by a suitable sequence of non-negative integers where each number takes
tracks of the height reached by each down step. Clearly, if © = uy,us,...,u, is a sequence corresponding to a
Dyck path, whenever u; < u;—1 then u; = u;—1 — 1, for i = 2,3, ..., n. Being the last step of a Dyck path a down
step, we can omit the last 0 in the corresponding sequence, so that its length is one less than the semilength
of the Dyck path. Moreover, the sequences end with 0 or 1. We observe that if u,=0, the corresponding
Dyck path ends with UD. For example, the path P = UUU DDU DU DD becomes the sequence 2,1, 1,1, while
P=UUUDDUDDUD is codified in 2,1,1,0.

We note that these sequences are a restriction of the reverse of the Catalan words (defined as a; = 0 and
0 <a;t1 <a;+1), proposed in Exercise 80 in [13].

In the following we describe the bijections between the sets Dg’k), D,(f), Dfl?”k), and D513) with the
corresponding sets of sequences omitting the easy proofs.

By means of the above encoding the paths in D(Q’k) for n > 1, are in bijection (we omit the easy proof)
with the set F), (k )1 of binary strings of length n — 1 avoiding the pattern 1* (i.e. the pattern constituted by k
consecutive 1 b) which are known to be enumerated by k-generalized Fibonacci numbers [2, 14-16].

Moreover, it is not difficult to see that the set Dg), for n > 1, is in bijection with the set B,,_; of unrestricted
binary strings which can be generated by concatenating 0 and 1 to each string of B,,_5. These concatenations
corresponds to add the prefix UD (concatenation of 0) or to insert the factor UD after the first up step of the

Dyck paths of D( )1 in order to obtain ’D( )

Always referring to the cited encoding, the set D,&S’k) is in bijection, for n > 1, with the set P( )1 of strings
on ¥ = {0,1,2} ending with 0 or 1 with length n — 1, and avoiding the patterns 20 (trivial) and 2¢1 (since

paths cannot have k — 1 consecutive valleys at height 2). The strings of P can be obtained by collecting the

concatenations of 0 to each string of P, (L )1 together with all the concatenations of 271 to each string of P

n—j—1°
for j =0,1,...,k — 1. These constructions corresponds to the generation of D,(LS k) by means of the addition of
the prefix UD to each path in D( ) (concatenation of 0), and the insertion of the factor U(UD)?D to each

path UQ’ € Dn3 kl) j after its first U step (concatenation of 271), for j = 0,1,2,...,k — 1.

The set D7(1 ) is in bijection with the set P,_; of strings of length n — 1 on {0,1,2} avoiding 20 and ending
with 0 or 1, via the mentioned encoding. The set P, can be generated by concatenating 0 and 1 to each string
of P,_1 and 2 to each string of P,_; whose first symbol is not 0. This correspond to the generation of Dgﬁl

by adding the prefix UD to each paths in D(3) (concatenation of 0), by inserting UD after the first U step of

each path in D( ) (concatenation of 1), and by inserting UD after the first two U steps of those paths in D( )

which do not start with UD (concatenation of 21).
In Table 1 we summarize the obtained results connecting the Dyck paths and the corresponding regular
languages for each number sequence we have dealt with. We note that the strings of the languages described in
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TABLE 1. Paths and languages

Sequence Dyck paths Language
Fibonacci height < 2 and
numbers no valleys at height 1 {0,10}* - {e,1}

height < 2 and
k-generalized no k — 1 consecutive valleys {0, 10,..., 1710} - {g,1,11,... 1%1}

Fibonacci numbers at height 1
gn-1 height < 2 {0,1}*
Pell height < 3 and
numbers no valleys at height 2 {0,1,21}*
height < 3 and
k-generalized no k — 1 consecutive valleys {0,1,21,... 2k 11}~
Pell numbers at height 2
even-indexed height < 3 {0,2*1}*

Fibonacci numbers

the first three rows of Table 1 coincide with the inversion arrays of the pattern avoiding permutations studied
in [15].

6. CONCLUSIONS AND FURTHER DEVELOPMENTS

After considering the case of D(>*) and D®*) (Sect. 3), we developed a general argument leading to the
recurrence relation for Dflh)
increases (Sect. 4). One could carry out the journey towards Catalan numbers also by analysing the sets Dl
for h=4,5,... and k = 2,3,... for each h.

For this purpose, we observe that the paths in ’DSL4’2) can be obtained by adding the prefix UD to any path
v E Dﬁi’zl), by inserting the factor UD after the first U step of v, by inserting the factor UD after the first two
U steps of those paths w € D£L4;21) which do not start with UD, and by inserting the factor UUDD after the
first two U steps of those paths w’ € foi) which do not start with UD. Note that there are as many paths w

as the paths in Dﬁi’? \D£L4;22), and there are as many paths w’ as the paths in Dﬁi’? \Dﬁi’?, so that DM is
enumerated by a, = 3a,_1 — a3 (sequence A052963 in [17]).

The mentioned construction for D7(I4’2) can be easily generalized to ’D7(l4’k) for k > 2, and it is not difficult to
show that the obtained enumerating sequences are a, = 3a,—1 — an—k—1, which do not appear in [17] (except
for k = 2).

Although it should be possible to find the set construction case by case for every value of h and k, it would
be very complicated as soon as these values increase, even slightly. Nevertheless, it should be possible to find

the combinatorial interpretation of many number sequences that probably do not yet have it.

, for each h > 2, whose number sequence approaches the Catalan numbers, as h
h,k)

It should be interesting to analyse the possibility to define a Gray code on the set of strings we obtained,
except the ones of the sets F,(Lk) already studied [18, 19] and the ones enumerated by the powers of 2, these
being the unrestricted binary strings for which the famous Binary Reflected Gray Code already exists. For the
other strings such a code could be defined using the techniques developed in [20].

Recently, a generalization of k-Fibonacci numbers for k£ being any positive rational number has been proposed
[21]. Could we find some interesting restrictions on Dyck paths enumerated by these numbers?



SEQUENCES FROM FIBONACCI TO CATALAN: A COMBINATORIAL INTERPRETATION VIA DYCK PATHS 15

Acknowledgements. The authors would like to thank the anonymous referees for their valuable comments and suggestions.
The work is partially supported by the 2022 INAAM-GNCS Project “Stringhe e matrici: combinatoria, enumerazione e
algoritmi”, code CUP_ E55F2200027001.

(1]
2]

(3]
(4]
(5]
[6]
[7]
(8]
(9]
(10]
(11]
[12]
(13]
(14]
(15]
(16]
[17]
(18]
(19]
(20]

21]

REFERENCES

M. Feinberg, Fibonacci-Tribonacci. Fibonacci Quart. 1 (1963) 71-74.

D.E. Knuth, The Art of Computer Programming: Sorting and Searching, 2nd edn., Vol. 3. Addison-Wesley, Boston, MA
(1966).

E.P. Miles Jr, Generalized Fibonacci numbers and associated matrices. Amer. Math. Monthly 67 (1960) 745-752.

J.J. Bravo and J.L. Herrera, Combinatorial interpretation of generalized Pell numbers. J. Integer Seq. 23 (20202) 20.2.1.

E. Barcucci, A. Bernini and M. Poneti, From Fibonacci to Catalan permutations. Pure Math. Appl. 17 (2006) 1-17.

E. Barcucci, A. Del Lungo, E. Pergola and R. Pinzani, From Motzkin to Catalan permutations. Discrete Math. 217(2000)
33-49.

Z. Siar and R. Keskin, k-generalized Pell numbers which are concatenation of two repdigits. Mediterr. J. Math. 19 (2022)
180.

R. Kemp, On the average depth of a prefix of the Dycklanguage d1. Discrete Math. 36 (1981) 155-170.

E. Deutsch, L. Ferrari and S. Rinaldi, Production matrices. Adv. Appl. Math. 34 (2005) 101-122.

E. Barcucci, A. Del Lungo, E. Pergola and R. Pinzani, Eco: a methodology for the Enumeration of Combinatorial Objects. J.
Differ. Equ. Appl. 5 (1999) 435-490.

E. Pergola, R. Pinzani and S. Rinaldi, Approximating algebraic functions by means of rational ones. Theoret. Comput. Sci.
270 (2002) 643-657.

M. Bousquet-Mélou, Discrete excursion. Sém. Lothar. Combin. 57 (2008) B57d.

R. Stanley, Catalan Numbers. Cambridge University Press, Cambridge (2015).

E. Barcucci, A. Bernini and R. Pinzani, Strings from linear recurrences: a Gray code, in Combinatorics on Words: 13th
International Conference, WORDS 2021, Rouen, France, September 13—17, 2021. Proceedings (Lecture Notes in Computer
Science), Vol. 12847, edited by T. Lecroq and S. Puzynina (2021) 40-49.

E. Barcucci, A. Bernini and R. Pinzani, Strings from linear recurrences and permutations: a Gray code. Theoret. Comput.
Sci. 938 (2022) 112-120.

V. Vajnovszki, A loopless generation of bitstrings without p consecutive ones, in Combinatorics, Computability and Logic.
Proceedings of the Third International Conference on Combinatorics, Computability and Logic, edited by C.S. Calude, M.J.
Dinneen and S. Sburlan (2001) 227-240.

N.J.A. Sloane and the OEIS Foundation, The on-line encyclopedia of integer sequences. http://oeis.org.

A. Bernini, Restricted binary strings and generalized Fibonacci numbers, in Cellular Automata and Discrete Complex Systems.
AUTOMATA 2017. Lecture Notes in Computer Science, Vol. 10248, edited by A. Dennunzio, E. Formenti, L. Manzoni and
A. Porreca (2017) 32-43.

A. Bernini, S. Bilotta, R. Pinzani and V. Vajnovszki, A trace partitioned Gray code for g-ary generalized Fibonacci strings.
J. Discrete Math. Sci. Cryptogr. 18 (2015) 751-761.

A. Bernini, S. Bilotta, R. Pinzani, A. Sabri and V. Vajnovszki, Gray code orders for g-ary words avoiding a given factor. Acta
Inform. 52(2015) 573-592.

S. Kirgizov, Q-bonacci words and numbers. Fibonacci Quart. 60 (2022) 187-195.

Please help to maintain this journal in open access!

This journal is currently published in open access under the Subscribe to Open model
(S20). We are thankful to our subscribers and supporters for making it possible to publish
this journal in open access in the current year, free of charge for authors and readers.

Check with your library that it subscribes to the journal, or consider making a personal
donation to the S20 programme by contacting subscribers@edpsciences.org.

More information, including a list of supporters and financial transparency reports,
is available at https://edpsciences.org/en/subscribe-to-open-s2o.



http://oeis.org
mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o

	Sequences from Fibonacci to Catalan:a combinatorial interpretation via Dyck paths
	1 Introduction
	2 Preliminaries
	3 Restrictions on the height and the number of valleys
	3.1 Height at most 2
	3.2 Height at most 3

	4 Restrictions only on the height
	5 Strings
	6 Conclusions and further developments

	References

